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Preface

Variational methods have turned out to be a very effective analytical tool in
the study of nonlinear problems. The idea behind them is to try to find so-
lutions of a given boundary value problem by looking for critical (stationary)
points of a suitable “energy” functional defined on an appropriate function
space dictated by the data of the problem. Then the boundary value prob-
lem under consideration is the Euler-Lagrange equation satisfied by a critical
point. In many cases of interest, the energy functional is unbounded (from
both above and below; indefinite functional) and so we cannot hope for a
global maximum or minimum. Therefore we must look for local extrema and
for saddle points obtained by minimax arguments.

One useful technique in obtaining critical points is based on deformations
along the paths of steepest descent of the energy functionals. Another ap-
proach can be based on the Ekeland variational principle. The classical criti-
cal point theory was developed in the sixties and seventies for C'-functionals.
The needs of specific applications (such as nonsmooth mechanics, nonsmooth
gradient systems, mathematical economics, etc.) and the impressive progress
in nonsmooth analysis and multivalued analysis led to extensions of the criti-
cal point theory to nondifferentiable functions, in particular locally Lipschitz
and even continuous functions. The resulting theory succeeded in extending
a big part of the smooth (C*) theory.

In this book, we present the existing nonsmooth critical point theories
(Chapter 2) and use them to study nonlinear boundary value problems of ordi-
nary and partial (elliptic) differential equations, which are in variational form.
We also investigate nonlinear boundary value problems (BVPs) in nonvaria-
tional form, using a great variety of methods and techniques which involve
upper-lower solutions, fixed point and degree theories, nonlinear operator the-
ory, nonsmooth analysis, and multivalued analysis (Chapter 3 and Chapter 4).
The necessary mathematical background to understand these methods is de-
veloped in Chapter 1 (see also the Appendix). This way we present a large
part of the methods used today in the study of nonlinear boundary value
problems with nonsmooth and multivalued terms.

xi
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Chapter 1

Mathematical Background

In this chapter, we review the basic mathematical material that we need in
the development of the nonsmooth critical point theories and in the study of
the nonlinear boundary value problems (ordinary and partial) that follow. So
in the first section we outline the basic facts about Sobolev spaces. Sobolev
spaces provide the appropriate functional framework for the analysis of the
ordinary and partial differential equations problems that we consider in this
volume. The subdifferential of a nonsmooth (nondifferentiable) function is a
multivalued map. So the resulting nonsmooth critical point theories and the
corresponding boundary value problems are of multivalued nature, since the
potential function is nonsmooth. Moreover, in our formulation of the problems
we allow the nonlinear perturbation term to be set-valued. Therefore, to
handle such problems we need to know a few basic facts about Set-Valued
Analysis. In Section 1.2 we review from the theory the main items that
will be helpful in what follows. Since one of our goals in this volume is to
present the main facts about the existing nonsmooth critical point theories,
we need the notions and results of Nonsmooth Analysis. In Section 1.3, we
review the main items of Nonsmooth Analysis, which are needed for what
follows. Nonsmooth Analysis is closely related to Set-Valued Analysis and
to the theory of nonlinear operators. Set-Valued Analysis has already been
covered in Section 1.2. So in Section 1.4 we deal with nonlinear operators,
with particular emphasis on operators of monotone type. We also discuss
briefly the Nemytskii (superposition) operator and present various forms of
the Ekeland Variational Principle. Finally in Section 1.5, we present some
basic facts about semilinear and nonlinear elliptic equations. Our starting
point is the derivation of the spectra of the ordinary and partial Laplacian
and p-Laplacian differential operators under Dirichlet and periodic boundary
conditions. We also consider certain weighted eigenvalue problems driven
by a strongly elliptic linear partial differential operator. We establish the
existence of eigenvalues, provide variational characterizations of them (via
the Rayleigh quotient) and examine the corresponding eigenfunctions. This
analysis is based on some regularity results and maximum principles that we
also present.

© 2005 by Chapman & Hall/CRC



2 Nonsmooth Critical Point Theory and Nonlinear BV Ps

1.1 Sobolev Spaces

For the reader’s convenience, in this section we present a quick review of the
theory of Sobolev spaces. The results that we present here are standard and
their proofs as well as a more detailed and deeper analysis can be found in
several classical textbooks on the subject such as Adams (1975), Brézis (1983)
and Kufner, John & Fucik (1977).

1.1.1 Basic Definitions and Properties

Let © € RY be a nonempty open set. By 9Q we denote the boundary

of Q, ie. 00 Y9na =0 \ Q. Also we say that another open set ' is
strongly included in 2, denoted by Q' CC €, if ' is bounded and Q/ C .
For a multi-index o = (a1,...,an) € NYY, by |a| we denote the length of
the multi-index, defined by

df al
ol = >
k=1
and by D“u we denote the weak derivative of u of order o, i.e.

Doy 4 d°lu
020

By C°(€2) we denote the space of functions ¥ € C°°(€Q) for which their
support, defined by

supp v 4 {z € Q: 9(x) # 0},

is a compact set contained in Q. We furnish C2°(£2) with a convergence notion
according to which {9, },>1 C C2°(€) converges to 0 if and only if there exists
a compact set K C 2, such that

U suppv, C K

n>1

and the sequence { D%V, },,>1 converges uniformly to 0 for all « € N{¥. Usually
C*(9Q) equipped with this convergence notion is denoted by D(€2) and is
known as the space of test functions. Recall that C2°(€) is dense in
LP(2) for all p € [1,+00). By D’'(£2) we denote the space of distributions,
i.e. the space of all linear maps L: D(Q2) — R, such that L(¢,) — 0 for
all {U,},~; C D(Q), such that 9,, — 0. For a given distribution L € D’(12)

and for all o € NYY, we define the distribution D*L by

poLw) £ (—1llL(p) v e D).

© 2005 by Chapman & Hall/CRC



1. Mathematical Background 3

For every u € L{, (), we can introduce the so-called regular distribution
L,, by
Lu) & / w@)d(@)de V9 e D).
Q

We have L, = L, if and only if u(z) = v(z) for almost all z € Q. For
given u,v € LL (Q) and a € N}¥ we write v = D%u to express the equality
L, =D“L,. So it is equivalent to saying that

/U(x)ﬁ(:v)dac = (—1)|a\/u(x)D%9(x)dx V9 € D().
Q Q

We say that D*u € L (), if we can find v € L] (), such that D%u = v.
We say that D% € LP(Q) (with 1 < p < +00), if we can find v € LP(Q), such
that D*u = v. Note that, if u € C1*/(Q), then this generalized derivative
coincides with the usual (classical) partial derivative.

DEFINITION 1.1.1 Form € Ng £ NU {0} and 1 < p < 400, we define
the Sobolev space

W™P(Q) i {ue LP(Q) : D*u € LP(Q) for all & € N{ with || < m}.
For every uw € W™P(Q), we define

S

df o .
lalymniy £ [ S 1Dl if 1< p < too,

laf<m

where ||-||,, is the norm of LP(S2), and

lallymey £ 52 1Dl

la]<m

where ||-|| ., s the norm of L>(§2). We also set

=

REMARK 1.1.1  The space (W™?(Q), |- yms(q) ) is a Banach space,
which is reflexive and uniformly convex if p € (1,4+00) and separa-
ble if p € [1,+00). (Wén’p(Q),H-HWm,p(Q)) is a closed subspace of

(Wm’p(Q)a H'”WM,p(Q) ) If p = 2, we write

H Q) Lwm2Q) and H(Q) L wi2(Q).

© 2005 by Chapman & Hall/CRC



4 Nonsmooth Critical Point Theory and Nonlinear BV Ps

These spaces are Hilbert spaces with inner product given by
(U, 0) grm () g (D%, D%), = Z D%u(z)D“v(z)dx.

la|<m [a]<m o

[

The next theorem is known as the Meyers-Serrin Theorem and it says that
Sobolev functions can be approximated by smooth ones.

THEOREM 1.1.1 (Meyers-Serrin Theorem)
If QC RY s open, m € Ny and p € [1, +00),
then C°(Q2) N W™P(Q) is dense in W™P(Q).

REMARK 1.1.2  Note that in Theorem 1.1.1 we do not claim that the
approximating sequence of smooth functions belongs in C'*° (Q) To be able to
approximate Sobolev functions by functions which are smooth all the way up

to the boundary, we need to strengthen our hypotheses about the geometry
of Q.

DEFINITION 1.1.2  We say that the boundary 0 of an open set Q@ C RN
is Lipschitz, if for each x = (x1,...,2n5) € O, there exist r > 0 and a
Lipschitz continuous map v: RV ~1 — R which, after rotation and relabelling
of the coordinate azes if necessary, satisfies

QNCy(z) = {(yl,...7yN)€RN: A/(yl,...7yN,1)<yN}ﬂCT(x),

where

Cr(z) 4 {(yl,...7yN)€RN: |xk—yk|<7“fork€{1,...,N}}.

REMARK 1.1.3 So 09 is Lipschitz, if locally it is the graph of a Lipschitz
continuous function. By Rademacher’s theorem (see Theorem A.2.4), the
outer unit normal n(z) to Q exists for almost all z € 9Q (on 9 we consider
the (N — 1)-dimensional Hausdorff (surface) measure; see Definition A.2.3). []

Using this notion we can have a stronger approximation result by smooth
functions.

THEOREM 1.1.2
If QC RY is a bounded open set with Lipschitz boundary 0Q and u €
WLP(Q) with p € [1,+00),

© 2005 by Chapman & Hall/CRC



1. Mathematical Background 5

then we can find a sequence {un}, >, C WhP(Q)NC>(Q), such that u,, — u
in WHP(Q).

The next theorem (known as the Trace Theorem) for every u € W™P ()
assigns a meaning to expressions like u|gq and % (the normal derivative on
09). Because in general the N-dimensional Lebesgue measure of 92 is zero,
it is not meaningful to talk a priori of ulsq when u € WHP(€), unless u is
at least continuous. So we have to generalize the meaning of boundary values
for Sobolev functions.

THEOREM 1.1.3 (Trace Theorem)
If QC RY is a bounded open set with Lipschitz boundary and p € [1,+00),
then there exists a unique continuous linear operator

Yo: WLP(Q) — LP(09),

such that vo(u) = uloq for all u € C (). We say that vo(u) is the trace of
u € WHP(Q) on 99.

REMARK 1.1.4 For a bounded open set Q C RY with Lipschitz bound-
ary, we have
keryy = WiP(Q).

The range of 7 is less than LP(0). There are functions v € LP(09) which
are not the trace of an element u € W1?(Q). More precisely

2 (WHP(Q)) = WP (90),

where v € Wl_%’p(aQ) if and only if v € LP(9Q) and ||v||W1_%,p(aQ) < o0,
with
1
[v(@) — v(a") i
P A S e Sl /
T / )do(a) + [ O do @)ao(a)

[2192°¢°19

[

Clearly a function u € W, *(9) can be extended by zero to a Sobolev
function on all RY. Can we do this for any Sobolev function u € W1P(Q)?

THEOREM 1.1.4 (Extension Theorem)
If QC RY is a bounded open set and O is Lipschitz,
then there exists a bounded linear operator

E: WhP(Q) — WP (RY),

© 2005 by Chapman & Hall/CRC



6 Nonsmooth Critical Point Theory and Nonlinear BV Ps

such that E(u)|q = u for all u € WYP(Q). This operator is called extension
operator and it is also continuous from LP(S)) into LP(RY).

1.1.2 Embedding Theorems

By their definition (see Definition 1.1.1), the elements of W™ (Q)) belong
in the Lebesgue space LP(2). Can we have more regularity properties for the
Sobolev functions? This is achieved via the so-called Sobolev Embedding
Theorems, which are one of the main tools in the analysis of boundary value
problems.

Let (X, ||| x) and (Y, ||-]ly) be two Banach spaces, such that X C Y. We
say that the embedding X C Y is continuous if there exists a constant ¢ > 0,
such that ||z|l, < ¢||z| y for all z € X. We say that the embedding X C Y
is compact if it is continuous and maps bounded sets into relatively compact
sets.

In what follows by C*(Q2) we denote the space of all functions u € C*(Q),
such that D% is bounded and uniformly continuous on Q for all |a] < k
(hence it possesses a unique bounded continuous extension on Q). This is a
Banach space with the norm

af
lulera £ 3 1Dl
|a| <k

The next theorem is usually called the Sobolev Embedding Theorem.

THEOREM 1.1.5 (Sobolev Embedding Theorem)

If Q CRY is a bounded open set with Lipschitz boundary, p € [1,+00) and
k,m € Ny,
then

(a) if mp < N, then the embedding
Wk+m,p(Q) g Wk,r(Q)

is continuous for r € [1, N]j—ﬁw] and compact for r € [1, —N]j%p) .

In particular if k = 0, we have that the embedding

wmr(Q) € L(Q)

is continuous for r € [1, N]jﬁw} and compact for r € [17 N]qup) :
(b) if mp = N, then the embedding

Wker’p(Q) C Wk,r(Q)

© 2005 by Chapman & Hall/CRC



1. Mathematical Background 7

is compact for r € [1,400).
In particular if k = 0, we have that the embedding

WmP(Q) C L7(Q)

is compact for r € [1,400);
(¢) if mp > N, then the embeddings
Wk+m,p(Q) C Ok (ﬁ)
and
Wker’p(Q) C Wk,r(Q)
are compact for r € [1,+o0].
In particular if k = 0, we have that the embedding
wrmrQ) < L7(Q)

is compact for r € [1,+00].

1.1.3 Poincaré Inequality

The next result is known as the Poincaré inequality and is extremely
useful in the analysis of Dirichlet boundary value problems.

THEOREM 1.1.6 (Poincaré Inequality)
If Q CRY is a bounded open set and p € [1,+00),
then there exists a constant ¢ > 0, such that

[ull o) < cllDull, YV ue WE(Q)

(=)

REMARK 1.1.5  This theorem implies that |[Duf is an equiv-

()
alent norm for the Sobolev space VVO1 P(Q). If Q is a bounded, open and
connected set (i.e. a bounded domain) with Lipschitz boundary, then Theo-
rem 1.1.6 can be generalized as follows:

“If V is a closed subspace of W1P(£2), such that the only constant
function belonging to V is the zero function, then there exists
¢ > 0, such that

HUHLZD(Q) <c ||DU||L YueV)”

(arm)

For example V' can be the space

V = {ueW"?(Q): y(u)(z)=0forallz €'},

© 2005 by Chapman & Hall/CRC



8 Nonsmooth Critical Point Theory and Nonlinear BV Ps

where I'y is a subset of 092 with strictly positive (N —1)-dimensional Hausdorff
(surface) measure (see Definition A.2.3). Another possibility is to take

V = {u e WhP(Q) - /Qu(x)dac = o}.

With this choice we are led to the second basic inequality for Sobolev func-
tions, known as the Poincaré- Wirtinger inequality, which is very impor-
tant for periodic and Neumann problems.

THEOREM 1.1.7 (Poincaré-Wirtinger Inequality)
If QCRY is a bounded domain and p € [1,+00),
then there exists ¢ > 0, such that

lw =l o) < cllDull, Y u e WP(Q) with @ 4 /u(x) dz.

Q

r(umy)

REMARK 1.1.6 By virtue of Theorem 1.1.5(a), for p < N we have

=Tl oy € 1Dl gy ¥ 1€ W),
where
g & Np
N-p
is the so-called critical Sobolev exponent. I

1.1.4 Dual Space
By W1 (Q) we denote the dual of W,?(Q), i.e.

W @) £ (W)

where % + 1% =1. If p =2, then we put

H Q) £ (H@)"

By the Riesz Representation Theorem (see Theorem A.3.13), we identify
L?(Q) with its dual, but we do not identify HE () with its dual. If Q@ C RV
is bounded and open, then the embeddings

W) € L2(Q) € W (@)

are continuous provided that ]\2,—52 < p < +0o0o (see Theorem 1.1.5) and both
embeddings are dense. We have the following characterization for the dual

space W12 (Q).
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1. Mathematical Background 9

THEOREM 1.1.8
If QCRY is a bounded open set and p € [1,400),

then L € W22 (Q) if and only if there exists § = (g1,...,gn) € L¥ (Q;RY),
such that
N
L==Y" Dig,
k=1
0

where Dkﬁa—, k=1,...,N, i.e.
Tk

N
(Lougomy =Y [oDeude v ue W@,
k:lﬂ

where by <','>W01,p(Q) we denote the duality brackets for the following pair
(Wo P (Q), W=17(Q)).

1.1.5 Green Formula

We present an identity known as the Green Formula. We present here
Green’s formula for quasilinear elliptic operators. The usual Green’s formula
is a special case of this. So let Q C RY be a bounded open set with Lipschitz
boundary. We consider the following space:

Vi(div,Q) L {ve LI@RY) : divoe LYQ)}, g€ (1,40).

On Vi(div, Q) we consider the norm

1

df . g
olnca 2L (102 ) *+ 100l

Furnished with this norm, V?(div,Q) becomes a separable reflexive Ba-
nach space and C2° (Q;RN) is dense in it. In Remark 1.1.4, we introduced

the “boundary” Sobolev space W ?(9Q) = W' #2(dQ) by W7 *(9Q) L
Yo (WHP(Q)), with 4o being the trace operator. We denote by W (09)
the dual of the space WP (09) and by (-, "), the duality brackets for the
pair (W P(9Q), W™ (99)).

THEOREM 1.1.9 (Green Formula)
If QC RY s a bounded open set with Lipschitz boundary and p € (1, +0o0),
then there exists a unique continuous linear operator

Vi VP (div,Q) — Wﬁﬁ’p/(aQ),
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10 Nonsmooth Critical Point Theory and Nonlinear BV Ps

such that
Yn(v) = (v,n)LP(aQ) Vovelr (Q;RN)
and
/(Du(m),v(m))RN da:—l—/u(a:)divv(a:)dm
Q Q
= (W), 1)) s0 Vue WH(Q), ve VP (div, Q).

REMARK 1.1.7 Ifp =p =2 and v = Dy for some y € H(f), such
that Ay € L?(Q2), then we recover the usual Green formula. I

1.1.6 One Dimensional Sobolev Spaces

Next let us specialize to the case where N = 1. In this case we take
Q) = T to be an open interval in R. The following result distinguishes the
one-dimensional (N = 1) case from the multidimensional one (N > 1).

THEOREM 1.1.10

E T is an open interval in R and 1 < p < 400,
then w € WYP(T) if and only if u € LP(T), u is absolutely continuous and
Cfi—"t‘ € LP(T), where by ‘2—7;; we denote the classical derivative of u (which by the
Lebesgue Theorem exists for almost allt € T'; see Theorem A.2.3).

From this theorem it follows that for every open interval T' C R and every
1 < p < +oo, we have WhP(T) C C(T). More precisely we have the next
theorem.

THEOREM 1.1.11
Let T C R be an open interval.

(a) The embedding
WP (T) € L(T)

is continuous for all 1 < p < +o00;

(b) If T is a bounded open interval,
then the embedding _
whr(T) C C(T)

is compact for all 1 < p < 400;

(c) If T is a bounded open interval,
then the embedding
WHH(T) € L7(T)

is compact for all 1 <r < +00.
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1. Mathematical Background 11

REMARK 1.1.8 The embedding
whi(T)c C(T)

is always continuous but never compact, even if T" is bounded. Using Theo-
rem 1.1.11(a) and the fact that C>°(R)|r N W1P(T) is dense in W1P(T) for
p € [1,+00), we can show that if T is not bounded and v € WHP(T) with
p € [1,400), then
lim w(t) = 0.
teT
t] — +oo

Note that the just mentioned density result is not generally true for the mul-
tidimensional case. More precisely, if & C RY (N > 1) is an open set,
p € [1,+00) and u € W'P(Q), we can find {u,},-; € C=°(RY), such
that wnlo — u in LP(Q) and D (upler) — D (ule) in LP(;RY) for all
' cc.

In the one-dimensional case, the Poincaré inequality (see Theorem 1.1.6
and Remark 1.1.5) takes the following form.

THEOREM 1.1.12 (One Dimensional Poincaré Inequality)
If T = (a,b) is a bounded open interval, 1 < p < 400, tg € [a,b] and

VL foew(T): u(ty) =0},

then there exists ¢ > 0, such that

loll, e,  VveV.

REMARK 1.1.9 If 7 = (0,b) and

v 4 {UEWLP(T): /bv(t)dtZO},
0

then
1
vl < 07 HU/Hp for a.a. v eV.
If p=2, then
2 b2
lvll; < yps) V]S, foraa . veV
and

b
HU”io < D Hv’Hg fora.a.veV.
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12 Nonsmooth Critical Point Theory and Nonlinear BV Ps

Returning to the general case (N > 1), let us mention the following powerful
chain rule for Sobolev functions.

THEOREM 1.1.13 (Chain Rule for Sobolev Functions)

If QC RY s an open set, f: R — R is a Lipschitz continuous function
and u € WHP(Q), with p € [1,+00),
then

(a) foueWr(Q);

(b) D(fou)(x) = f(u(a:))Du(m) for almost all z € Q, where f: R — R is
any Borel function, such that f = f' almost everywhere on R;

(c) the Nemytskii operator Ny: WhP(Q) — WhP(Q), defined by

is continuous.

REMARK 1.1.10 If v € W'P(Q), f: R — R is a locally Lips-
chitz function and C is a Borel null subset of R, then Du(z) = 0 for al-
most all z € f~(C). So the chain rule in Theorem 1.1.13 is not affected
if f is modified on a null-set. Hence we can always assume that f is a
bounded function. As a consequence of the above chain rule we have that
if u € WhP(Q) (respectively u € Wy(Q)) then ut,u™, u| € WHP(Q) (re-
spectively ut, u™, [u| € Wy (Q)), for p € [1,+00). This is not true for higher
order Sobolev spaces. Moreover, we have

Du(x) for a.a. z € {u > 0}
n B )
Du™(z) {() for a.a. z € {u < 0},

0 for a.a. € {u > 0},
—Du(z) for a.a. z € {u <0}

Du™ (z) =
and
Du(z) for a.a. x € {u > 0},

Dlul(x) = ¢ 0 for a.a. z € {u =0},
—Du(z) for a.a. x € {u < 0}.

Let us conclude this section by giving some equivalent norms for the Sobolev
spaces W1P(Q).
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THEOREM 1.1.14

If Q CRYN is a bounded domain (i.e. a bounded open connected set) with
Lipschitz boundary O and p € [1,4+00),
then the following are equivalent norms for the Sobolev spaces WP (2):

(a)

full = 1pul, + | [ utoio
Q
or
~N
full = (1Dl + | [ wtwas] )"
(b)
full = 12l + | [ utehao
o0
or )
P\ »
full = (10al+| [ ateraa] )"
on
(©)
[ull = 1Dull, + [lull» o0
or
1
P
el = (UDul} + ull} o0 ) "
(@)
Jull = 1Dul, +

with r, such that
1<r<p* ifp<N,
1<r<+4wxifp=N,
1<r<+4oifp> N.

If N =1 and Q = (a,b), with —0o < a < b < 400, then in (b) we put

/u(a:)da = u(a) + u(d)

o0

and (d) becomes

(d)’

full = [lull, + [ull, with any 1 < r < 4o0.

REMARK 1.1.11 For higher order Sobolev spaces W™P(Q), (d) be-

comes
lll = > 1Dl + Jull, .

lo|<m
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14 Nonsmooth Critical Point Theory and Nonlinear BV Ps
with the same restriction on 7. I

The next proposition provides a simple characterization of functions in
wir(Q).

PROPOSITION 1.1.1
If pe(1,4+00] and u € LP(12),
then the following properties are equivalent:

(a) ueWhP(Q);
(b) [(uDi¥) dz < c||9]],, for somec> 0 and all ¥ € C.(Q),i€{l,...,N}.
Q

We state a change of variables formula useful in the study of boundary
value problems.

THEOREM 1.1.15 (Change of variables)
If f:10,b] — [c,d] is absolutely continuous, g € L*(c,d) and (go f)f" €

L'(0,0),

then
f(b) b
/ g(t) dt = / a(F) 7' (2) dt.
£(0) 0

1.2 Set-Valued Analysis

The aim of this section is to give some basic definitions and results from Set-
Valued Analysis (Multivalued Analysis). More precisely we present certain
basic results about the continuity and the measurability of multifunctions
(set-valued functions) and also state the main results on the existence of
continuous and measurable selections. We also discuss decomposable sets
and mention a few basic things about limits of sequences of sets. Again the
results are presented without proofs. This section is based on the books of
Aubin & Frankowska (1990), Hu & Papageorgiou (1997, 2000), Kisielewicz
(1991) and Klein & Thompson (1984), where the reader can find the proofs
and an in depth discussion of these and related issues.

First let us fix our notation. For a Hausdorff topological space X we intro-
duce the following spaces:

Py(x) £

Pi(X)

{A C X : A is nonempty and closed},

4 {AC X : A is nonempty and compact} .
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1. Mathematical Background 15

If X is a normed space, we can also consider the following spaces:

Py, (X ) ¥ {A C X : A is nonempty, closed and convex}7
P (X) £

Puie (X ) ¥ {A C X : A is nonempty, weakly compact and convex}7
daf
Pope)(X) =

For a Hausdorff topological space X and x € X, by N (z) we denote the filter
of neighbourhoods of z (see Definition A.1.2(a)). Also, if (X,d, ) is a metric
space and z € X, r > 0, then by B,.(z) (or BX(x)) we denote the open r-ball
in X centered at x, i.e.

{AC X : Ais nonempty, compact and convex},

{AC X : Ais nonempty, bounded, closed (and convex)}.

B.(x) ¥ {ye X : dy(z,y) <r}.

In addition, if X is a normed space, B, denotes the open r-ball centered at
the origin, i.e.
B, = {yeX: |yllx <r}.

For sets X, Y, a multifunction F: X — 2Y and a subset A C Y, we define

FT(A) {reX: F(x) C A},
F~(A) {zeX: Flx)NA#0D}.
Of course FT(A) C F~(A) C X.

1S 1%

1.2.1 Upper and Lower Semicontinuity

In what follows X,Y are Hausdorff topological spaces.

DEFINITION 1.2.1 Let F: X — 2Y be a multifunction.

(a) We say that F is upper semicontinuous at xo, if for any open subset
V CY with F(xg) CV, there exists U € N(x0), such that F(U) C V.
If F is upper semicontinuous at every xo € X, we say that F is upper
semicontinuous. In the sequel we shall use the abbreviation usc.

(b) We say that F is lower semicontinuous at xg, if for any open subset
V CY with F(xo)NV # 0, there exists U € N (), such that F(z)NV #
0 for all x € U. If F is lower semicontinuous at every xo € X, we
say that F is lower semicontinuous. In the sequel we shall use the
abbreviation lsc.

(c) We say that F is continuous (or Vietoris continuous) at o, if it
s both upper semicontinuous and lower semicontinuous at xg. If F is
continuous at every xo € X, we say that F' is continuous (or Vietoris
continuous ).
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16 Nonsmooth Critical Point Theory and Nonlinear BV Ps

Directly from these definitions we get some alternative equivalent descrip-
tions of these notions.

PROPOSITION 1.2.1
For a multifunction F: X — 2V the following statements are equivalent:

(a) F is upper semicontinuous;
(b) for every closed set C C Y, the set F—(C) is closed in X;

(c) ifr € X, {Tatacs is a net in X (see Definition A.1.5(b)), xo — x,
V CY is open such that F(x) CV, then there exists g € J, such that
foralla e J, a > ap we have F(z,) C V.

PROPOSITION 1.2.2
For a multifunction F: X — 2V the following statements are equivalent:

(a) F is lower semicontinuous;
(b) for every closed set C CY, the set FT(C) is closed in X;

(c) ifr e X, {zatacs is anetin X, xqa — x, V CY is open such that
F(z) NV # 0, then there exists ag € J, such that for alla € J, a > ap
we have F(zs) NV £ 0;

(d) ifr e X, {za}tacs is anetin X, xo — = and y € F(x), then for every
a € J we can find yo, € F(x4), such that yo, — y.

PROPOSITION 1.2.3
For a multifunction F: X — 2V the following statements are equivalent:

(a) F is continuous;
(b) for every closed set C CY, the sets FT(C) and F~(C) are closed in X ;

(c) if z € X, {zatacs is anet in X, xa, — x, VW CY are open such
that F(z) CV and F(x) "W # 0, then there exists ag € J, such that
foralla e J, a > ap we have F(x,) CV and F(xo) NW # (.

DEFINITION 1.2.2 For a given multifunction F: X — 2Y, by the
graph of F we mean the set

GrF % {(z,y) e X xY : ye€ F(x)}.
We say that F is closed, if Gr F is closed in X X Y.

PROPOSITION 1.2.4
If 'Y is a regular topological space (see Definition A.1.2(b)) and the multi-
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1. Mathematical Background 17

function F: X — Py (Y) s upper semicontinuous,
then F' is closed.

REMARK 1.2.1 If F is P, (Y)-valued, then we can drop the hypothesis
that Y is a regular topological space. Also if F: X — P,(Y) is upper
semicontinuous and K C X is compact, then F'(K) is compact.

The converse of Proposition 1.2.4 is not in general true. We need to impose
additional conditions on F'.

PROPOSITION 1.2.5
If F: X — Py (Y) is closed and locally compact (see Definition A.4.3),
then F' is upper semicontinuous.

If (X,d,) is a metric space and A C X, for every x € X we define
a .
d,(x,A) = ;Ielgdx (z,a)

(as usual we adopt the convention i%f = +00). The distance function X >

x+—d,(r,A) € R is a contraction (see Definition A.1.13).

DEFINITION 1.2.3 If X is a normed space (see Definition A.3.1(c)),
then for every x* € X* we define

oy (%, A) 4 sgg (", a)
a

(here by (-, )y we denote the duality brackets for the pair (X, X*)) The func-

tion o, (-, A): X* — R* Yru {£o0} is known as the support function
of the set A.

PROPOSITION 1.2.6
Let F: X — 2Y \ {0} be a multifunction.

(a) If Y is a metric space,
then F is lower semicontinuous if and only if for ally € Y, the function
x+—d, (y, F(x)) 18 upper semicontinuous;

(b) If 'Y is a metric space and F' is upper semicontinuous

then for ally € Y, the function x — d,, (y, F(x)) is lower semicontinu-
ous. The converse is true if F is locally compact (see Definition A.4.3);

(c) If 'Y is a normed space furnished with the weak topology and F is upper
semicontinuous,
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18 Nonsmooth Critical Point Theory and Nonlinear BV Ps

then for all y* € Y*, the function v — o, (y*, F(x)) 18 upper semicon-
tinuous;

Let X,Y be Hausdorff topological spaces, u: X xY — R* and F: Y —
2%\ {0}. We consider the following parametric optimization problem:

sup u(z,y) = v(y).
z€F(y)

Also let S(y) be the solution multifunction, defined by
af
S(y) = {z e Fy): u(z,y) =v(y)}.

PROPOSITION 1.2.7 (Berge Maximum Theorem)
Let X,Y, F,v,S(y) be as above.

(a) If wis a lower semicontinuous function and F' is a lower semicontinuous
multifunction,

, =d ‘ ) .
then the function v: Y — R YRU {+o0} is lower semicontinuous.

(b) If w is an upper semicontinuous function and F is an upper semicon-
tinuous and Py, (X)-valued multifunction,
then the function v: Y — R is upper semicontinuous.

(c) If u: X xY — R is a continuous function and F is a continuous and

Py (X) -valued multifunction,
then the function v:' Y — R is continuous and the multifunction
S:Y — P (X) s upper semicontinuous.

1.2.2 h-Lower and h-Upper Semicontinuity

When X is a metric space, then we can introduce a metric structure on
certain subspaces of 2X. To do this we introduce the following quantities.

DEFINITION 1.2.4 Let (X, dX) be a metric space and A,C € 2X. We
define

h (A, C) g sup{d, (a,C): a € A} (the “excess” of A over C).

The Hausdorff distance of A and C, we define by:

h(A,C) L max {1 (A,C),h%(C, A)} .

REMARK 1.2.2 It is easy to see that h, (A,C) =0 if and only if A = C
and so (Py(X) U{0},h,) is a (generalized) metric space. The empty set is
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1. Mathematical Background 19

an isolated point in this metric space. We call h, the Hausdorff metric.
We have

hi(A,C) = sup{’dx(x,A) —dx(x,C)‘ cveX}
and if X is a normed space and A,C € Py, (X), then the following
Hérmander’s formula holds:

hy(A,C) = sup{lo,(z*,A) — o, (2*,0)] : 2% € X*, ||a*| x. <1}

If X is a complete metric space, then so is (P;(X),h,) and both spaces
(Poy(X),hy) and (Py(X),h,) are closed subsets of it. Moreover, if X is a
normed space, then Py (X) C Pye(X) C Pe(X) and all are closed subspaces
of (Pr(X),hy). 1

DEFINITION 1.2.5 Let X be a Hausdorff topological space, Y a metric
space and F: X — 2Y \ {0} a multifunction.

(a) We say that F is h-upper semicontinuous at xg € X, if the function
X 32— k% (F(x), F(x0)) € Ry is continuous at xg. If F is h-upper
semicontinuous at every x € X, we say that F is h-upper semicon-
tinuous. In the sequel we shall use the abbreviation h-usc.

(b) We say that F is h-lower semicontinuous at xg € X, if the function
X 32— h%(F(x0), F(z)) € Ry is continuous at xo. If F is h-lower
semicontinuous at every x € X, we say that F is h-lower semicon-
tinuous. In the sequel we shall use the abbreviation h-lsc.

(c) We say that F is h-continuous at xo € X, if it is both h-upper semi-
continuous and h-lower semicontinuous at xo. If F' is h-continuous at
every x € X, we say that F is h-continuous.

A natural question that arises is how are the notions of Definition 1.2.5
related to those introduced in Definition 1.2.1. The next proposition gives an
answer to this problem.

PROPOSITION 1.2.8
Let X be a Hausdorff topological space, Y a metric space and let F: X —
2Y \ {0} be a multifunction.

(a) If F is upper semicontinuous, then F is h-upper semicontinuous;
(b) If F is h-lower semicontinuous, then F is lower semicontinuous;
(c) If F is Py(Y)-valued, then the converse of (a) and (b) hold. So

F: X — P (Y) is continuous if and only if it is h-continuous.

Before passing to the measurability of multifunctions, let us see how these
continuity notions behave with respect to some basic operations.
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PROPOSITION 1.2.9
Let X, Y be Hausdorff topological spaces and let F, Fy, Fy: X — 2Y \ {0} be
multifunctions.

(a)
(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

()

F is lower semicontinuous if and only if F' is lower semicontinuous,

where F denotes the multifunction X 3 x — F(x) € 2¥ \ {0};

If 'Y is normal and F is upper semicontinuous, then F is upper semi-
continuous;

If Fy is lower semicontinuous, Fy has open graph and

Fl(aj)ﬂFQ(ZIJ)#@ VzelX,

then the multifunction X > © — (F1NFy)(x) ) (z)NFy(z) € 2Y\ {0}
is lower semicontinuous;

If 'Y is normal, Fy, Fp: X — Py (Y) are upper semicontinuous and

Fl(aj)ﬂFQ(ZIJ)#@ VzelX,

then the multifunction X 3> x — (Fy N Fy)(x) € 2Y \ {0} is upper
semicontinuous;

If 'Y is a normed space and F is lower semicontinuous,
then so are the multifunctions X > z — conv F(z) € 2Y \ {0} and
X >z conv F(z) € 2¥ \ {0};

If 'Y is a Banach space and F': X — Py (Y) 1S upper semicontinuous,
then so is X > x — tonv F(z) € 2¥ \ {0};

If 'Y is a metric space,
then F' is h-lower semicontinuous (respectively h-upper semicontinuous,
h-continuous) if and only if F is;

If 'Y is a normed space and F is h-lower semicontinuous (respectively
h-upper semicontinuous, h-continuous)

then so are the multifunctions X > x — conv F(z) € 2¥ \ {0} and
X > x+—vconv F(x) € 2Y \ {0};

ﬁ Y is a normed space, Fi,Fy: X — Py, (Y) are h-lower semicon-
tinuous and
int (Fy(z) N Fa(z)) #0  VazeX,

then X >z +—— (F1 N Fy)(x) € 2Y \ {0} is h-lower semicontinuous;

If Fi: X — Py (Y) and Fy: X — Py, (Y) are h-upper semicontinuous
and
Fl(x)ﬂFg(ﬁ)#@ VrelX,
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then X >z +— (Fy N Fy)(z) € 2¥° \ {0} is h-upper semicontinuous (in
fact upper semicontinuous because it is Py (Y) -valued).

1.2.3 Measurability of Multifunctions

We can pass to the measurability of multifunctions.

DEFINITION 1.2.6 Let (Q,%) be a measurable space and let (X,d,)
be a separable metric space (see Definition A.1.4(e)). For a multifunction
F: Q — 2% we say that:

(a) F is measurable if and only if for any open set U C X, we have
F(U) L fweQ: Flw)nU #£0} €
(b) F is graph measurable if and only if

GrF L {(w2)eQxX: z€Fw)} e xBX),

with B(X) being the Borel o-field of X;
(c) F is scalarly measurable if and only if for every x* € X*, the function

Qo3wr— oy (x*, F(w)) € R is measurable.

The next theorem summarizes the situation about the measurability of
multifunctions.

THEOREM 1.2.1
Let (2,%) be a measurable space, X a separable Banach space and F': Q@ —
Py (X) If we consider the following properties:

(i) for every D € B(X), F~(D) € ¥;
(i) for every closed C C X, F~(C) € ;
(iii) F is measurable;

(iv) for every x € X, the Ry-valued function w +— d, (z,F(w)) is 2-
measurable;

(v) F is graph measurable,
then the following implications hold among the above properties:

(a) (i) = (il) = (iti)) = (iv) = (v);

(b) if X is o-compact (see Definition A.1.9(b)), then (ii) < (iii);
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(c) if X =3 (where & is the universal o-field; i.e. S is complete) and X
is complete (i.e. X is a Polish space; see Definition A.1.12(b)), then all
conditions from (i) to (v) are equivalent.

REMARK 1.2.3 Recall that the universal o-field S corresponding to

Y. is defined by
SIEN AN
o

where p1 ranges over all finite measures on X and X, denotes the p-completion
of 3. If p is a o-finite measure on (2, ), then there exists a finite measure
with the same null-sets. That is why it suffices to take p to be a finite measure.
Finally, if u is a o-finite measure on (2, X)) and X is a p-complete o-field, then
n=%. [

1.2.4 Measurable Selections

DEFINITION 1.2.7 For a given multifunction F: Q — 2%\ {0}, we
say that a function f: Q — X is a measurable selection or measurable
selector of I, if f is X-measurable and

f(w) € F(w) vV we.

There are two basic theorems concerning the existence of measurable selec-
tions.

THEOREM 1.2.2 (Kuratowski-Ryll Nardzewski Selection Theo-
rem)

If (2, %) is a measurable space, X is a Polish space (Definition A.1.12(b))
and F: Q@ — P;(X) is measurable,
then ' admits a measurable selection.

REMARK 1.2.4 In fact it can be shown that F': Q@ — Py (X) is mea-
surable if and only if there exists a sequence { f,, },~, of measurable selections
of F, such that -

Fw) = {fn@}> VYwel
[

The second theorem on the existence of measurable selections is graph con-
ditioned and is known as the Yankov-von Neumann-Aumann Selection Theo-
rem. First let us give a definition.
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DEFINITION 1.2.8 A Hausdorff topological space X is said to be a
Souslin space, if there exists a Polish space Y and a continuous surjection
fromY to X.

REMARK 1.2.5 Evidently a Souslin space is always separable but need
not be metrizable. For example an infinite dimensional separable Banach
space furnished with the weak topology, denoted by X,,, is a nonmetrizable
Souslin space. Closed, open subsets of a Souslin space are Souslin and so are
countable products, countable unions and countable intersections of Souslin
spaces. In particular then if X is an infinite dimensional separable Banach
space and X . is its dual equipped with the w*-topology, then X . is another
nonmetrizable Souslin space. Finally the continuous image of a Souslin space
is Souslin space.

THEOREM 1.2.3 (Yankov-von Neumann-Aumann Selection Theo-
rem)
If (0,3, 1) is a complete measure space, X is a Souslin space (see Defi-

nition 1.2.8) and F: Q — 2%\ {0} is a multifunction, such that Gr F €
¥ x B(X),
then F' admits a measurable selection.

REMARK 1.2.6 If the o-field X is not p-complete, then we can say that
there exists a X-measurable function f: Q@ — X, such that

f(w) € F(w) for p-a.a. w e .

As was the case with the Kuratowski-Ryll Nardzewski Selection Theorem
(see Remark 1.2.4), we can conclude the existence of a whole sequence of
measurable selections { f,},~; of F, such that

Fw) = [J{faw} Vvwea

n>1
[

We can describe the measurability of a multifunction using its support
function.

THEOREM 1.2.4
If (2,%) is a measurable space, X is a separable Banach space and F': ) —

Pwkc (X) ’
then F is measurable if and only if it is scalarly measurable.
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1.2.5 Continuous Selections

What about continuous selections of a multifunction F': X —— 2V \ {0}
(where XY are two Hausdorff topological spaces)? So we are looking for a
continuous function f: X — Y, such that

f(x) € F(z) VaoelX.

The basic result in this direction is the celebrated Mzichael Selection Theo-
rem.

THEOREM 1.2.5 (Michael Selection Theorem)

If X is a paracompact space (see Definition A.1.10(b)), Y is a Banach space
and F: X — Py, (Y) is lower semicontinuous,
then F' admits a continuous selection.

REMARK 1.2.7 If X is a metric space and Y is a separable Banach
space, then as with the measurable selections, we can find a whole sequence
{fn}n>1 of continuous selections, such that

Fz) = |J {f@)} VzeX

n>1

Also if X and Y are as above, F': X — 2Y is a lower semicontinuous multi-
function with nonempty convex values such that int F'(z) # 0 for all z € X,
then we can find a continuous map f: X — Y, such that

f(z) € int F(x) VaoelX.
[

Simple counterexamples in R show that Theorem 1.2.5 fails if F' is upper
semicontinuous instead of lower semicontinuous. In that case we can speak of
continuous e-approximate selections.

THEOREM 1.2.6

If X is a metric space, Y is a Banach space and F: X — 2Y \ {0} is upper
semicontinuous with convez values,
then for any given € > 0 we can find a locally Lipschitz function fo: X — Y,
such that

fe(X) C conv F(X) and by ., (Grf,GrF) <e.

If we strengthen the conditions on F', we can improve the conclusion of this
theorem and produce a locally Lipschitz selection for F'.
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THEOREM 1.2.7
If X is a metric space, Y is a normed space and F: X — 2¥ \ {0} has
convezx values and for every x € X there exists U € N (x), such that

ﬂ F(z) £ 0,

zeU
then F' admits a locally Lipschitz selection.
In many occasions an effective substitute for convexity is the notion of

decomposability. Let (2, %, i) be a o-finite measure space and X a separable
Banach space.

DEFINITION 1.2.9 A set K C L%(Q; X) is said to be decomposable,
if for every (4, f1, f2) € ¥ x K x K, we have

XAfl +XAcf2 € K.

REMARK 1.2.8 Since x,. = 1 — x,, we see that the notion of decom-
posability formally looks like convexity. Only now the “coeflicients” in the
“convex combination” are themselves R-valued functions.

The typical decomposable set is
Sk g {feLl’ (% X): f(w)€ F(w) for pra.a. we Q}
for a multifunction F': Q — 2%\ {(} and the set
st L SenIP(:X),  pe[l,4od).
In fact within closure these are all the decomposable sets.
The next theorem gives us a remarkable consequence of decomposability and

will be a basic tool in what follows. For a given integrand u: Q@ x X — R,
we introduce the integral functional

L L [ules@) s fe @),

Q

whenever the integral is defined, i.e. u(., f())Jr or u(, f(-)) is integrable.

THEOREM 1.2.8
If u: Qx X — R is measurable, F: Q@ — 2%\ {0} is graph measurable,
I,(f) is defined (maybe is +00 or —o0) for every f € S5, 1 < p < 400 and
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there exists at least one fo € Sh, such that I,,(fo) > —o0,
then

sup{I,(f): feSh} = /sup {u(w,z): z € F(w)} du.

Q

The next proposition gives some properties of the set Sh.

PROPOSITION 1.2.10

Let (Q,%, 1) be a o-finite measure space, X a separable Banach space and
F:Q — 2%\ {0}.

(a) If F is graph measurable and S%, # 0, p € [1,+00),
then

—— P _ P P _ QP
convSy = Seop and Sp = SF’

where by F we denote the multifunction Q > w — F(w) € 2%\ {0};

(b) If pis nonatomic (see Remark A.2.2), F is graph measurable and Sy, #
0, pell +o0),
then
St = Seonvr
The next theorem is a useful weak compactness theorem for S§. C L'(Q; X).
First a definition.

DEFINITION 1.2.10 A multifunction F : Q — 2%\ {0} is said to be
LP-integrably bounded (for 1 < p < 4o00), if there exists h € LP(Q2) such
that

|F(w)| = sup{|z|y: z€Fw)} < h(w) for p-a.a. w € Q.
If p =1 we say simply that F is integrably bounded.
THEOREM 1.2.9

If F:Q — Pyke (X) is graph measurable and integrably bounded,
then St is a nonempty, convexr and weakly compact subset of L*(§; X).

Of interest to us for what follows in the subsequent chapters is the extremal
structure of the set S’%, 1 < p < 400. The basic result in this direction is the
following theorem.

THEOREM 1.2.10
If (0,3, 1) is a o-finite measure space and F: Q — Py (X) is scalarly
measurable,
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then
ext S = SP V1<p<+oo.

When we started our discussion of decomposable sets, we said that de-
composability can be used as a substitute for convexity, when we deal with
multifunctions which have values in the Lebesgue-Bochner space L!(Q; X).
So the Michael Selection Theorem (see Theorem 1.2.5) has a counterpart for
decomposable-valued (but not necessary convex-valued) multifunctions. This
result is useful in the study of nonconvex multivalued boundary value prob-
lems (see Chapter 3).

THEOREM 1.2.11

If Z is a separable metric space and the multifunction F: Z —
Py (Ll(Q; X)) is lower semicontinuous and has decomposable values (see Def-
inition 1.2.9),

then ' admits a continuous selection.

There is another such selection theorem which is useful when we look for
extremal solutions and we want to prove strong relaxation theorems (see Sec-
tion 3.3). To state this theorem we need to introduce some auxiliary material.
So let T = [0,b] be furnished with the Lebesgue measure A. Also let Y be a
Polish space and as before let X be a separable Banach space. On L(T’; X)
in addition to the usual norm, we also consider the following one.

DEFINITION 1.2.11 The weak norm on L*(T; X) is defined by

t/
df
= d
£l Sup{ ’/t f(s)ds

The space (LY(T; X), |||, ) s denoted by Ly, (T; X).

: 0<t<t’<b} v fe LYT; X).
X

REMARK 1.2.9 Clearly an equivalent norm to the weak one can be
obtained by setting

t
df
= d
£, L s {| [ seeras

: 0<t<b} YV feLNT; X).
X

[

Let F: T xY — 2%\ {(} be a multifunction which satisfies the following
hypotheses:

H(F)F: T XY — Pyke (X) is a multifunction, such that:
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() for every y € Y, the multifunction ¢ — F'(t,y) is measurable;

(77) for almost all ¢ € T, the multifunction y —— F(t,y) is h-
continuous;

(iii) for every C € Py(Y), there exists ac € L'(T), such that for
almost all t € T and all y € C' we have

df
|F(t,y)| = sup )IIuHX < ac(t).
ueF (ty

Let F: T xY — 2% be a multifunction and let K C C(Y) be a nonempty
and compact set. Let Fx: K — Pyie(L'(T; X)) be defined by

~ df
Fr(y) = Spy0)-
In what follows by CS%”K (respectively CS’:}’(t f’x)’ we denote the selections of

Fx (respectively ext Fi) which are continuous from K into L (T; X).

THEOREM 1.2.12
If F satisfies H(F') and K C C(Y) is a nonempty and compact set,
then
w _ oo
OSFK = C’SCXt P :

A useful byproduct of the proof of this theorem (see Hu & Papageorgiou
(1997, Theorem 8.31, p. 260)) is the following lower semicontinuity result that
we shall need in our discussion of multivalued boundary value problems (see
Chapter 3).

PROPOSITION 1.2.11

If (Q,%,p) is a finite measure space, Z is a metric space, G: Z —
Py (Ll(Q; X)) 15 lower semicontinuous and has decomposable values, g: Z —
LY X), p: Z — LY() are continuous maps and for every z € Z, we have

af
H(z) = {ueG(2): [luw) —g(2)(W)llx <¢(2)(w) p-ae. on Q} #0,
then z — H(z) is lower semicontinuous with decomposable values.
1.2.6 Convergence in the Kuratowski Sense
Finally let us define a basic mode of set convergence and mention a useful

result on the pointwise behaviour of weak sequences in L?(€; X) (p € [1, +0))
which will be used repeatedly in what follows.
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DEFINITION 1.2.12 Let (X,7) be a Hausdorff topological space (T
denotes the topology) and let {An}, -, € 25\ {D}. We define

.. d .
7liminf A4,, & {xeX: = 7lim x,, T, € A, nzl}
n—-+oo n—-+o0o
and

. d .
7limsup A4, ¥ {xeX:x: mlim xp,, Tn, € An,, Nk < Npt1, k> 1}.

n—-+o0o k—4o0

The set =liminf A, is called the T-Kuratowski limit inferior of the se-

n—-+4oo
quence {Ayn},~, and the set Tlimsup A, is called the T-Kuratowski limit
- n—-+o0o

superior of the sequence {An}, 5. If

A = 7liminf A, = ~limsupA,,
n—-+00 n—-+oo

then we say that the sequence {A,},~, converges in the Kuratowsks
sense to A and we write -

A = rlim A, or A, 2 A

n—-+4oo

REMARK 1.2.10 Clearly we always have that

7liminf A,, C =limsup A4,
n—-+00 n—-4oo

and the inclusion may be strict. If X is a metric space with a metric d
generating the topology 7, then

7liminf A4,, = {a: eX: lim dy(z,A,) = 0}

n—-+o0o n—-+4oo

and

7limsup A, = {x € X : liminfd, (z,A,) = 0} .

n—-4oo n—-+00

Also if X is first countable (see Definition A.1.4(c))), then

limsup A, = ﬂ U AnT.

n—+oo k>1n>k

Finally if the topology 7 is clear from the context, then we shall drop the
letter 7. 1
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Also there is another mode of convergence more suitable to deal with se-
quences of sets and functions defined in a Banach space X.

DEFINITION 1.2.13 Let X be a Banach space and let {An}n21 C

2%\ {0}. We say that the sets {A,},~, converge to A in the Mosco sense,
denoted by -

A, — A,
if and only if
&hHJlriann = wlimsup A4, = A,
n—T00 n——+oo

where s-liminf A,, and w-limsup A,, are as in Definition 1.2.12 with the strong

n—+00 n—-+oo

and weak topologies respectively.

There is a corresponding mode of convergence for functions ¢, € T'o(X),
(see Definition 1.3.1) n > 1.

DEFINITION 1.2.14 We say that the sequence of functions {¢n},~; C
To(X) converges to ¢ € To(X) in the Mosco sense, denoted by B

M
Pn — P
if and only if
epi ¢y, M, epiy in X xR.

REMARK 1.2.11 The above notion of convergence in the Mosco sense
is equivalent to the following two properties:

(a) for each z € X, there exists a sequence x,, — x in X such that
en(@n) — @(z);

(b) for all z € X and all sequences {z,},-; C X such that z, — z in X,
we have
o(z) < liminf @, (z,).

n—-+o0o
[

Related to this mode of functional convergence is the so-called G-
convergence of subdifferentials. Here I'g(X) is as in Definition 1.3.1.

DEFINITION 1.2.15 We say that the sequence of subdifferentials
{00n}s1:{ent,s1 C To(X) G-converges to 0p, ¢ € I'o(X), denoted by

Opn, <, dp,
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if and only if
Grde C sliminf Grdy, in X x X*.

n—-+4oo

REMARK 1.2.12 Due to the maximal monotonicity of the subdifferen-
tial, G-convergence of {0y, }, -, implies that

w X s-limsup Gr dyp,, C Grdyp.

n—-+4o0o
M. G
Also the convergence ¢, — ¢ implies dp,, — . I

The next result provides information about the pointwise behaviour of a
weakly convergent sequence in the Lebesgue-Bochner space LP(Q; X), p €
[1,400).

PROPOSITION 1.2.12
If (8,5, p) is a o-finite measure space, X is a Banach space, {fn},~; C
LP(; X), f e LP(0; X), p € [1,+00), B

fon = f in LP(%; X)

and
fr(w) € G(w) for pra.a. w € N and all n > 1,

Jor some G: Q5 wr— G(w) € Pur(X),
then
f(w) € conv u#hIil inf{f,(w)} for pra.a. w € Q.

The final results of this section are two important Projection Theorems
for measurable sets. The starting point for such results is the well known fact
that a Borel set in R? does not necessarily project to a Borel set in R.

THEOREM 1.2.13 (Yankov-von Neumann-Aumann Projection
Theorem)

If (Q,X) is a measurable space, X is a Souslin space (see Definition 1.2.8)
and G € ¥ x B(X),

~

then proj G € .

THEOREM 1.2.14

If T,X are Polish spaces, G € B(T x X) and for every t € T the section
G(t) C X is o-compact,
then proj, G € B(X).
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1.3 Nonsmooth Analysis

In this section we present some aspects of Nonsmooth Analysis that we shall
need in what follows. We do not aim at a complete presentation of today’s
subdifferential theory, but we only want to outline those parts of the theory
that give us analytical tools for the study of the problems that we shall be
investigating in the next chapters. For this reason we limit ourselves to con-
vex functions (convex subdifferential), to locally Lipschitz functions (Clarke’s
theory) and to continuous functions (theory of weak slope).

1.3.1 Convex Functions

Let X be a Banach space and let ¢: X — R Y RU {+00}. We define the
effective domain of ¢ by

dom ¢ 4 {xeX: p(x) < oo}

and the epigraph of ¢ by

epip L {(z,0) e X xR: p(z) <A}

The function ¢ is convex if and only if epip is convex in X x R and of
course this definition is equivalent to the usual one which requires that for all
x,y € domp and all A € [0, 1], we have

oAz + (1= N)y) < do(x) + (1= N)p(y).

If this inequality is strict for 2,y € dom ¢ with z # y and for A € (0, 1), then
we say that ¢ is strictly convex. Another equivalent definition of a convex
function says that ¢ is convex, if for all N > 1, all yg,...,yny € X and all

N
Aos -, AN € Ry, such that > Ay = 1, we have
k=1

Since we are dealing with R-valued functions, to avoid trivial situations we
focus on proper functions, i.e. functions ¢, such that dom ¢ # ). Convex
functions have remarkable continuity properties as it is evident in the next
theorem, which essentially says that for proper convex functions continuity
follows from local upper boundedness.

THEOREM 1.3.1
If ¢: X — R is a proper convex function,
then the following statements are equivalent:
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(a) ¢ is bounded above in a neighbourhood of some point xg € X ;

(b) ¢ is continuous at some point xg € X;

(c) intepip # 0;

(d) intdomep # 0 and Plint dom » @S continuous.

Moreover, if the above statements hold, then

intepip = {(z,\) € X xR: z €intdomep, ¢(z) < A}.

PROOF (a)=(b): Let U € N(zg) be such that ¢|y is bounded above,
i.e. there exists ¢ > 0, such that

ely) <c  Vyel

Replacing if necessary U by U — x and ¢(y) by ¢(y + xo) — ¢(x0), we may
assume that zp = 0 and that ¢(0) = 0. We will show that ¢ is continuous at
29 = 0. Let 0 < e < ¢ and set

v. £ (Cu)n (—%U) e N(0).
We shall show that

le(y)l<e Vyel (1.1)

(which implies the continuity of ¢ at 29 = 0). So let y € V.. We have £y € U
and because ¢ is convex,

ely) < %w (gy) + (1—5) ©(0) < %c = e

Also —£y € U and so

1 ()+% (c)< 1 ()+s
Py 2 y_1+%‘;0y 1+%

IN

and so —¢ < ¢(y). So finally we obtain (1.1) and this proves the continuity
of ¢ at the origin.

(b)=(a): Obvious.
(a)=(c): By hypothesis, there exists U € N (zg), such that

ely) <c  Vyel

© 2005 by Chapman & Hall/CRC



34 Nonsmooth Critical Point Theory and Nonlinear BV Ps

So U C int dom ¢ and
{(y, ) e X xR: yeU, A\>c} C epip,
which implies that int epi¢ # (.

(c)==(d): If (zo, \o) € intepig, then ¢ is bounded above in a neighbourhood
of x and so from the equivalence of (a) and (b) established earlier, we infer
that ¢ is continuous at zy. Also note that

{reX: INeR: (z,)) cintepip} C intdome
and this proves the implication.
(d)=(b): Obvious.
Finally let us show that
intepip = {(x,A) € X xR: z € intdome, ¢(z) < A}.
Let us denote the right hand side set by W. Clearly
intepip C W.

On the other hand let T € int dom ¢ and o(T) < X. Let A € (¢(Z), X). Because
¢lint epi p 1S continuous, there exists U € N (), such that U C int dom ¢ and

o(y) < h) VyeU.
So (i, X) eU x (X,+oo) C int epi ¢, and so
W C intepip.

[

In fact we can improve our conclusion that ¢|intdom ¢ 1 continuous. This
will be done with the help of the following preliminary result.

LEMMA 1.3.1
If ¢: X — R is convex and continuous al xo € dom,
then we can find r > 0, such that ¢|§T(w0) is Lipschitz continuous.

PROOF Since ¢ is continuous at xg, we have zy € intdom . So there
exist r,e > 0 and m, M € R, such that B,;(z9) C domy and m < ¢(y) < M
for all y € Bye(xo). Let y1,y2 € B(xo) with y1 # yo. We set

Y1 — Y2 and lly1 —y2|\x

z =y te——— =
lyr — vall x lyr — vellx +¢
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Evidently z € Byye(z), A € (0,1) and y1 = Az + (1 — A)ya2. Because of the
convexity of ¢ we have

ey1) < Ap(2) + (1 =Ne(y2) = Me(2) — ¢(y2)) + o(y2)

and so

oy1) —e(y2) < lyr — vall x -

Ty =2l e
Interchanging the roles of y; and y, we obtain

M—m
€

lp(y1) = ply2)| < lyr = wellx ¥ y142 € Br(2),

i.e. ¢|g () is Lipschitz continuous. 0

Combining Theorem 1.3.1 with Lemma 1.3.1 we are led to the following
precise characterization of the continuity of @lint dom ¢, Which is the starting
point of Clarke’s theory that we shall examine later in this section.

THEOREM 1.3.2
If ¢: X — R s proper, conver and lower semicontinuous,
then ¢lintdom ¢ is locally Lipschitz.

PROOF Note that

domy = U{go <n}.

n>1

Let 2o € int dom ¢. Because ¢ is lower semicontinuous, for every n > 1 the set
{p < n} is closed. From the Baire Category Theorem (see Theorem A.1.9),
it follows that there exists ng > 1, such that

int{p <no} #0 and p(xo) < ng.

Let y € int { < no} and let us define £: R — R, by

et) L p(wo+tly—mz0)) VteR

Of course ¢ is convex and proper. Since xy € int dom ¢, we can find p > 0,
such that

B (o) C dom .

PHZJ—IOHX

Therefore
[-p,p] Cdom¢ and O € intdomé&,
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which implies that ¢ is continuous at 0 (see Theorem 1.3.1). Recall that
£(0) < ng. So we can find n € (0,1), such that

&(t) < ng Vte[-n,0].

Set z = xg — n(y — xo). We have p(z) = £(—n) < ng and so z € {p < ng}.
Because

xo € [y, 2] & {ty+ (1 —1t)z: t€]0,1]},

we have that x¢ € int {¢ < no}. From Theorem 1.3.1 and Lemma 1.3.1, it
follows that ¢ is locally Lipschitz at x¢. Because zy € int dom ¢ was arbitrary,
we conclude that ¢lint dom ¢ 18 locally Lipschitz.

When X is finite dimensional, then in the above theorem the lower semi-
continuity hypothesis can be dropped.

THEOREM 1.3.3

If X is a finite dimensional Banach space and the function : X — R is
proper and convex,
then @lintdom ¢ is locally Lipschitz.

PROOF Let zy € intdom . We can find ug,...,uy € X (N = dim X)
and r > 0, such that

B (z9) C conv {ug,...,uny} C domep.

Let M < max {¢(uo),...,p(un)}. For every y € Br(zg), we can find
Ao, - -+, AN € Ry, such that

N N
y= Z/\kuk and Z/\k =1.
k=0 k=0

Because ¢ is convex, we have

N N
ply) < Z/\W(Uk) < (ZM) Og}czsz@(uk) = M.
k=0 k=0 -

Note that M € R is not depending on y € B,(z¢). Thus by virtue of Theo-
rem 1.3.1, ¢ is continuous at 2 and from Lemma 1.3.1, @|int dom ¢ 18 locally
Lipschitz. I

The next theorem is a major tool in the execution of the so-called “Direct
Method of the Calculus of Variations.”
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THEOREM 1.3.4
If X is a reflexive Banach space, p: X — R is a proper, convezx, lower
semicontinuous function (or a proper, weakly lower semicontinuous function)
and

p(x) = +oo,

llzll x —+o0

then there exists xo € X, such that ¢(zo) = i§f ®.

PROOF  Because g is proper, we can find n € R, such that iI)}f(p < n.

Also since p(x) — +00 as ||z|| y — 400, we can find r > 0, such that
o(x) >n Ve X with [jzf >

Therefore o
{p <n} C B, and so inf p = iﬁf ©.
B,

Let {zn},~; € B, be a minimizing sequence of . Due to the reflexivity

of X, B, is weakly compact and so by the Eberlein-Smulian Theorem (see
Theorem A.3.5) and by passing to a subsequence if necessary, we may assume
that

Tn SN T € Er.

The function ¢ being convex, from Mazur’s lemma (see Theorem A.3.7), it is
also weakly lower semicontinuous. Hence

. _ .
plzo) < liminfe(z,) = infe

and so p(zg) = igl{f ©.
The proof is similar when ¢ is a proper, weakly lower semicontinuous func-
tion.

From the previous results it is clear that the proper, convex and lower
semicontinuous functions form an important set (actually cone) of functions.
For this reason we introduce a special notation for this set.

DEFINITION 1.3.1 Let X be a locally convex space. By T'o(X) we de-
note the space (cone) of all proper, convex and lower semicontinuous functions
p: X — R.

The next proposition explains why the family I'g(X) is important in convex
analysis.

PROPOSITION 1.3.1
If X is a locally convex space and ¢ € I'o(X),
then o is bounded below by an affine function.
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38 Nonsmooth Critical Point Theory and Nonlinear BV Ps

PROOF Since ¢ € T'g(X), the set epi¢ € X xR is closed and convex and
(z,p(z) —¢) ¢epiy  Vae€domep, > 0.

Let us fix any € > 0 and g € dom . Apply the Strong Separation Theorem
(see Theorem A.3.4) to obtain (z*,3) € (X* x R)\ {(0,0)} and ¢ > 0, such
that

sup { (z%,y)x +BX: (y,A) €epip} < (2%, 20)x + B (p(w0) —€) — 0.

Since
(zo,p(z0) +n) Eepip  Vn>1,

it follows that 8 < 0. On the other hand, we have that
(v,¢(y)) €epip  Vy€domy
and so
(@, y)x + Be(y) < (&% m0)x +Bp(xo)  Vyedomp,

hence

—% (2%, gy + % (2" 20y +0(x0) < @ly) VyeX.

The function

1 1
X3yr— 3 (T*,y) x + 3 (%, 20) x + @(w0) €R
is the desired affine function. I

1.3.2 Fenchel Transform

The Fenchel transform (convex conjugate) that we are about to introduce
extends the classical Legendre transform to functions which are not necessar-
ily smooth, by using affine minorants (Proposition 1.3.1) instead of tangent
hyperplanes.

DEFINITION 1.3.2 Let X be a Banach space and ¢p: X — R* 4

R U {£oo}. The Fenchel transform or conjugate of ¢ is the function
@*: X* — R*, defined by
* * df *
P (z*) = SUP{@ Yy — () x Gdomgo}.

We can repeat this process to ¢* and obtain the second conjugate p** =
(*)*: X — R*, defined by

©**(x) 4 sup { (z*,2) x — p*(a%): 2* € X*}.
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REMARK 1.3.1 From the definition we see that ¢* being the supremum
of continuous affine functions is itself convex and w*-lower semicontinuous,
while ¢** is convex and lower semicontinuous (also weakly lower semicontin-
uous). Moreover,

<

and
if 1 <q, then ¢ < 7.

In addition, from Proposition 1.3.1, we see that
p € To(X) if and only if ¢* € To(X, ).

Here X . stands for the dual space X* furnished with the weak*-topology.
Finally the inequality

(@*,2)x < o(x)+¢*(z) VeelX, 2" e X™,

which is an immediate consequence of Definition 1.3.2, is usually called the
Young-Fenchel inequality.

PROPOSITION 1.3.2 _
If X,Y are two Banach spaces, A € L(X;Y) is an isomorphism, g: Y — R
is proper and

o(x) = Xog(Az+yo) + (z5,2)x +00  VzeEX,

withyo € Y, 5 € X*, 99 € R and Ao > 0,
then

* * * 1 *\ — * * * * —
" (z*) = Aoy </\—0(A) Ha —xo)) —<a: —x3, A 1yo>X—190.

PROOF We have

o (27) = sup { (z",2)x — Aog(Az +yo) — (25, 2)x — Yo}

reX
~ 225{710 (A% (" — 28),9) —g<y>}

— <a:* — xS,A‘lyo>X — ¥
1
= Xog" <)\—O(A*)_1(x* — xS)) — <a:* — xS,A_1y0>X — .

[

As an immediate consequence of this proposition, we have the following
conjugation rules.
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COROLLARY 1.3.1
If g: X — R a is proper function and vo € X, x5 € X*, Ao >0, ¥ € R,
then

(a) for p(x) = g(x + x0), @*(z*) = g"(z") — (2", z0) x;

(b) for o(z) = g(x) + (25, %)y,  ¢"(z") = g"(z" —a5);

(c) for p(z) = Xog(x), o (x*) = /\og*(%ox*),

(d) for p(x) = Aog(5-7), ©*(x*) = Xog*(z¥);

(e) for p(z) = g(Aoz), o (%) = g* (5 27);

(£) for ¢(x) = Aog(Xox + xo) + Vo, ¢*(x*) = Aog™ (x*) — Ao (2", 20) x — Vo

Hok

We already said that ¢** < . The next theorem says when we have

equality.

THEOREM 1.3.5
If p: X — R is a proper function,
then
©** = if and only if ¢ € I'g(X).

PROOF =—: Recall that ¢** € T'x(X) and since ¢** = ¢, we conclude
that (TS Fo(X)

<=: We know that we have ¢©** < . So we need to show that the opposite
inequality also holds. To this end let 2 € X and p € R be such that u < p(z).
Then (x, 1) ¢ epie and so we can apply the Strong Separation Theorem for
convex sets (see Theorem A.3.4) and find (z*,8) € X* x R, (z*,8) # (0,0)
and § > 0, such that

(" y)x +60X < @ 2)x +0Bu—06 YV (y,\) €epip.

Since A can go to 400, from this inequality it follows that 3 < 0.
First suppose that 8 < 0. We have

(") x +Bely) < (", 2)x+08n  VyelX,

from which it follows that

(=Be)"(z") < (2", 2)x + Bp.
Using Corollary 1.3.1(c), we obtain

—ﬂw*(f;) < (o*,a)x + B

and thus

u < <—x—;,x>x—w*<—x—*> < o™ (@)
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Because p < ¢(z) was arbitrary, we infer that ¢(z) < ¢**(z) as desired.
Next assume that 8 = 0. We have

(" y)y < (@™, 2)y —0 YV y € dom ¢

and so, we see that © ¢ dom g and p(z) = 4+00. It is enough to show that
also p**(x) = +o00. Let € R be such that

(@",y) < n < (@ 2)x Vy € dome.

As ¢ is bounded below by an affine function (see Proposition 1.3.1), we have
that there exist y* € X* and ¥ € R, such that

Wy x =0 < oly) VyeX

So for all v > 0, we have

W x —9+7(= )y —n) < oly) VyeX.

Then
W+ —ely) < I+ VyeX
and so
Py  +yaT) < 0+
Therefore

o)y =0 +v((@"0)x —n) < Y +72",2) ¢ — " (y" +y2")

Since 1 < (z*,x) y and 7 > 0 was arbitrary, we see that the left hand side is
arbitrarily large and so ¢**(z) = +o00. Thus p(z) < ¢**(x). I

If by ¥ we denote the closure or lower semicontinuous hull of the
proper function ¢: X — R, i.e. epip = epiy, then we deduce the following
corollary of Theorem 1.3.5.

COROLLARY 1.3.2
If ¢: X — R is a proper and convex function,

then ©** = .

Another consequence of Theorem 1.3.5 is the following result.
COROLLARY 1.3.3
If ¢: X — R is a proper function,

then ¢ € To(X) if and only if it is an upper envelope of all continuous affine
functions magjorized by .
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42 Nonsmooth Critical Point Theory and Nonlinear BV Ps

1.3.3 Subdifferential of Convex Functions

Now we shall introduce the subdifferential of a convex function. This notion
generalizes the concept of gradient.

DEFINITION 1.3.3 Let p: X — R be a proper and convex function.
The subdifferential of ¢ at x is the multivalued map d¢: X — 2% defined

by

dp(z) L {2* € X*: (a*,y—z)y < p(y) — p(x) Vy€domy}.

The elements of Op(x) are called subgradients of ¢ at x. Also we define the
domain of Op by

Dom (9¢) g {re X: dp(x) #0}
and we say that ¢ is subdifferentiable at x € X, if x € Dom (9y).
PROPOSITION 1.3.3

If o: X — R is a proper convex function,
then the following properties are equivalent:

(a) z* € 0p(x);
(b) ¢(z) +¢*(x") = (z",2) x .

If additionally ¢ € T'o(X), then properties (a) and (b) are also equivalent
to:

(c) x € 0p*(z*).
PROOF (a)=>(b): By definition we have

(" y—x)x < oly) —el@) VyeclX.

So
(9 x —ly) < (@ 2)x — (),

from which it follows that

pr(z") < (@ 7)x —pla).

Since the opposite inequality is always true (Young-Fenchel inequality; see
Remark 1.3.1), we conclude that

pla) +¢"(@7) = (a7, 2) 5.
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(b)=(a): From (b) and Definition 1.3.2, we have that

(z%2)x = @(@)+¢" (") = plz)+ " y)x —ely) VyelX,
hence
(#hy—2)x < oly)—plz) VyeX
and so z* € dp(x).
Finally from the established equivalence of (a) and (b), we see that (c)
can be equivalently expressed as
e (z") + (¢7)" () = (2%, 7),

with (©*)*: X** — R being the conjugate of ©*. Since
@) x =™ =
(see Theorem 1.3.5), we obtain (b). 1

From the definition of the subdifferential we see that dp(z) is a closed,
convex set possibly empty. With additional assumptions we can strengthen
this observation.

PROPOSITION 1.3.4
If ¢: X — R is a convex function which is continuous at o € X,
then xo € Dom (9¢) and Op(zo) s a bounded and w*-compact subset of X*.

PROOF  From Theorem 1.3.1 we know that intepi¢ # 0 and (zo, ¢(z0))
belongs to the boundary of epip. So by the Weak Separation Theorem for
convex sets (see Theorem A.3.3), we can find z* € X* and 8 € R, (z*,0) #
(0,0), such that

(x*,w0) x + Bo(zo) < (@ y)x +6X VYV (y,)) €epip.

If 3 =0, then
(. y—w0)xy > 0 Vyéedome.

But z¢ € intdom ¢ (being a point of continuity of ¢) and so we deduce that
x* = 0, a contradiction since (z*, 8) # (0,0). Since A can increase up to +o0,
we infer that 5 > 0. So

(—2"y—wo)x < Blply) —w(wo)) VyekX,

ie. —%x* € dp(xo) # 0.
From Lemma 1.3.1 we know that there exists r > 0, such that 90|§r(zo) is
Lipschitz. Then for some k > 0 we have

(" y)x < @@o+y)—plxo) < kllyly  VyeB,

© 2005 by Chapman & Hall/CRC



44 Nonsmooth Critical Point Theory and Nonlinear BV Ps
hence
"]y < K YV a* € dp(xo).
Therefore dp(x0) is w*-compact (Alaoglu theorem; see Theorem A.3.1).  []

COROLLARY 1.3.4
If € To(X), then int dom ¢ C Dom (Jp) C dom ¢.

A wuseful tool for the study of the subdifferential is provided by the direc-
tional derivative.

DEFINITION 1.3.4 Let p: X — R be a proper and convex function.
Then for every x € dom g, the directional derivative of ¢ at x € X in the
direction h € X is defined by

af

vy & @A) —p(x) (x4 Ah) = o(x)
st = Ty IR S

REMARK 1.3.2 It is clear from this definition that the function X >
h +— ¢'(z;-) is sublinear.

PROPOSITION 1.3.5
If ¢: X — R is a proper and convex function which is continuous at
zo € dom g,
then
¢ (zo;h) = 0y, (h,0¢p(x0)) VheX

(see Definition 1.2.3).

PROOF  Let
¢(h) = ¢ (x0:h) VheX.

From Proposition 1.3.4, we have that dp(zg) # 0. Let 2* € 9p(xp). From
the definition of Jp, we have that

(o + Ah) — p(x0)
A

(@ h)y < VYA>0

and so

xo + Ah) — (o)
A

From this it follows that v is everywhere finite and so it is continuous on X.

Using Corollary 1.3.1(f), we see that the conjugate function of

@(zo + Ah) — p(x0)
A

Y A>0.

@y < () < &

h —
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is the function
@ (h*) — (h*, 20) x + (0)

h*— .
A
Hence since ¢(h) = inf0 plwo + )\})L\) — w(xo)7 we have
>
. p(xo) + " (h") — (h*, x0) x
h*) = s :
v = 3

By virtue of Proposition 1.3.3, we have
dp(wo) = {h™ € X"+ p(wo) +¢"(h") = (", o) x }

and so
0 if h* € dp(xo),
400 otherwise.

) = {
But ¢ € I'y(X) and so, for all h € X, we have
U(h) = ¢*(h) = sup ((a%,h)x —¥"(a"))

rreX*
= sup (2% h)x = oy, (h,dp(x0)).
z*€0¢p(x0)

[

The case of Gateaux differentiability corresponds to the situation where the
subdifferential is a singleton.

PROPOSITION 1.3.6
If 1 X — R is a proper and convex function,
then

(a) if ¢ is Gateauz differentiable at xq, then dp(xo) = {¢(z0)};

(b) if ¢ is continuous at xo and dp(xo) is a singleton, then ¢ is Gadteaux
differentiable at xo and Op(xo) = {¢(xo)}-

PROOF (a) From the convexity of ¢, for all A € (0,1) and all h € X, we
have

o(zo + A\h)

@(Awo +h) + (1 = No)
Ap(wo + h) + (1 = A)p(xo)
Ao +h) — @(x0)) + @(20),

IN

so we obtain

p(zo + Ah) — p(x0)
A

< @(zo + h) — p(xo0) VAe(0,1), he X,
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hence
(p(x0),h)x < @(xo+h)—p(xg) VheX,

which implies that ¢ (x) € Op(zp). On the other hand, if z* € dp(xg), we
have
(z%y—z0)x < ¢y) —p(xo) VyelX.

Let y = o + Ah. We obtain

p(zo + Ah) — p(x0)

(@, by < -

YVA>0, heX

and so
(p(zo) —x*h)y > 0 VheX.

Thus z* = pg(z), L.e. dp(z) = {¢L(z)}.
(b) Let dp(x0) = {z§}. From Proposition 1.3.5, we have that
¢ (zo;h) = oy (h,0p(z0)) = (2%, h)y VhelX.

In particular this implies that ¢ is Gateaux differentiable at o € X and
P (x0) = 2, so dp(xo) = {pg(wo)}-

We close our discussion of the convex subdifferential with two calculus rules.
The first concerns the sum of two convex functions.

THEOREM 1.3.6

If ¢, X — R are proper and convex functions and there exists xg €
dom ¢ Ndom v where one of the functions is continuous,

then

N +Y)(y) = dp(y) +0¢v(y) VyeX.

PROOF  Assume that ¢ is continuous at zy. It is an immediate conse-
quence of the definition of the subdifferential that we have

e+ v)(y) 20p(y) +0v(y) VYyelX.

Let us fix any yo € X and y* € 9(p + 9)(yo) and consider the following two
convex sets in X x R:
df *
C1 = {(zA) e X xR: o(z) —o(yo) = (" 2 —yo) x <A}

and

Cy = {(v,p) € X xR: p<9(yo) —¥(v)}.
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Note that if we put

9) L o(z)—olwo) — (W' 2 —wo)x  VzEX,

then g is convex and continuous at xg and moreover C; = epig. Therefore
int C; # 0 (see Theorem 1.3.1) and int C1NCy = (. So we can apply the Weak

Separation Theorem (see Theorem A.3.3) and obtain (z*,7) € X*xR\{(0,0)}
and & € R, such that

(5 2)x +9A < € < (M u)x +p (1.2)
YV (z,A) €intCy, (v,pu) € Cs.

Because y* € 9(p+1)(yo), it follows that v < 0. Note that (yo,0) € C1NCy
and so & = (2*,y0) . From (1.2), we have

(25 2)x +7(p(2) —@(yo) — (V"2 —vo)x) < (25,90)x
< (") x +7(¢(wo) — ¥ (v) YV z€domg, v € domp.

From these inequalities, it follows that
1 * * 1 *
;z € 0v(yo) and Y- ;z € dp(yo).-

Therefore
Y= <y -~z > + =2 € 9p(yo) + U (yo)
Y Y
and we have proved that
e +Y)(y) € dp(y) +0Y(y) VyeX.

Since the opposite inclusion is always true, we have proved the theorem. I

The other calculus rule concerns the composition ¢ o A of a proper convex
function ¢ and of a continuous linear operator A.

THEOREM 1.3.7
If X,Y are two Banach spaces, A € L(X;Y) and ¢: Y — R is a proper
and convez function which is continuous at some point yo € R(A), then

A*(0¢p(Az)) = O(po A)(x) VazelX.

PROOF Let 2* € 0(p o A)(x). By definition we have

(2",2 —a)x + (poA)a) < (pod)z) VzeX.
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Let

VL {ym) ey xR: y= Az
="z —a)x + (po A)a), z€ X}.

Evidently V Nintepiy = (). So we can apply the Weak Separation Theorem
(see Theorem A.3.3) and obtain (y*,v) € (Y* x R) \ {(0,0)}, such that

Whu) xy +9A < Wy x v YV (y,p) €V, (u,\) € epip.

Because of the nature of the epigraph we have that v < 0. If v = 0, then
y* # 0 and

W u) y < Wy YV u e dome, y € R(A),

which contradicts the hypothesis that intepip N R(A) # 0. So v < 0 and we
can always assume that v = —1. So

(W u)yx —p(u) < (¥, y)y —pn  Vuecdomep, (y,u) €V,

Therefore
(W Alz—x))y = (%, 2—x)y VzeX

and so z* = A*y*. Then
(y*,u— Azx) v + p(Az) < o(u) YV u € dome

and so y* € dp(Ax), hence A*y* = z* € A*9p(Ax). Thus we have proved
that 9(po A)(x) C A*dp(Ax). Since the opposite inclusion is always true, we
obtain the thesis.

1.3.4 Clarke Subdifferential

Now we pass to the nonconvex part of Nonsmooth Analysis, starting with
an outline of the basic aspects of Clarke’s theory. Again X is a Banach space.

DEFINITION 1.3.5 A function ¢: X — R is said to be locally Lips-
chitz, if for every x € X there exists U € N(z) and a constant ky > 0, such
that

lo(y) —9(2)] < kully —2lx Vy,zel.

REMARK 1.3.3 From Theorem 1.3.2 we know that if ¢ € T'g(X), then
©int dom o 18 locally Lipschitz.

The next notion generalizes the directional derivative of convex functions.
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DEFINITION 1.3.6 For a given locally Lipschitz function p: X — R,
the generalized directional derivative of ¢ at © € X in the direction

h € X is defined by

oy + \h) — o(y)

<p0(a:;h) & lim sup

Yy —x )\
AN\, 0
Ah) —
— it osyp LW EAM—0W)
€50 o —ylly << A
0<A<S

REMARK 1.3.4 This definition involves only the behaviour of ¢ near x
and the limit supremum is finite.

Based on Definition 1.3.6 one can easily verify the following facts.

PROPOSITION 1.3.7
If ¢: X — R is locally Lipschitz,
then

(a) for everyx € X, the function h — @°(z; h) is sublinear and continuous;
(b) the function X x X 3 (z,h) — ¢°(z;h) € R is upper semicontinuous;
(c) for all (z,h) € X x X, we have ©°(x; —h) = (—p)°(x; h).

Proposition 1.3.7(a) and Hahn-Banach theorem lead to the following defi-
nition:

DEFINITION 1.3.7 Let p: X — R be a locally Lipschitz function. The
generalized subdifferential of v at x € X is the nonempty set dp(x) C X*
defined by

Op(x) 4 {a* € X*: (2%, h)y < °(x;h) forall h € X }.

REMARK 1.3.5 Note that for the generalized subdifferential of ¢ (see
Definition 1.3.7), we use the same notation dp(x) as for the subdifferential of
a convex function ¢ (see Definition 1.3.3). This is justified by the fact that if
@ is a convex function, then both definitions are equivalent. This fact will be
shown in Proposition 1.3.11.

If X = RY, then ¢(z) exists for all £ € RV \ Ny, where Ny is a Lebesgue-
null set in RY. Suppose that S is any set of Lebesgue measure zero in R¥.

Then 8<p(x):conv{ hIJIrl o (xy) 1 Ty — T, xngéSUNf}. I
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From the last definition we deduce at once the following facts about the set

dp(x).

PROPOSITION 1.3.8

If ¢: X — R is a locally Lipschitz function,

then for every x € X, the set dp(z) C X* is nonempty, w*-compact and for
every y € U € N(z) and every x* € 0¢(y) we have ||z*| y. < ky and

0. (h,00(z)) = ¢°(x;h) YV helX.

In the next proposition we give a useful property of this multifunction
X 3z dp(x) € 25\ {0}.

PROPOSITION 1.3.9

If ¢: X — R is a locally Lipschitz function,

then the multifunction * —— Op(x) is upper semicontinuous from X into
X

PROOF From Proposition 1.3.8 and from the Alaoglu theorem (see Theo-
rem A.3.1) it follows that dp is locally compact into X.. So according to
Proposition 1.2.5 it suffices to show that Grdp C X x X7. is closed. To this

end suppose that z, — x in X, z}, ™%, ¢ in X* and xt € Op(xy). We have
(3, h) < ©%(za3h) Y heX.

Passing to the limit we obtain
(", h)y < ©%(x; h) VYV heX,

hence z* € dp(x). I

In general differentiability at « € X is not enough to guarantee that dp(x)
is a singleton.

EXAMPLE 1.3.1 The function ¢: R — R defined by

2 .1
df [ x®sin ifx #0,
@@)"{0 ifz=0

is locally Lipschitz near 0 and ¢°(0;h) = |h|. So dp(0) = [-1,1] 2 ¢/(0)
{0}.

=l

To have a singleton subdifferential, we need stronger conditions on ¢. We
present such a result. A more general version of it can be found in Clarke
(1983, p. 31).
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PROPOSITION 1.3.10
If ¢ € CY(X), then 0p(z) = {¢'(z)}.

How do the notions of generalized directional derivative and generalized
subdifferential compare with the corresponding notions for convex functions?
In the next proposition we show that in fact Clarke’s theory is an extension
of the subdifferential theory for continuous, convex functions.

PROPOSITION 1.3.11

If ¢: X — R is a continuous convex function (hence locally Lipschitz),
then Clarke’s subdifferential dp(z) coincides with the convex subdifferential
introduced in Definition 1.3.8 and for all z € X we have ©°(x;-) = ¢ (x;-).

PROOF For the needs of this proof, by 0. we denote the subdifferential
of ¢ in the sense of convex analysis. By virtue of Proposition 1.3.5 to prove
the result it suffices to show that ¢°(z; h) = ¢’(z; h) for all h € X. Since ¢ is
convex, we know that

- oly+Ah) —ply)  ply+eh)—p(y)
p = .
0<A<e A €

Because ¢ is locally Lipschitz, for 6 > 0 small enough and y € B.s(z) we have

ply+Ah) —ely)  ple+Ah) —e@)| _ oo
A A =

where k£ > 0 is the local Lipschitz constant. Hence
(w3 h) < 28k + ¢/ (z; h).

Let § \, 0 to conclude that °(z;h) < ¢'(x;h). Since the opposite inequality
is always true, we conclude that ©°(z;h) = ¢'(z;h) for all h € X and so
dp(x) = Dep(x).

DEFINITION 1.3.8 If for a locally Lipschitz (not necessarily convex)
function, we have that for all h € X, ¢'(x;h) exists and equals ©°(x; h), then
we say that ¢ is regular at x € X.

The second statement in the next proposition generalizes Fermat’s principle
to the present nonsmooth and nonconvex setting.

PROPOSITION 1.3.12
If ¢: X — R is a locally Lipschitz function,
then
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(a) 9(\@)(x) = Adp(z) for all X € R;
(b) if x € X is a local extremum of ¢, then 0 € dp(x).

PROOF (a) If » > 0, then (re)? = r¢? and so d(rp) = rdp. If r < 0
it suffices to assume that r = —1. From Proposition 1.3.7(c) we know that
(—)%(z;h) = @°(z; —h). So for z* € d(—)(x) we have

(@*,h) x < (=9)°(x;h) = (x5 —h)

and so —x* € Op(x). Since the argument is reversible, we conclude that
I=p)(x) = —dp(x).

(b) Since from (a), we have that 9(—p)(x) = —9p(z), it suffices to assume
that x is a local minimum. We have

0 < ¢%a;h) VheX
and so 0 € dyp(z). I

Next we shall present some useful calculus rules for the generalized subdif-
ferential.

PROPOSITION 1.3.13
If or: X — Rwith k € {1,...,N} are locally Lipschitz functions,
then

N N
9 <Z S%) () C Y Opi(x)
s k=1

and equality holds if the functions are reqular (see Definition 1.3.8).

PROOF It suffices to assume that N = 2 and the general case follows by
induction. We have

0. (R 0(1 + @2)(2) = (1 + ©2)°(x;h)
< @(ash) + @S h) = o (h;dp1(x)) + oy (h; Opa(x)) VheX

and so
A1+ p2)(z) C Opi(z) + Op2(x).

If 1 and @9 are regular, then so is p1 + @2 and so

(p1+¢2)%(x3h) = (o1 + p2) (2 h)
= @ (z;h) + phla; k) = @) (x;h) + @5 (x; h) VheX.
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Therefore
1+ p2)(x) = Op1(x) + Op2(x).
I

The following mean value property will be a very useful tool in our study
of “nonsmooth” boundary value problems.

PROPOSITION 1.3.14 (Mean Value Theorem for Locally Lipschitz
Functions)
If z,y € X and p: X — R is a locally Lipschitz function on an open set

containing [z, y] 4 {1T—=t)x+ty: 0<t <1},
then there exists z € (x,y) 4 {I=tx+ty: 0<t<1} and z* € dyp(z),

such that p(y) — ¢(x) = (2", y — 2) «
PROOF  Consider the function ¢: [0,1] — R defined by

&(t) g o(zy) with z; 4 x+t(y — z).

Evidently £ is locally Lipschitz and we have

§(s+Ar) — &(s)

0 (t;r) Y Yim sup

s — t A
AN 0
o oz + (s + M)y — 2)) — oz + s(y — x))
= limsup
s — t A
AN O
)\ — —
< limsup w(y-l— r(y)\ x)) °W) = SOO(OCt;T(y—x)).
Ao

Taking r» = £1 we obtain
O(t) C { (w'yy —a)x + " € Dp(ar)).
Now consider the function ¢: [0,1] — R defined by

I(t) L o) + t(e) — oly))-

We have that ¥(0) = 9(1) = ¢(z). So there exists t € (0,1) where ¥ has a
local extremum and so from Proposition 1.3.13 we have

0 € 99(t) = 09¢(t) + ¢(x) — ¢(y)-
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Therefore

0 € (Op(u),y—z)x +o(x) —py) Vue (z,y)
I

The chain rules that follow will be useful when we look for positive or
negative solutions for boundary value problems.

PROPOSITION 1.3.15

If X,Y are Banach spaces, g: X — Y is a continuously Gateaux differen-
tiable function and ¢: Y — R is a locally Lipschitz function,

then

(a) p =1 og: X — R is locally Lipschitz;

(b) dplx) € u(g(x) 0/ (x) £ {y" 0 g'(x) : y" € D (g(x))}.
Moreover, if ¥ (or —) is reqular at g(x), then ¢ (or —p) is reqular at x and

dp(x) = 0v(g(x)) o g' ().

PROOF Clearly ¢ is locally Lipschitz. We need to show that
@ (z;h) < max {(y*, ¢ (2))x : y* € O(9(z))} VheX. (1.3)

From Proposition 1.3.14 we know that for some y € (g(v), g(v + Ah)) and

some y* € 0 (y) we have
Ah) — * Ah) —
o+ 20) o] _ 10t M) =g
A A

where the last inclusion is a consequence of the classical Mean Value Theo-
rem. Let v — x in X and A \, 0. Then by the Alaoglu theorem (see
Theorem A.3.1) and by passing to a suitable subnet, we may assume that

gt y; € 0Y(g(x)) (see Proposition 1.3.9). Thus we have that

¢"(z;h) < (¥, (@)h)y  VheX.

So (1.3) holds.
Suppose that v is regular at g(z). We have

max {(y*,¢'(z)h) x : y* € aw(g(w))}l = ¢ (g(z);
V(o) @) — P{%w(g(ﬂcHAg (f\)h)—@b 9(z))
— )1\1{% (¢og)($+)\}j\) - (1/’09)(33) _ QD/(CE;h) S QDO({E;h). (14)
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From (1.3) and (1.4) we infer that

dp(x) = {y*og'(z): y" €(g(x))}.

REMARK 1.3.6 This chain rule is usually expressed as
dp(z) C g'(x) 0¥ (g(x)).
I

The second chain rule is proved in a similar way. We omit the proof here.

PROPOSITION 1.3.16

If v: X — RN, with v = (¥1,...,%n) and f: RN — R are locally
Lipschitz functions and ¢ = f o1,
then ¢ is locally Lipschitz and

N
Op(z) C WW*{ nga:}; sxy € (), £ =(&,...,6N) € 3f(¢(x))}

k=1
Moreover, equality holds under any of the following conditions:

(i) f is reqular at (z), each Yy, is reqular at x and Of (Y(x)) C RY (then
also ¢ is reqular at x);

(ii) N =1 and f € C*(R) (in this case dp(z) = f'(v(x))Ov(z));
(iii) f is reqular at (x) and ¢ is C1 at x (then ¢ is reqular at x and dp(x) =
of (U(@)) o' (x)).

We have three useful consequences of the above chain rule.

COROLLARY 1.3.5

If wr: X — R are locally Lipschitz functions for k € {1,...,N} and
= max o,
then ¢ s locally Lipschitz and

dp(z) C conv{dpy(z): ke J(z)}

where

<
—

K
~—

1%

{ke{l,....N}: gu(z) = p(z)}.
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Moreover, if gy, is reqular at x for every k € J(x), then ¢ is regular at x and
equality holds.

PROOF  Apply Proposition 1.3.16 with ¢ = (¢1, ..., pn) and the function
f: RN — R defined by

df N
g Voy=(y,... RY.
f(y) | ax v y=(y1,...,Yn) €

COROLLARY 1.3.6
If 1,021 X — R are locally Lipschitz functions and ¢ = 192,
then ¢ is locally Lipschitz and

ANpr1p2)(@) C @2(2)0p1(x) + p1(x)dp2(x)  VazeX.
Moreover, if p1(x) > 0, pa(z) > 0 and @1, p2 are both reqular at x, then ¢ is

reqular at © and equality holds.

PROOF Apply Proposition 1.3.16 with

W) L (p1(x),p2(x)) and  f(y1,y2) L iy

Similarly we also have the following quotient rule.

COROLLARY 1.3.7
If 1,20 X — R are locally Lipschitz near x € X and pa(x) # 0,
then £~ is locally Lipschitz near © and

e\ o, p2(2)0¢p1(x) — p1()Ip2(x)
o(Z)w e 2P '

Moreover, if p1(x) >0, pa(x) > 0 and @1, —p2 are reqular at z, then % is

reqular at © and equality holds.

Next let us present a consequence of the first chain rule, which is useful in
the study of nonsmooth boundary value problems.

PROPOSITION 1.3.17

If XY are Banach spaces, the embedding X CY is continuous and dense,
¥: Y — R is locally Lipschitz and ¢ = | x,

then ¢ is locally Lipschitz and Op(x) = 0yY(x) for all x € X.
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PROOF Let e: X — Y be the continuous embedding. Then ¢ = oe.
Using Proposition 1.3.15 we obtain

Op(x) = e*oY(z) = oY(x) VeelX
(since e* € L(Y™*; X™*) is the restriction on Y* C X* operator). 1
PROPOSITION 1.3.18

If g€ C'([0,1;X) and p: X — R is locally Lipschitz,
then £ = pog: [0,1] — R is differentiable almost everywhere and

gt) < o(g'(t);00(g(t))).

PROOF Evidently £ is locally Lipschitz and so differentiable almost ev-
erywhere. Let ¢ be such a point of differentiability of £&. We have

= lim < [p(s(t) + ¢'(1) + 05)) — 9(9(t) + ' ()5)]

s—0 8

-Qgép@m+d@®—ﬂMM}

< Tim  [p(g(t) + o (8)5) — plo(1)]

(since ¢ is locally Lipschitz)

lim sup % [o(9(t) + h+4g'(t)s) — ¢ (g(t) + h)]
s\, 0

@ (9(t);g' () = a(g'(t);00(g(t)))-

IN

[

Let H: RN x RF — RF be a locally Lipschitz function and consider the
equation
H(y,z) = 0.

We wish to solve this equation for z as a function of y, around a point (yo, 20)
at which the equation holds. The notation p,0H (yo, z0) signifies the set of all
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k x k matrices M such that for some k x N matrix L, the k x (k+ N) matrix
[L, M| belongs to OH (yo, z0). We can state the following theorem.

THEOREM 1.3.8 (Nonsmooth Implicit Function Theorem)

If proj,0H (yo,z0) is of mawimal rank,
then there exists a neighbourhood U of yo and a Lipschitz map h: U —s R¥
such that h(yo) = zo and H (y,h(y)) =0 for ally € U.

Next we shall state two theorems concerning the generalized subdifferential
of certain integral functionals. For the proofs of these results we refer to
Clarke (1983).

Let (2,3, 1) be a o-finite measure space, X a separable Banach space and
@: 2 x X — R an integrand which satisfies the following hypotheses:

H(p)1 ¢: 2 x X — R is a function, such that:

(i) for every z € X, the function Q2 3 w — ¢(w,z) € R is -
measurable;

(ii) for any bounded subset B C X, there exists kg € L1(f), such
that for almost all w € Q and all z,y € B we have

[p(w,z) —p(w, )| < kp(w)lz -yl -
We consider the integral functional ®: X — R defined by

d(x) g /cp(ww)du.

Q

THEOREM 1.3.9

If ©: Q@ x X — R satisfies hypotheses H(p)1 and ® is finite at some point
re X,
then ® is finite, it is Lipschitz on every bounded subset of X and

0%(y) < /&O(w,y)du VyeX.
Q

Moreover, if p(w,-) is p-almost everywhere regular at yo € X, then so is ®
and

0®(yo) = [ 9p(w,vo) dp.
/
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REMARK 1.3.7 In the above theorem by [d¢(w,y)du we mean all
Q
u* € X*, such that

(U™, h) x :/<x*(w),h>x du VhelX,
Q

with z*: Q@ — X* being w*-measurable and z*(w) € dp(w, x) for almost all
w € Q) (set-valued Gelfand or w*-integral of Op(w, x)).

The second theorem is about integral functionals on the Lebesgue-Bochner
space LP(Q; X), p € [1,+00). Let (2, %, 1) be a complete finite measure space
and X a separable Banach space. The hypotheses on the integrand ¢(w,x)
are the following;:

H(p)2 ¢: 2 x X — R is a function, such that:

(i) for every x € X, the function Q@ 3 w — p(w,z) € R is -
measurable;

(i) there exists k € LP () (1—1) + 1% = 1), such that for py-almost all
w € Qand all z,y € X we have

|o(w, 2) = e(w,y)] < kW) lle—yllx-

H(p)s p: 2 x X — R is a function, such that:

(i) for every z € X, the function Q 3> w — ¢(w,z) € R is X-
measurable;

1) for p-almost all w € €, the function X 3 z — p(w,z) € R is
W 14
locally Lipschitz;

(7i1) for p-almost all w € Q; all © € X and all 2* € dp(w, z) we have
2*]| - < a(w) + c|lzlf% " with a € L®(9Q), ¢ > 0.

The integral functional I, on LP(£2; X) is defined by

Iy < /w(w,y(w))du VyeLP(Q;X).
Q

THEOREM 1.3.10
If p: Q x X — R satisfies hypotheses H(p)2 or H(p)s,
then I, is Lipschitz on every bounded set and

’

dl,(x) C SI

= 10)) C Ly (Qsz;*)
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Moreover, if for p-almost all w € Q, p(w,-) is reqular at x(w), then I, is
regular at x and

0l (x) = Sgap(~,r(~))'

We conclude our discussion of Clarke’s theory with a few basic things about
tangent cones, normal cones and the constrained minimizer of a locally Lips-
chitz function.

Let X be a Banach space and C' C X a nonempty subset. The distance
function

X 32— d(z,C) 4 inf{flz—¢llxy: ceC} €eR

is Lipschitz. Using this fact we introduce the following definition.

DEFINITION 1.3.9 Letx € X. The tangent cone to C at x is the
set
To(x) g {heX: dC;h) <0}

The normal cone to C at x is the polar cone of Tc(x), i.e.

No(z) £ (To(@)" = {a" e X*: (@ h)y <0 VheTo()}.

REMARK 1.3.8 Because the function X > h — d°(z,C;h) € R is
positively homogeneous and continuous, the tangent cone T (x) is always
closed and convex. Of course the same is true for Ng(x). If C is smooth
manifold and z € C, then Teo(z) is the usual tangent space to C at z. If
C' is convex, then N¢o(z) coincides with the normal cone of convex analysis,
namely

Ng(x) 4 {x*eX*: <x*,a:>Xzsug<x*,u>xzax(a}*,0)}.
ue

Also for any nonempty C C X, we have

w*

Ne(x) = | Aad(z,C)

A>0

[

The next result is useful because it replaces a constrained minimization
problem by an unconstrained one.

PROPOSITION 1.3.19
If ¢: X — R is Lipschitz with constant ko > 0 on U C X, 20 € C C U
and p(zg) = iréf ©,

© 2005 by Chapman & Hall/CRC



1. Mathematical Background 61

then for any k > kg, the function

X3y— o) L o@y) +kdy,C) R

attains its minimum over U at xg. If k > ko and C' is closed, then any other
minimazer of ¥ over U also lies in C'.

PROOF  Suppose that z¢ does not minimize 1 over U. Then we can find
y € U and € > 0, such that

p(y) + kd(y, C) < @(xo) — ke.
Let ¢ € C be such that ||y — c||y < d(y,C) + . We have
ple) < o) +klly—clx < o) +k(dy,C)+e) < p(xo),

which contradicts the hypothesis that xg minimizes ¢ on C. Next let k > kg
and let x1 be a minimizer of ¥ on U. From the first assertion we have

o(x1) + kd(x1,C) = p(zo) < @(a1) + %(ko + k)d(x1,C)

and so d(z1,C) =0, i.e. 1 € C. 1

COROLLARY 1.3.8
If ¢ is Lipschitz on U € N(xo) and xo minimizes ¢ over C,
then 0 € Op(xo) + Ne (o).

PROOF We may assume that C C U (since N¢(xo) = Nonu(zo)). Using
Proposition 1.3.19 we have that

0€d(p+kd(-,C))(x0) C dp(mo)+ kdd(xo,C) C dp(wo) + Ne(zo)

(see Remark 1.3.8). 1

We conclude our discussion of the subdifferential theory of locally Lipschitz
functions with a multiplier rule. Suppose that X is a Banach space and
f,9: X — R are locally Lipschitz functions. We consider the constrained
minimization problem:

inf  f(x). (1.5)

THEOREM 1.3.11
If 2o € X solves (1.5),
then there exist r,& > 0 not both equal to zero such that

0 € r9f(zo) + £0g(zo).
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Moreover, if g is also convex, then r > 0 (and so it can be taken to be equal
to 1).

1.3.5 Weak Slope

In this last subsection we introduce a generalized notion of the derivative
which in Chapter 2 will be used to develop a critical point theory for con-
tinuous functions on a metric space (X,d, ). In the following on X x R we
consider the metric

df 1
dXXR ((fl), )‘)a (y7 ,u)) = (dx (xv y)Z + ()\ - :u)2) :
and for a given function p: X — R we introduce the continuous function
E,: epig — R defined by E,(z, \) £ A

DEFINITION 1.3.10 For every x € dom, by |dy|(x), we denote the
supremum of all £ > 0, such that there exist 6 > 0 and a map

H: [0,0] x (Bs(z,(x)) Nepip) — X

satisfying
d(H(t, (u7)\)),u) <t

and

e(H(t (u,N)) < p—¢t
for all (u, \) € Bs(z, o(x)) Nepiy and t € [0,6]. The quantity |dp|(z) € R is
called weak slope of ¢ at x.

In the case of continuous ¢, we can make this definition more precise.

PROPOSITION 1.3.20

If ¢: X — R is continuous,

then the weak slope |dy|(z) is the supremum of all € > 0, such that there exist
d > 0 and a continuous map

H:[0,6] x Bs(z) — X,
such that

V (t,u) € [0,0] x Bs(x).

PROOF  Let ¢’ > 0 and Hy: [0,6'] x (Bs(z,¢(z)) Nepip) — X be as
postulated by Definition 1.3.10. Exploiting the continuity of ¢, we can find
d > 0 small enough and define H: [0,6] x Bs(z) — X by

H(t,u) g Hy(t, (u, o(w))).
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It is easy to see that this is the desired function.
Conversely, let H: [0,0] X Bs(x) — X be as in the proposition. Then
Hi:[0,6] x (Bs(z,¢(x)) Nepip) — X, defined by

Hy(t (u,)) L H(tu),
has the properties assumed in Definition 1.3.10. I

The weak slope for a proper function ¢: X — R can be defined in terms
of the corresponding notion for the map

E,:epip > (z,A) — A eR.
Evidently E, is Lipschitz with constant 1. So
|[dE,|(z,\) < 1 V (x,\) € epip.
PROPOSITION 1.3.21
If ¢: X — R is proper and x € dom ¢,

then
|dEp|(z, p(x))

jdol(x) £ 8 1= [dBy (z, p(@))
+oo if |dE,|(z, o(z)) = 1.

PROOF First we prove that |dy|(x) is bigger or equal to the right hand
side. If |dE,|(z, p(x)) = 0, the inequality is trivial. So suppose that 0 < & <
|dE,|(z, ¢(x)). Because of the continuity of E,, from Proposition 1.3.20 we
can find § > 0 and continuous map

H: [0,6] x (Bg(x,cp(x)) N epi go) — epip,
with the properties stated there. Let 0 < ¢’ < 5@ and let
K:[0,8'] x (Bs (2, (z)) Nepip) — X
be defined by

Kt (uw,\) £ H <J%_€2,(UA)>,

with H; being the first component of H. Clearly K is continuous and

2
A(K (¢, (u,\),u)? < 1i—€2— ‘Hg <#,(u,A)> - A

t2 §2t2
1-¢ 1-¢2

<
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with Hy being the second component of H. Also we have

(K (t, (u,N)) < H, (\/1%_52 (u,A))

< Ew(u7)\)—#t a5

V1-—£2 1-—¢&2
Thus from Definition 1.3.10 it follows that

&
1@

and from the arbitrariness of £ < |dE,|(z,¢(z)) we conclude that indeed
|dp|(z) is bigger or equal to the right hand side of the equality of the propo-
sition.

Next we show that the opposite inequality also holds. If |dp|(z) = 0 or
|dE,|(z,¢(x)) = 1 the desired inequality is clear. So suppose that 0 < ¢ <
|dp|(x). Let

|dep(2) >

H: [0,0] x (Bs(z, o(x)) Nepip) — X
be as in Definition 1.3.10 and let

K:[0,4] x (Bg(x,go(x)) N epi (p) — epip

be defined by

K(t, (u,)) L </\—\/%_§2t,H<\/%_§2,(u,/\)>>.

Evidently K is continuous and

Ay (K (¢, (u,N)), (u, )

: b
(o) o) ()
t2 §2t2 %
< <—1+€2+—1+€2> = t.

We also have

Eg(t, K(u, ) = )\_\/%—@t = E,(u, )_%52,;
hence ‘
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Therefore
|dE,|(z, p())

‘= V1= 1B, [(@, ¢()?

Because 0 < & < |dp|(x) was arbitrary, we have the opposite inequality and
the proof of the proposition is complete.

An immediate consequence of Proposition 1.3.20 is the following property
of the weak slope.

PROPOSITION 1.3.22
If o1 X — R is continuous,
then the function X > x — |dy|(z) € R is lower semicontinuous.

The next proposition will permit comparisons with the C! (smooth) case
and the locally Lipschitz case.

PROPOSITION 1.3.23
If X is a Banach space, p: X — R is continuous and

D da +th) —
Dio(y)(h) L tim sup Py t) ¢(y)
t—

VyelX,

then we have
Al x dp|(x) > —limsup Dyo(y)(h).

Yy—x

PROOF If —limsup Dy o(y)(h) < 0, then the inequality is automatically

Yy—x
true. So suppose that —limsup D¢ (y)(h) > 0. We may assume that ||h]| y =
Yy—x
1. Let 0 < £ < —limsup D4 ¢(y)(h). Thus we can find § > 0, such that
Yy—T

—Dyp(u)(h) > & YV u € Bas(x).

Let H: [0,6] x Bs — X be a map defined by H(¢,y) 4 y + th. We have
[H(t,y) =yl x <tand

limsup e(H(t,y)) —o(H(t,y))

T—tt T—t

< =& Vtelo,d)

and so ¢(H(t,y)) < ¢(y) — &t This implies that £ < |de|(z) and so finally
from the arbitrariness of £ we obtain the desired inequality. I
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COROLLARY 1.3.9
If X is a Banach space and ¢ € Cl(X),
then
del@) = @@y Vaex.

PROOF Let H(t,z) be as in Proposition 1.3.20. We have

¢ < liminf plw) - @(H(t’ x))
T t—0t t
= liminf (¥'(z),z — H(t7$)>X < ||90/(£U)||X7

t—0+ t

hence we have |dg|(z) < |¢'(x)||x. On the other hand, from Proposi-
tion 1.3.23 we have that ||¢'(z)|| ¢ < |de|(x). So finally the required equality
must hold. [

To compare the weak slope with the Clarke subdifferential we need the
following auxiliary result.

LEMMA 1.3.2
If X is a Banach space, ¥ € T'o(X) with 1(0) =0 and

—llzllx <¥(z)  VzelX,

then there exists u* € X*, such that ||u*||y. <1 and

(u*,x) y < P(x) VzeX.

PROOF  Let
AL @ N)eX xR 2y < —A}
d,
¢ 2 {lymeXxR: ¢y) <n}.

Evidently A and C are nonempty, convex sets, with A open and ANC = ()
because by hypothesis — ||z|| y < %(x). By the Weak Separation Theorem (see
Theorem A.3.3), we can find (z*,u) € X* x R, («*,u) # (0,0) and v € R,
such that

(@ y)x —pn < v < (@5 @) —pr Y (z,\) €A, (y,n)eC.

Note that (0,0) € AN C. So it follows that v = 0. Also if A\ = — ||z we
obtain
“ullallx < (o3 VaoeX.
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Therefore 1 > 0 and [|z*| . < p. If p =0, then 2* = 0, a contradiction to
the fact that (x*, u) # (0,0). So p > 0 and we define u* = %x* Hence

<U*7y>X§w(y) Vy€X7 ”u*HX* Sl

[

Now we are ready to compare the weak slope with the Clarke subdifferential.

PROPOSITION 1.3.24
If X is a Banach space and : X — R is a locally Lipschitz function,
then for every x € X we have

dgl(z) > m#(2) L min{ [2*]|y. : 2" € Dp(x)}.

PROOF  According to Proposition 1.3.23, for any A € X we have

"(xih) > limsup Dip(y)(h) > —lde|(2) ]l -
Yy—T
If |de|(z) = 0, then ©°(z;h) > 0 for all h € X and so 0 € p(z) and we have
|depl () = m#(z).
If |do|(z) > 0, then let

vy L ).

 ldel(=)
By virtue of Proposition 1.3.7 we have that the function X 3 h — ¢(h) € R
is continuous and sublinear. So we can apply Lemma 1.3.2 and obtain u* €
X, lu*|| x~ < 1, such that

P(h) > (u*, h) y VvV heX.

Therefore |dp|(x)u* € dp(x) and so m¥(x) < |dyp|(x). I

1.4 Nonlinear Operators

In this section we discuss some particular aspects of the theory of nonlinear
operators between Banach spaces which will be used in the study of boundary
value problems. Particular emphasis will be given to operators of monotone
type. Also we discuss the Ekeland Variational Principle and its consequences.
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1.4.1 Compact Operators

DEFINITION 1.4.1 Let X,Y be two Banach spaces, D C X nonempty
setand K: D — Y.

(a) We say that K is compact if and only if K 1is continuous and for every
C C D bounded set we have that K(C) is relatively compact (i.e.
K(C) is compact).

(b) We say that K is completely continuous if and only if for any se-
quence {xn},~, € D, such that x, s x for some x € D, we have that

PROPOSITION 1.4.1

If X is reflexive Banach space, Y is a Banach space, D C X is nonempty
closed and convex and K: D — Y is completely continuous,

then K is compact too.

PROOF Evidently K is continuous. Let C' C X be a nonempty bounded
set and let {z,},.; € C be a sequence. Because X is reflexive, by passing
to a subsequence if necessary, we may assume that z, — x € X. From the
complete continuity of K, we have that K(z,) — K(z) in Y. Hence K(Cﬁ
is compact and we conclude that K is compact.

REMARK 1.4.1 The converse of the above proposition is not true. In-
deed let X =Y = L?(0,1) and let K: X — Y be defined by

IS

1
K@ 2 [aPds = [ol3.
0

Clearly K is compact but it is not completely continuous, since if
a .
x,(s) = sin(nws) Vsel0,1], n>1,

then x,, — 0 in L?(0, 1), but

and K(z,) /— K(0) =0.

Furthermore, if X is reflexive and K € £(X;Y), then it is easy to check
that in this case compactness and complete continuity of K are equivalent
notions. 1
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The following proposition gives a useful property of compact operators.

PROPOSITION 1.4.2

If X,Y are two Banach spaces, D C X is a nonempty set and {Ks}acy is
a net of compact operators from D into Y, such that Ko — K uniformly on
bounded subsets of D,

then K: D — Y is also a compact operator.

PROOF Clearly K is continuous. Let C' C D be nonempty and bounded.
For a given € > 0, we can find ag = ap(e, C) € J, such that

1K (2) — Ko(2)|ly < % Va>a, zeC.

For a fixed o > ayg, the set K,(C) is totally bounded. So we can find N =
N(e,C,a) and y1,...,yn € Y, such that

N
Ko(C) € | Bs(ww)-
k=1

Let 29 € C. Then we can find kg € {1,..., N}, such that

£

[Ka(T0) = Yrolly < 5

We have

1K (z0) = wkolly < 1K (20) = Ka(wo)lly + [Ka(zo) = ynolly < &

SO

C=

K(C) C

Ba(yk)a
k

which shows that K (C) is totally bounded. Therefore K is compact. 0

1

REMARK 1.4.2 If we define
L(X;Y) 4 {K € L(X;Y): K is compact},
then £.(X;Y) with the operator norm is a Banach space. 0

Compact operators have a remarkable approximation property. First a
definition.

DEFINITION 1.4.2 Let X,Y be two Banach spaces, D C X a nonempty
set and K: D — Y. We say that K is a finite rank operator if R(K) lies
in a finite dimensional subspace of Y.
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PROPOSITION 1.4.3

If X,Y are Banach spaces and D C X is nonempty, closed and bounded,
then K: D — Y is compact if and only if K is the uniform limit of finite
rank operators.

PROOF =: Note that K (D) is compact and so for a given ¢ > 0, we
can find N = N(¢) e Nand y,...,yn € K(D), such that

_ N
- U Ba Yk
k=1

We can find on K (D) a continuous partition of unity {¢1, ..., on } subordinate
to the cover {B.(y1),...,B:(yn)}. Let us set

If i (K (z)) > 0, then K (z) € Be(yx) and

i K(z) — yk)

Evidently K. is a continuous and finite rank operator.

<e VxeD.
Y

[K(z) = Ke(2)lly =

<=: Note that a finite rank operator is compact. So the implication follows
from Proposition 1.4.2

1.4.2 Maximal Monotone Operators

Now we pass to another class of nonlinear operators, which will be a basic
analytical tool in our study of nonlinear boundary value problems. These are
the maximal monotone operators which provide a more general framework
than compact operators, for the study of nonlinear functional equations.

In what follows X is a Banach space and X* its topological dual. Additional
hypotheses will be introduced as needed. For a given operator A: X — 2%~
we define the domain of A by

Dom (A) & {zeX: Az)#0},

the range of A by

R(4) L (2" € X" x € Dom(4), 2" € Ax)},
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the graph of A by
Gra ¥ {(z,2") € X x X*: 2% € A(z)},
and the inverse A=!: X* — 2% of A by

A7 (x") 4 {reX: z*eAl)}.

DEFINITION 1.4.3 Let A: X — 2% be an operator.
(a) We say that A is monotone, if

(" =y e —y)y >0 V(x,27),(y,y") € Gr4;

(b) We say that A is strictly monotone, if
<$*—Z/*7$—y>x > O V(I,Jf*),(y,y*)EGI'A, 33752,/,

(c) We say that A is strongly monotone, if there exist ¢ >0 and p > 1,

such that

<‘T*_y*ax_y>X Z C”m_ych V(a:,a:*),(y,y*)eGrA;

(d) We say that A is locally bounded at x € Dom (A), if there exist M > 0

and r > 0, such that

ly*llx- <M VyeDom(A)NB,(z), y* € Az);

(e) We say that A is mazxzimal monotone, if A is monotone and for all
y € X and y* € X* we have

(z" —y"x—y)x 20 V(r2") €GrA| = (y,y°) € Gra.

REMARK 1.4.3 Definition 1.4.3(e) is equivalent to saying that Gr A is
not properly included in the graph of another monotone map. Evidently if X
is reflexive, A is maximal monotone if and only if A~! is.

PROPOSITION 1.4.4
Qf A: X — 2X7 is a monotone operator,
then A is locally bounded at every x € int Dom (A).

PROOF  First we show that, if {z}}, -, € X* and U C X is a nonempty
open set, such that -

ruelfU <x:u x>X > —00,
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then
sup [J% | . < +oc.
n>1

Indeed we have

inf (z),z0+x)y > —00,
reEB,

with g € X and r > 0 fixed. Therefore
inf { (2}, +2)y : @ € B, } > —o0,

hence
sup {| (=), 2) ¢ |: @ € B} < +o0,

from which it follows that sup ||z || . < +oo.
n>1
Next suppose that z, — 0 in X, {z}},-; € X* and assume that
|*|| . — +oc. Then for each r > 0 there exists z € B, such that

liminf (z*,z, — = = —o0.
n—>+oo< n»rn >X

Indeed, if there exists an r > 0, such that

liminf (z), 2, —2)y > —o0 V€ B,,
n—-+4oo

then i
B, = U B,,
E>1

with

Bf 4 {xeB,: (a2, —3)x >—k Vn>1}

From the Baire Category Theorem (see Theorem A.1.9) there exists k > 1,
such that int B: # 0. So

inf { (z},2)y : 2€B,} > —o0

and from the first part of the proof, we have that {z}}, -, € X* is bounded,
a contradiction.

Now suppose that the proposition is not true. Then A is not locally bounded
at o € int Dom (A). By considering  — A(z+x¢) and because monotonic-
ity is invariant under translation, we may assume that o = 0. So we can find
(n,x}) € GrA, such that z,, — 0 in X and [|z}| y. — +00. Let r > 0
be such that B, C Dom (A). Then from the previous part of the proof there
exists x € B, C Dom (A), such that

liminf (z*, 2, — = = —o0.
n—>+oo< ny»en >X

© 2005 by Chapman & Hall/CRC



1. Mathematical Background 73

For a given z* € A(x), from the monotonicity of A we have that

(xp,xn —x)y > (5,20 — )y Vn>1,
hence
Egi{g <:E:;, Ln — x>X 2 <CC*, _x>X > —0,
a contradiction. I

PROPOSITION 1.4.5

If A: X — 2% is a mazimal monotone operator,

then for all x € Dom (A), A(z) is a nonempty, conver and w*-closed set and
Alint Dom (4) 5 @ norm-to-weak® upper semicontinuous multifunction.

PROOF By virtue of Definition 1.4.3(e), for all v € Dom (A) we have
A(w) = ﬂ {v*e X : (v —z*v—1) >0}
(z,z*)eGr A

In this intersection every set is convex and w*-closed. Hence so is A(v) and
of course it is nonempty since v € Dom (A).

Next suppose that int Dom (A) # ) and U C X* is a w*-open subset. To
prove the postulated upper semicontinuity, we need to show that the set

AT(U) = {veintDom(A4): A(v) CU}

is strongly open. If this is not the case, then we can find v € AT(U) and
{vn},>; € int Dom (A), such that v,, ¢ AT(U) and v, — v in X. Because
v, ¢ AT (U), we can find v: € A(v,), v ¢ U. But from Proposition 1.4.4
we know that A is locally bounded on int Dom (A) and so {v}},~; € X* is
bounded. Let v* be a w*-cluster point of {v}} -,. Evidently v* ¢ U. Let
€ >0,y € Dom (4) and y* € A(y). We have a

(v =y o —y)xy 20 Vn>1
Also note that
(vp —y",v—vp)y — 0  Vasn— +oo
and so there exists N = N(e) € N, such that

(vp —y",v—vp)y > —e Vn>N.

So it follows that
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Let Z € Ny~ (v) be defined by

af

Z = v+ {zreX*: (ZFv—y)y <e}

*

Since v* € {v],03,...}  we can find N; > N, such that vy, € Z and so
<v}§,1 —v* v — y>X < e. This yields

W' =y v—y)y = <U*—v}‘vl,v—y>x+<v}kvl—y*,v—y>X
> —e—¢ = —2e.

Let € N\, 0 to obtain
(v =y v—y)xy =2 0 VyecDom(4), y* € Ay).

Since A is maximal monotone it follows that v* € A(v) C U, a contradiction.
So indeed Alint Dom (4) is norm-to-weak” upper semicontinuous. I

In fact there is also a converse of the above proposition.

PROPOSITION 1.4.6
If Ar X — 2X" is a monotone operator, for every x € X, A(z) is a
nonempty, conver and w*-closed set and for all x,y € X, the map

A A()\x +(1- )\)y)
has a graph which is closed in [0,1] x X7 .,
then A is maximal monotone.
PROOF Let xz € X and o* € X* satisfy
(" —y"x—y)y >0 VyeX, y* € A(x).

We need to show that z* € A(z).
If z* ¢ A(x), then by the Strong Separation Theorem (see Theorem A.3.4),
we can find z € X, z # 0, such that

oz, Az)) < (z*,2)x -
Let zy =2+ Az, A > 0 and 2z} € A(zx). We have
(" =25,z —2n)x = (" =25, —Az)x > 0,

hence
<$* _Z;7Z>X < 0.

*

Let A\, \, 0 and set z, = zy,, 2z, = 3, - We have that z, — z in X and
because of Proposition 1.4.4, {2z} ., C X* is bounded. So we can find a
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subnet {z3}gen of {z},,, such that 2} 7, 2% in X*. We have z* € A(x)
and (z* — 2*,2)x <0, 80

<x*7Z>X S <Z*72>X7
a contradiction to the choice of z. I

Now we shall state some useful consequences of these propositions. But
first a definition.

DEFINITION 1.4.4 Let A: X — X* be a single-valued operator with
Dom (4) = X.
(a) We say that A is demicontinuous if and only if x,, — x in X implies
that A(x,) — A(z) in X*.

(b) We say that A is hemicontinuous if and only if for all z,y,z € X,
the function [0,1] 2 X — (A(z + A\y),2) y € R is continuous.

REMARK 1.4.4 It is easy to see that for monotone operators A: X —
X* with Dom (A) = X, demicontinuity and hemicontinuity are equivalent
notions.

COROLLARY 1.4.1

If A: X — 2X" is a mazimal monotone operator,
then Gr A is closed in X x X}. and in X, x X*.

COROLLARY 1.4.2
If A: X — 2X" is a hemicontinuous and monotone operator,
then A is mazimal monotone.

COROLLARY 1.4.3

If A: X — 2X7 is a mazimal monotone operator and D C Dom (A) is a
n_onempty and open set,
then A|p is mazimal monotone in D.

The next result determines the structure of Dom (A) and its proof can be
found in Rockafellar (1970).

PROPOSITION 1.4.7
If A: X — 2X" is a mazximal monotone operator and int Dom (A) # 0,
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then

int Dom (A) = int conv Dom (A) (so int Dom (A) is convex)
Dom (4) int Dom (A) (so int Dom (A) is convex).

An interesting consequence of this proposition is the following result about
the range of A.

COROLLARY 1.4.4

If X is a reflezive Banach space, A: X — 2% is a mazimal monotone
operator and int R(A) #0,
then int R(A) is convex and R(A) is conve.

PROOF Note that A~1: X* — 2% is maximal monotone. So from
Proposition 1.4.7 we have that

int Dom (A™') = int R(A) is convex

and

int Dom (A~!') = Dom (A=) = R(A) is convex.

Before continuing our discussion of maximal monotone operators, we need
to make an important observation. Maximal monotonicity is not affected by
equivalent renorming of X and X*. So we often use the existing renorming
theorems in the theory of maximal monotone operators. The next Theorem
identifies a major class of nonlinear maximal monotone operators. First let
us introduce an operator which is an important tool in Banach space theory
and nonlinear analysis.

DEFINITION 1.4.5 The duality map of a Banach space X is the map
F: X — 2% defined by

df * * * 2 * (12
Fla) = {a" e X*: (a",2)x = |zllx = [l2"][%- }-

REMARK 1.4.5 From one of the corollaries to the Hahn-Banach theorem
we know that for all z € X, F(x) # (. Also it is not difficult to check that

3(@) = 03k ) @ veex

The duality map depends on the norm of X in an essential way. So if ||-||; and
||-||, are two distinct equivalent norms of X and F;, F, are the corresponding
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duality maps, then F; # F5. If X = H is a Hilbert space identified with its
dual, then ¥ is the identity operator. I

THEOREM 1.4.1
If X is a Banach space and ¢ € T'o(X),

then the map d¢: X — 2X" is mazimal monotone.

PROOF We do the proof when X is a reflexive Banach space. For the
general case we refer to Rockafellar (1970). By the Troyanski Renorming
Theorem (see Theorem A.3.9), we may assume that both X and X* are
locally uniformly convex and have Frechet differentiable norms. It is easy to
see that dy is monotone.

Suppose that y € X, y* € X* and

(" —y",x—y)y >0 YV z € Dom (4), z* € A(z).
We have to show that y* € A(y). To do this, first we prove that
R(Op+F)=X".

Since X is locally uniformly convex and has Frechet differentiable norm, the
map & — % Hx||§( is strictly convex and the map z —— F(z) is single valued

and strictly monotone. Let ¢0: X — R YRy {+0o0} be defined by

g 1, 9 .
Y(x) = 3 [#llx + e(@) — (2%, 2) x ,
for some fixed z* € X*. Evidently ¢ € I'o(X) and

Y(x) = +o0.

llzll x —+o0

So by Theorem 1.3.4, we can find z € X, such that p(z) = i§f ¢. Then from
Theorem 1.3.6 we have that

0 € 9p(z) = F(z)+dp(z) — 2%,

and so
2" € F(z) + 0p(z).

Because z* € X* was arbitrary, we infer that R(0p + F) = X*.
Using this fact we can find € Dom (9¢) and z* € dp(x), such that

+F(x) = vy +F(y).
We have that

0 < (@ -y ov—-yx = (Fy) -Fa),z-y)x <0
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and the last inequality is strict if  # y, a contradiction. So

y = € Dom (0yp) and y*=z" € dp(x) = dp(y).

REMARK 1.4.6 In fact a subdifferential operator is maximal cyclically
monotone. An operator A: X — 2X" is eyclically monotone if and only
if

n
> (@h ok — Thp1) x>0,
k=1

for all z, € Dom (A), z} € A(xg), k=1,...,n and all n > 2, where z,41 =
21. Every maximal cyclically monotone operator (i.e. one whose graph is not
properly included in the graph of a cyclically monotone operator) is of the
subdifferential type. Every monotone map a: R — R is cyclically monotone
and so if it is maximal monotone, we have a = Jyp, with ¢ € I'g(R). This fails
in higher dimensions.

The main strength of maximal monotone operators and more generally of
operators of monotone type are their surjectivity properties. Central role in
this plays the concept of coercivity.

DEFINITION 1.4.6 Let A: X — 25" be an operator.

(a) We say that A is coercive if and only if Dom (A) is bounded or Dom (A)
is unbounded and

inf{(z*, )y : z* € A(z)}

[E41%

— 400 as |z||y — 400, x € Dom (A);
(b) We say that A is weakly coercive if and only if Dom (A) is bounded
or Dom (A) is unbounded and

inf { |2*||y. : 2* € A(z)} — +00  as ||z]|x — +o0, * € Dom (A).

The next lemma, known as the Debrunner-Flor Lemma, is a key tool
in proving perturbation and surjectivity results. For a proof we refer to Hu
& Papageorgiou (1997, p. 319) or Pascali & Sburlanu (1978, p. 118).

LEMMA 1.4.1 (Debrunner-Flor Lemma)
If X s reflezive Banach space, C C X is a closed and convex set,

A: X — 2X" is a monotone operator with Dom (A) C C and B: C — X*
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is a bounded, coercive, demicontinuous and monotone operator,
then there exists y € C, such that

(z*+B(y),z—y)y > 0 VzeDom(4), z*e A(x).

This lemma leads to the first surjectivity result.

THEOREM 1.4.2
If X is a reflevive Banach space, A: X — 2X" is a mazimal monotone
operator and B: X — X* is a bounded, coercive, hemicontinuous monotone

operator,
then R(A+ B) = X*.

PROOF Lety* € X* andset Bi(z) = B(z)—y*. Itis clear that B; has the
same properties as B. We use the Debrunner-Flor Lemma (see Lemma 1.4.1)
with B; instead of B and with C'= X. So we can find y € X, such that

(x*+By) —y",z—y)y >0 VaeDom(A), "€ A(x).

Because A is maximal monotone it follows that y € Dom (A) and y* — B(y) €
A(y), hence y* € A(y)+ B(y). Since y* € X* was arbitrary, we conclude that
R(A+ B) = X"*.

Also we can characterize surjective maximal monotone operators.

THEOREM 1.4.3
If X is a reflexive and A: X — 2X" is a mazimal monotone operator,
then R(A) = X* if and only if A~' is locally bounded.

PROOF —: Recall that A7!': X* — 2% is maximal monotone and
Dom (A~!) = X*. Then by Proposition 1.4.4, A~! is locally bounded.

<=: We shall show that R(A) is both open and closed in X*. To show the
closedness we consider a sequence {z} -, C R(A), such that z;, — z* in
X*. We have z}, € A(z,) and because A~! is locally bounded it follows that
{zn},,>; € X is bounded. By virtue of the reflexivity of X, we may assume
that ©, — x in X. Corollary 1.4.1 implies that 2* € A(z). So z* € R(A)
and we have that R(A) is closed.

Next we show that R(A) C X* is open. By translation if necessary, we may
assume that 0 € Dom (A4). Let 2* € A(0). Because A~! is locally bounded,
we can find r > 0, such that A~!(B,(z*)) is bounded in X. Recall that
by Troyanski Renorming Theorem (see Theorem A.3.9), we may assume that
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both X and X* are locally uniformly convex. Let y* € X* be such that

r

* *
- . <

From Theorem 1.4.2 (with B = AF, A > 0) we know that we can find y) €
Dom (A) and y; € A(yx), such that

YA+ AF(yn) = ¥~ (1.6)
From the monotonicity of A, we have

(" = AF(ya) =2 un)x 20

(recall that = 0), hence

2
Ullx —Allualx > 0

1y" = 2"l x

and so
* * r
Mualx <" =2"lx. <5 ¥A>0.

Then from (1.6) we have

* * r
Iy =willx = AMF@Ilx = Allmally < 3 (1.7)
Therefore
* * * * * * r r
Iy —2"llx < =yl +lly" =27y < 5+5 =7 VA>0

Because A7!(B,(z*)) is bounded, it follows that also {yx}xso C X is
bounded. So from (1.7) it follows that y5 — y* in X* as A \, 0. Be-
cause y; € R(A) and the latter is closed, we have that y* € R(A). Thus
Bz (z*) C R(A) and so R(A) is open in X*. Because R(A) C X* is both
open and closed, we have that R(A4) = X*. I

This theorem has some remarkable consequences.

THEOREM 1.4.4
If X is a reflevive Banach space and A: X — 2X" is mazimal monotone

and weakly coercive,
then R(A) = X*.

PROOF Because A is weakly coercive, then clearly A~ is locally bounded.
So by Theorem 1.4.3, R(4) = X*. 1
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COROLLARY 1.4.5

If X is a reflevive Banach space and A: X — X™ is a hemicontinuous,
monotone and weakly coercive operator,
then R(A) = X*.

The next theorem gives the main perturbation result for maximal monotone
operators. For a proof of it we refer to Barbu (1976, p. 46).

THEOREM 1.4.5

If X is a reflexive Banach space and A, B: X — 2X" are mazimal monotone
operators, such that

int Dom (A) N Dom (B) # 0,
then A + B is maximal monotone too.

REMARK 1.4.7 If X = H is a Hilbert space, then the hypothesis
int Dom (A) N Dom (B) # @ can be replaced by the more general one which
says that

0 € int (Dom (A) \ Dom (B))

(note that int Dom (A) \ Dom (B) C int (Dom (A4) \ Dom (B))). In fact in this
case it can happen that int A = int B = {J. I

1.4.3 Yosida Approximation

When X = H is a Hilbert space and H is identified with its dual, then the
duality map F is the identity operator. In this case the following operators
are very useful in the analysis of problems involving a maximal monotone
operator A.

DEFINITION 1.4.7 Let H be a Hilbert space identified with its dual,
A: H — 2% is a mazimal monotone operator and A > 0.

(a) The operator Jy: H — H defined by Jx(x) g (I +XA)"Y(z) is called
the resolvent of A;

(b) The operator Ax: H — H defined by Ax(x) 4 (I = Jx)(z) is called
the Yosida approximation of A.

REMARK 1.4.8 Note that Dom (J)) = Dom (A)) = H and both oper-
ators are single-valued.
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In the next proposition we summarize the properties of Jy and Ay. For a
proof we refer to Brézis (1983, pp. 27-28).

PROPOSITION 1.4.8

If H is a Hilbert space identified with its dual and A: H — 2 is a mazimal
monotone operator,

then for every A > 0, we have

(a) Jx is nonexpansive, i.e.
[Ix@) = Wy < lle—yly  Va,yeH;

(b) A, is monotone and Lipschitz continuous with constant % (hence it is
maximal monotone);

(c) Ax(z) € A(Jx(z)) for allz € H;
(d) [Ax(@)|ly < [|A%(x )||H for all x € Dom (A) with

af .
A@) L proj, {0}

(recall that A(x) € Py.(H));

(e) Ax(z) — A%=x) as A\, 0 for all z € Dom (A) and ||Ax(z)||; / +oo
as A\, 0 for all x ¢ Dom (A);

(£) Ja(z) — proj_ - {z} as A\, 0 for all z € H (recall that Dom (A) €
Py, (H) ; see Proposition 1.4.7).

{z} = z and so from

REMARK 1.4.9 If Dom (4) = H, then proj_ -

Proposition 1.4.8(f) we see that Jy is an approximation of the identity oper-
ator. Moreover, if p € To(H) and A = ¢, then for A > 0 we have

Ay = (0p)x = 0pa,

where ¢y: H — R is the Moreau-Yosida approximation of ¢, i.e.

1 2
P 1 f -
ox(z) [nf, ©(y) +3 IIfB Yyl

The function ¢, is convex, Frechet differentiable and

1
ox(x) = o(Ia(x)) + o e = @3  YzeH A>0.
Also for all x € H and all A > 0 we have that

pa(z) < p(x)

© 2005 by Chapman & Hall/CRC



1. Mathematical Background 83

and
palz) Splx)  as ANO.
Finally if A, \, 0, z,, — « and 9p,,, (,) — x*, then

x* € 0p(x) and p(z) < liminf o, (Tn).
[

Using the Yosida approximation, we can have a useful perturbation result
in Hilbert spaces. For a proof see Barbu (1976, p. 82).

PROPOSITION 1.4.9
If H is a Hilbert space identified with its dual and A, B: H — 2 are two
mazximal monotone operators, such that Dom (A) N Dom (B) # () and

(x*,Bx(x))y = 0 V z € Dom (A), z* € A(x), A >0,

then A + B is maximal monotone.

1.4.4 Pseudomonotone Operators

In the next definition we introduce two useful extensions of the notion of
maximal monotonicity.

DEFINITION 1.4.8 Let X be a reflexive Banach space and A: X —
2X" an operator.

(a) We say that A is pseudomonotone if

(1) A has nonempty, bounded and convez values;

(2) A is upper semicontinuous from every finite dimensional subspace
of X into X;

(3) ifr, — x in X, ) € A(w,) and limsup (v}, z, — x)5 <0, then
n—-+4oo

for every y € X, there exists u*(y) € A(zx), such that

(W ¥z —y)x < liminf (27,20 —y) .

(b) We say that A is generalized pseudomonotone if

“For any sequences {z,},.; and {z}} -;, such that
T, —» zin X, zf % z* in X*, ¥ € A(z,) and
limsup (z,, z, — x) y < 0, then (2, 2,)y — (2%, 2) and
n—-+o0o

x* e Az).”
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PROPOSITION 1.4.10

If X is a reflexive Banach space and A: X — 2X" is a mazimal monotone
ogemtor,

then A is generalized pseudomonotone.

PROOF  Let z, — zin X, z} — z* in X*, } € A(x,) for n > 1 and

limsup (z),, z, — x) y < 0.
n—-+o0o

Let y € Dom (A), y* € A(y). From the monotonicity of A we have that
(xy, =y 20 —y)x =0 Vn>1.
Also
(@ tn)x = (T =y 20 —Y)x + (@0, y)x (W5 2n)x — W Y)x -
Hence

(") x 2 limsup oy, an) e = 2% y)x + 5 o)y + W5 w)x
n—-+0o0
and so (z* —y*,x —y)y > 0. Because y € Dom(A), y* € A(y) were
arbitrary and A is maximal monotone, it follows that z* € A(x). So
(xf —a*,2n —x)y >0 and
liminf (2}, 2,)y > lm ((2},2)y + (2%, 20) x — (2%, 2))

n—-+o0o n—-+o0o
= (2%, x>X .
Therefore finally we have that (z}, z,) — (2%, z) . I

PROPOSITION 1.4.11

If X is a reflevive Banach space and A: X — 2% is a pseudomonotone
ogemtor,

then A is generalized pseudomonotone.

PROOF Let z, — xin X, z}, — z* in X*, 2* € A(z,,) and

limsup (z},, z, — )y <O0.
n—-4o0o

In the definition of pseudomonotonicity (Definition 1.4.8(a)) we let y = = and
so we have
<m;a$n>X I <$*a$>X .

Also for every y € X, we can find u*(y) € A(z), such that

(W (y),r—y)x < (@ 2-y)x. (1.8)
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We claim that z* € A(x). Indeed, if this is not the case, then by the Strong
Separation Theorem (see Theorem A.3.4) we can find v € X, such that

(z*,v)x < inf{(y*,0)y: y* € A(z)}.
Putting y = « — v into (1.8), we obtain
(W (y),v)x < (@) withw™(y) € A(z),

a contradiction. I

We can have the converse of this proposition under some boundedness con-
dition.

PROPOSITION 1.4.12

If X is a reflexive Banach space, A: X — 2X" is a generalized pseudomono-
tone and bounded operator (i.e. maps bounded sets into bounded sets) and A
has nonempty, closed and conver values,

then A is pseudomonotone.

PROOF First we show that A is upper semicontinuous from X into X7 ..
By virtue of Proposition 1.2.5 it suffices to show that Gr A is closed in X x X" ..
Since the weak closure of a bounded set in a reflexive Banach space is sequen-
tially determined (Kaplansky-Browder Theorem; see e.g. Hu & Papageorgiou
(1997, p. 318)), it is enough to check sequential closedness of Gr A in X x X .
So let z¥ € A(x,) and assume that z, — = in X and 2 % z* in X*.
Then we have

(@, =) =0
and from the generalized pseudomonotonicity of A it follows that z* € A(x).
Therefore A is upper semicontinuous from X into X ..
Next we show that if z,, — 2 in X,z € A(z,,) and

limsup (z),, 2, — x) y <0,
n—-+o0o

then for every y € X we can find u*(y) € A(z), such that

(W' (y),z —y)y < liminf(z,, 2, —y)y.

n—-+o0o

Suppose that this is not the case. Then we can find y € X, such that

liminf (2}, 2, —y)y < inf{(v*,z—y)y: v* € A(z)}.

n—-+o0o

Note that {2}, is bounded and so we may assume that z 2% in X,
By virtue of the generalized pseudomonotonicity of A, we have z* € A(x) and
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(@}, xn) y — (", 2) . So

<$*a$_y>X = hm <m:za$n_y>x

n—-+o0o

< inf{ (v, z—y)y: v* € A(z)},

a contradiction. So A is pseudomonotone. I

COROLLARY 1.4.6

If X is a reflexive Banach space and A: X — 2% is a mazimal monotone
operator with Dom (A) = X,
then A is pseudomonotone.

Pseudomonotonicity is preserved under addition. For the proof see e.g. Hu
& Papageorgiou (1997, p. 368).

PROPOSITION 1.4.13

If X is a reflexive Banach space and A, B: X — 2% are two pseudomono-
tone operators,

then A+ B is pseudomonotone too.

As it was the case with maximal monotone operators, the importance of
pseudomonotone operators is due to their remarkable surjectivity properties.
More precisely, we have the following fundamental result. Its proof can be
found in Hu & Papageorgiou (1997, p. 372) (for multivalued A) or in Zeidler
(19900, p. 875) (for single-valued A).

THEOREM 1.4.6
If X is a reflezive Banach space and A: X — 2X" is pseudomonotone and
coercive,

then R(A) = X*.

Finally we mention one more class of nonlinear operators of monotone type.

DEFINITION 1.4.9 Let X be a reflexive Banach space and suppose
that A: X — X is an operator. We say that A is of type (S),, if
for any sequence {x,},~, € X and x € X such that x, 2z in X and

limsup (A(zy,), zn, — x) y <0, we have that x, — x in X.
n—-4o0o

REMARK 1.4.10 It is easy to check that a uniformly monotone operator
is of type (S),. Moreover, if A: X — X* is demicontinuous and of type (S) ,,
then A is pseudomonotone.
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1.4.5 Nemytskii Operators

An important nonlinear operator which can be found in almost all problems
is the Nemytskii (or superposition) operator. So let (Q, 3, 1) be a complete
o-finite measure space and f: Q x RY — R a Carathéodory function (i.e. for
all x € RV, the function w —— f(w,z) is Y-measurable and for p-almost all
w € Q, the function  — f(w,x) is continuous). It is well known that such
functions are jointly measurable, hence superpositionally measurable too (i.e.
if u: Q — RY is Y-measurable, then so is w — f(w,u(w))). Thus we can
define the operator

w— Np(w)() L f( (),

which sends Y-measurable functions to ¥-measurable functions. This operator
is known as the Nemytskii operator (or superposition operator). The
main result concerning this operator is the so-called Krasnoselskii Theorem.
The proof can be found in Krasnoselskii (1964, p. 22-29).

THEOREM 1.4.7 (Krasnoselskii Theorem)
Let (2,3, 1) be a complete o-finite measure space and f: Q x RY — R a
Carathéodory function.

(a) If for p-almost all w € Q and all (z1,...,zx) € RY we have
N

Pk

[fw)] < a)+e) lul e,

k=1

for some p1,...,pN,q € [1,+00), a € LIY(Q)4, ¢ >0,
then

N
Ny(u) € LYQ)  Vu=(u,...,un) € [ LP*(Q)
k=1

and Ny: Hévzl LPe(Q) — L9(Q) is bounded continuous.
(b) Conversely: If Ny: Hévzl LPe(Q) — L%Q) with p1,...,pN,q €

[1, +00),
then there exist a € LI(Q2) and ¢ > 0, such that for p-almost all w € Q
and all (v1,...,2y5) € RN we have
N ”
Floo)] < alw)+e fal .
k=1

PROPOSITION 1.4.14
Let (Q,3,u) be a complete o-finite measure space, f: 2 x R — R a
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Carathéodory function and let F: Q x R — R be defined by

I

¢
F(z.0) / f(z,€)de
0

(the potential function corresponding to f). Let p € [1,4+00) and let
P: LP(Q) — R be defined by

P(u) g /F(z,u(z)) dz.
Q

If there exist a € LI(2)1 and ¢ > 0, such that
|f(2,0)] < alz)+ cl¢pt for p-a.a. z € Q and all ¢ € R,

then 1 is continuously differentiable and ' (u) = Ny(u).

PROOF Note that
|F(2,0)] < a1(z) +c1|¢[P foraa. z € Qandall ¢ €R,

for some a; € L'(Q) and ¢; > 0. Then Ny: LP(Q) — L'(f2) is continuous
and from this it follows that v is continuous.
Next let

r(v) ¥ /F(z, (u—l—v)(z)) dz — /F(z,u(z)) dz — /f(z,u(z))v(z)dz
Q Q

Q

From the Mean Value Theorem, we have that

F(z,u(2) + tv(2))dt

=

F(z,(u+v)(2) — F(z,u(2)) =

f(z,u(z) + tv(2))v(z) dt.

S O~ _

Therefore we obtain
1
’r(v)’ < // ‘f(z,u(z)—i—tv(z)) - f(zm(z))”v(z)‘ dt dz.
Q0

From Fubini’s theorem and Holder’s inequality we have

P < [ 1Nt ) = Nyl de o,
0
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[r(v)]|

Toll,

¥ € CH(LP(QY)). [

Therefore — 0 as |v|[, — 0, which proves that ¢’(u) = N¢(u), ie.

1.4.6 Ekeland Variational Principle

In the last part of the section we will discuss the Ekeland Variational Prin-
ciple. This result is one of the major tools of Nonlinear Analysis with a wide
range of applications. Roughly speaking, the idea behind the Ekeland Varia-
tional Principle is the following. Let (X, d, ) be a complete metric space and
¢: X — R, a lower semicontinuous, bounded below function. Suppose that
©(zp) is nearly a minimum value of ¢. Then a small Lipschitz continuous
perturbation of ¢ attains a strict minimum at a point y relatively close to xg.
This fact turned out to be a powerful tool in many different parts of Nonlinear
Analysis.

THEOREM 1.4.8 (Ekeland Variational Principle I)

If (X,d,) is a complete metric space, o: X — R is a proper, lower semi-
continuous and bounded below function, xo € dom ¢ and § > 0 are fized,
then there exists y € X, such that

o(y) +ddy (y,20) < p(z0)
ey) < p(v)+dd(vy) VYv#y.

PROOF By changing the metric d to dd, we may assume without loss of
generality that § = 1. Moreover, by considering ¢ — i§f @ instead of ¢, we

may also assume without any loss of generality that ¢ > 0. For each z € X,
let

S(x) 4 {zeX: ¢(z)+d (z,2) < p(z)}.

Because ¢ is lower semicontinuous, the set S(xz) C X is closed and clearly
x € S(x) for every x € X.
First we show that

z€S(x) = S(z) CS(x). (1.9)

If o(x) = 400, then S(z) = X and so (1.9) holds. So suppose that x € dom ¢.
Then by definition if z € S(x) we have

P(2) + dy (2,2) < ().

Also if h € S(z) then
p(h) + dy (h, ) < o(2).

Thus we obtain

p(h) +dy(h,x) < @(h) +dy(h,2) +d(2,2) < @(2) +dy(z,0) < p(2),
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which proves (1.9).
Next let

Mint () Y int {o(z): z€5(x)} YV z € dom .

For any z € S(z) we have
mint(r) < @(2) < @(x) —dy(z,)
and so
dy(z,2) < @(x) — mint().
Therefore we have

diam S(z) < 2(p(z) — mine(z)). (1.10)

We define a sequence {z,}, -, € X in the following way: z,11 € S(x,) for
n > 0 is such that B

1
P@ns1) < ming(zn) + 5o (1.11)

From (1.9) we know that S(x,+1) € S(zy,) and so

Mint(Tn) < Minf(Tnt1) vV n>0. (1.12)

But mins(z) < p(x) because x € S(x). This combined with (1.11) and (1.12)
gives

1 1
0 < @(@nt1) — Ming(Tng1) < minf(wn)+2—n—mmf(xn+1) < o

Then by (1.10), we see that
diam S(z,) — 0 asn — +oo.

But {S(zy)},~; is a decreasing sequence of closed sets. Therefore by the
Cantor Intersection Theorem (see Theorem A.1.11), we have

N Sta) = {u}.

n>1
So y € S(zp) which implies that
p(y) +dyx(y,70) < (o)

(recall that we have assumed that 6 = 1). Moreover, because y € S(x,) for
all n > 0, from (1.9) we have

S(y) € () Sza) = {y},

n>0
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i.e. S(y) = {y}. Therefore for v € X, v # y we have that v ¢ S(y) and so

p(y) < () +dy (y,v)
(recall that § = 1). 0
COROLLARY 1.4.7 (Ekeland Variational Principle II)

If (X,dy) is a complete metric space, p: X — R is proper, lower semicon-
tinuous and bounded below, e, A\ > 0 and xo € X is such that

plzo) <infep +e,

then there exists xx € X, such that

SD(:E)\) S 80(550)7 dx (x)\axO) S Aa
o(xy) < o) + idx (z,2)) Ve X.

PROOF Let 6 = §. From Theorem 1.4.8 we know that there exists
x) € X, such that

p(ar) + Tdy (ar,70) < plao) < ifp+e < plen)+2,
hence d (zx,x0) < A and

olzy) < <p(x)+§dx(x,xx) YV x # ).

COROLLARY 1.4.8

If X is a Banach space and p: X — R is a function which is lower
semicontinuous, bounded below and Gateaux differentiable,
then we can find a minimizing sequence {x,},~; € X (i.e. @(xn) \, i&f ®),

such that
lee(@a)|y, — 0  asn— +oo.
PROOF Apply Corollary 1.4.7 with A = 1, to obtain z. € X, such that
p(x:) < plx)+ellze — 2|« VreX.
Let h € X and ¢ > 0 be arbitrary. Setting z = x. + th we obtain

p(z:) — p(xe +th)
t

< efhllx -
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Passing to the limit as ¢ — 0, we obtain
~{gglae), by < elblly VheX

and so

IN

{pg(ae),h) | < ellhlly  VheX.
1

But then [Jog(z:)|| y < €. So if we set € = -, we have the desired sequence. 1

COROLLARY 1.4.9

If X is a Banach space, p: X — R is bounded below and differentiable and
{x,}, >, € X is a minimizing sequence of @,
then there exists a minimizing sequence {yn},~, of ¢, such that

o) < o@n),  lon—ynlx —0,  and  [l¢'(2n)llxy — 0.

Finally we mention a generalization of the Ekeland Variational Principle
(Corollary 1.4.7) which is suitable for variational problems in which the en-
ergy functional satisfies a weaker form of compactness condition, the so-called
“Cerami condition” (see Section 2.1). The result is due to Zhong (1997),
where the interested reader can find the proof.

THEOREM 1.4.9

If h: Ry — Ry is a continuous and nondecreasing function, such that
+ oo

({ 1++(T)d7" = 400, X is a complete metric space, o € X is fized,

©: X — R is a proper, lower semicontinuous and bounded below function,
e >0, o(y) §i£1{fcp+£ and A > 0,
then there exists xx € X, such that o(xx) < ©(y), dy (A, x0) <19 +T and

€
A1+ hdy (zo,2)))

p(zx) < o)+ dy (z,2)) VazeX,

ro+7T

where ro = d (xo,y) and T is such that f dr > A

1+h TTh(r)

REMARK 1.4.11 If A =0 and 2y = y, then Theorem 1.4.9 reduces to
Corollary 1.4.7 (the Ekeland Variational Principle).

We conclude this section with a geometric result, which is helpful in the
study of nonlinear problems.

PROPOSITION 1.4.15
If X is a reflexive Banach space, C C X is nonempty, closed, bounded,
convex, C1 C X* is nonempty, convex and for each x* € Cy there is an x € C
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such that (z*,z) >0,
then there exists xg € C such that

(", o)y > 0 Vo e Ch.

1.5 Elliptic Differential Equations

In this section we have gathered some fundamental results about elliptic equa-
tions. For semilinear problems these results are more or less standard and var-
ious versions of them can be found in the basic texts on the subject, such as
Gilbarg & Trudinger (2001), Ladyzhenskaya & Uraltseva (1968) and Protter
& Weinberger (1967). For quasilinear problems (involving the p-Laplacian)
most results were developed in the last decade and are not as well known as
for the semilinear problems.

1.5.1 Ordinary Differential Equations
Let T = [0, ] and consider the following problem:

{—x”(t) = Az(t) foraa.teT, (1.13)

z(0) = z(b) = 0.

We say that A € R is an etgenwvalue of minus the scalar Laplacian with

Dirichlet boundary condition ( — z”, Wol’Q(T)), if (1.13) has a nontrivial so-

lution x € VVO1 ’Z(T), which is called a corresponding eigenfunction. It is

well known that (1.13) has a sequence of eigenvalues 0 < A\ < Ay < ... <

Ax — 400 and the corresponding eigenfunctions {u,},~, C L*(T) form an
orthonormal basis of L?(T). In fact we have -

2 t
An = (n_w) and un(t) = 2sin n , n>1
b b
Similarly, instead of (1.13) we can consider the periodic problem

2(0) = (b), 2'(0) = a'(b). (1.14)

Again we can say that there is an increasing sequence of eigenvalues
A =0< A <A £ ... <A\ — 400 and a corresponding sequence of
eigenfunctions {u,},~, € L*(T) which form an orthonormal basis of L?(T).
More precisely we have

{ —2"(t) = Mx(t) foraa.teT,

2nm\” t
An = <%> and up(t) = —=, wun(t) = 2cos <%>, n>1.
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In general we can state the following result which can be found in Showalter
(1977, p. 78). Suppose that X, H are two Hilbert spaces with X densely and
compactly embedded in H. We identify H with its dual (pivot space) and
have

XCHCX~

with the embeddings being compact and dense (we say that the spaces
(X, H, X*) form an evolution triple or Gelfand triple). As usualby (-,-) 4
we denote the inner product of H and by (-, ), the duality brackets for the
pair (X, X*). Let a: X x X — R be a continuous bilinear form. The form
a defines an operator a € L(X; X*) by

i

(a(z),y)x = alz,y) Vz,yeX.

We consider the restriction A of a on H, i.e. A: H O D — H,
Aw) L a@x) VzeD={reX: al)ecH}.

We determine the spectrum of A, i.e. all A € R for which A(z) = Az has a

nontrivial solution, called the eigenfunction corresponding to the eigenvalue
A

PROPOSITION 1.5.1
If X, H, a and A are as above and there exist p € R and ¢ > 0, such that

2 2
a(w, @) +plally > cllelk  VoeX,

then there is an orthonormal sequence of eigenfunctions of A which is basis
of H and the corresponding eigenvalues satisfy

<A <A< <A <H40 as k — +oo.

REMARK 1.5.1 Of course what was said earlier for the scalar prob-
lems (1.13) and (1.14) can be extended to the corresponding vector problems
(i.e. with N > 1). So for the Dirichlet problem we have

nm 2 . [ nmt N
= _ = - >
An (b) and un (1) asm( 2 ),aER n>1

and for the periodic problem

o\’ 2nmt N
An = 5 and up(t) = acos 5 , a € RY n>0.
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Now we turn our attention to the p-Laplacian ordinary differential
operator (scalar and vector). So let p € (1,+00) and let 1,: RY — RY be
the map

i [ elBRieite #0,
(&) = {o : if ¢ = 0.

It is well known that 1, is a homeomorphism. We consider the following
nonlinear eigenvalue problem:

{4%@@2

z(0) = z(b)

=My (z(t)) foraa.teT, (1.15)
0.
The number A € R is an eigenvalue of minus the p-Laplacian with Dirichlet
boundary condition, if problem (1.15) has a nontrivial solution. For this case
there is no difference between the scalar case (i.e. with N = 1) and the
vector case (N > 1). The set of eigenvalues is the same. Namely there exist
eigenvalues 0 < A\; < X < ... Ay — 400, and

P t
An = (%) and un(t) = asin, (n&

Nop>
5 b),aeR n>1.

Here
1

/ dt _ 2r(p—1)
) (1_tp)% psin (%)

(observe that my = 7) and sin, : R — R is defined by

B =

m L 2p—1)

B =

sinp t
ds ™
/ —— =1t Vte [0,7”]
(1-55)"

0 p—l
and then extend the domain of sin, ¢t to R in a similar way as for sin¢. This
way we obtain a 2m,-periodic function sin, ¢ (for details we refer to works of
Otani (1984a, 1984b) and del Pino, Elgueta & Mandsevich (1988)).

For the periodic eigenvalue problem, the situation is not as pleasant. The

set of eigenvalues of the scalar case is a strict subset of the set of eigenvalues

of the vector problem. So we consider the following nonlinear eigenvalue
problem:

—(p (2 (t) "= My (2(t)) foraa.teT,
(Tl ) (10

As before every A € R for which problem (1.16) has a nontrivial solution
is called an eigenvalue of minus the p-Laplacian with periodic boundary
conditions. Let £(p, N) be the set of all eigenvalues. Evidently this set is not
empty, since clearly 0 € e(p, N).
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For a given 4 € R and h € L! (T;RN), we also consider the following
periodic problem:

—(Up (2 (2) "+ Yp(x(t)) = h(t) foraa.teT,
{x(%) =( x(b)),)x’(ol; :(x’(b)). (1.17)

In analogy to the linear theory we define the resolvent set o(p, N) of minus
the p-Laplacian with periodic boundary conditions to be the set of all u € R
for which problem (1.17) has at least one solution for every h € L' (T;RN).
Then we define the spectrum o(p, N) of minus the p-Laplacian with periodic

boundary conditions to be the set o(p, N) IR \ o(p, N). The following result
is due to Mandsevich & Mawhin (1998).

PROPOSITION 1.5.2

If u is not an eigenvalue of minus the p-Laplacian with periodic boundary
conditions,

then for every h € L* (T;RN) problem (1.17) has at least one solution.

So as a consequence of this proposition we have that
o(p, N) C e(p, N).
In what follows let

WL (T;RN) o {z e WhP(T;RY) : 2(0) = (b) }.

per

Recall that the embedding WP (T;RN) - C(T;RN) is continuous and so
the evaluations at ¢ = 0 and ¢ = b make sense. Let z € WE(T;RY) be
an eigenfunction (i.e. a nontrivial solution of (1.16)) corresponding to some
eigenvalue. We take the inner product of (1.16) with x(t). We obtain

P

P> 0.
[E3]54

I

So e(p, N) C R, and since 0 € e(p, N), we have that 0 is the smallest eigen-
value of (1.16). Evidently each eigenvalue for the scalar problem (N = 1) is
also an eigenvalue for the vector problem (N > 1). For the scalar case, by
direct integration of (1.16) we obtain all the eigenvalues which are given by

p _ P
- (2n7rp> _ (p 1.) (2n;r) R
b (psm%)

Contrary to the Dirichlet eigenvalue problem, in this case the set £(p, N)
contains more elements in the vector case (N > 1) than in the scalar case
(N =1). In fact it can be shown that if k& € N, each nontrivial solution of

{y"(t) + (%T’T)zy(t) =0 foraa.teT,
y(0) = y(b), y'(0) =y'(b),
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such that
(yl(t)ay(t))RN = 0 V te T,

is an eigenfunction corresponding to the eigenvalue (%T”)p of minus the p-

Laplacian with periodic boundary conditions. In general the complete struc-

ture of the set e(p, N) for N > 1 is far from being understood. Nevertheless,

there are a few important things that we can say for e(p, N) when N > 1.
Let A € e(p, N) \ {0} and let u be a corresponding eigenfunction. Integrat-

ing (1.16), we obtain
/||u |]RN u(t)dt = 0.

For this reason we introduce the following subset of Wgélr) (T RN )

S, N) L Lz e Wip(TiRY) : |la, =1 and/||a: 1252 2t

Also we introduce the functional &, x: WP (T;RY) — R, defined by

per

d
Gue) L Ve e WEE(T;RY).

Let 4
E(paN) :f gp,N(S(paN))
=117

Since A = W’ it follows that e(p, N) \ {0} C E(p, N). We consider the

following minimization problem:

inf = mint(p, N). 1.18
et &N (2) = mine(p, N) (1.18)
Exploiting the compactness of the embedding Wpléf (T RN ) crr (T; RN ) and

the weak lower semicontinuity of the norm functional in a Banach space, we
have:

PROPOSITION 1.5.3
Problem (1.18) has a unique solution and we have mins(p, N) > 0.

As a corollary we obtain the following fact known as the extended
Poincaré- Wirtinger inequality (compare with Theorem 1.1.7).

COROLLARY 1.5.1 (Extended Poincaré-Wirtinger Inequality)
For every x € W1 (T RN), such that

per
/ le(@®) B2 ()t = 0,
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we have
ming(p, N) [J2]|7 <[]}
In fact we can show that for p > 2, mine(p, N) is the smallest positive
eigenvalue of minus the p-Laplacian with periodic boundary conditions, i.e.
mint(p, N) € e(p, N) \ {0}, for p > 2.

PROPOSITION 1.5.4
Forp > 2, mine(p, N) is the smallest positive eigenvalue of (1.16).

PROOF Let z € S(p,N) be the solution of (1.18). From the Lagrange
multiplier rule we know that there exists (o, 5,71, ...,7n) # 0, such that for
all y € WLe (T RY),

per

«

(p 112 (&)l @ (1), 9 (1)) v dt

+ 8 [ (pllz(®)lfx" 2 (1), y(t)) g dt

\@O\w

+
(= -

b
%/p 2) (t) 25 (2(8), (1)) o (1)
0

b
Il

1

+ [l () [[5n° yk(t):| dt = 0. (1.19)

b
Let y =9 = (y1,...,7n) € RN, Since [ |jz(t)||%~" z(t)dt = 0, we obtain
0

b
[ 0= 2 120" ). D)2+l 125 1713x] at = o
0

b
hence |7z~ f |z(t)||25? dt = 0 and so 5 = 0. Therefore from (1.19), for all
e Wilp (T RN) we have

per

a [ (pllz @)l5" 2/ (), 5 (t)) g dt

+ 8 [ (plla@)IB 2(t), y()) gu dt = 0.

o\@o\@
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If @ =0, then 8 # 0 and so

b
[ eIz 20, y(0) gt = 0y € Win(T:RY).
0
Let y = 2. We obtain [|l2/[|? = 0, a contradiction since « € S(p, N). So a # 0
and for all y € WP (T;RY ) we can write that

per

b
/ (0 Il DI 2/ (1), 4/ (1)) oot
0
B

b
[ Wl 2(0).9(0)) gt = 0, (1.20)
0

This implies that

{‘“'w Ol 2’ (1)) = —2 |a(®)|x" (t) for aa. t €T,
z(0) = z(b), 2'(0) = ' (b).

So x € S(p,N) is an eigenfunction of (1.16). Moreover, if in (1.20) we set
y = x, we obtain ||2'[|] = —g (recall that [|z|[, = 1), i.e. mint(p,N) = —g,

hence mine(p, N) € e(p, N)\ {0}. In fact it is clear from (1.18) that mine(p, Nﬁ
is the smallest positive eigenvalue of (1.16).

REMARK 1.5.2 It is an open problem whether the result is also true
for p € (1,2). If N =1, the answer is affirmative.

In a similar way we can have a corresponding variational characterization of
the first eigenvalue Ay for the Dirichlet problem (1.15) (Poincaré inequality).
Clearly A; > 0.

PROPOSITION 1.5.5 (Rayleigh quotient)

If A1 > 0 is the first eigenvalue of the minus p-Laplacian with Dirichlet
boundary conditions,

then

'l 1Lp N
A1 = min B s xe W, (T;R ), x#£0,.
P

1.5.2 Partial Differential Equations

Next we pass to partial differential operators. First we examine linear
operators and then we consider the p-Laplacian:

Apr L div (| V2|22 V).
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For the linear case, we start with some abstract results about compact sym-
metric operators in a Hilbert space, which then are used to deal with linear
eigenvalue problems with indefinite weights, from which we derive as a special
case the spectral properties of minus the Laplacian with Dirichlet boundary
conditions.

Let H be a Hilbert space and A € L(H) a compact self-adjoint operator.

PROPOSITION 1.5.6

If A —sup { (A(@).2)y ¢ ol = 1} >0,

then there exists wy € H, such that ||uilly; = 1, (A(ur),u1)y = A and
A(ul) = /\1U1,

PROOF If ||z||; = 1, we have
(A(z), )y < HAHL(H)
and so Ay < +oo. Let {z,},5, € H be such that [|z,[|y; =1 and
(A@n)sa) /M.

We may assume that
w .
T, — up; in H.

Because A is compact and linear, we have that
A(xy,) — A(wr) in H

(see Remark 1.4.1). Therefore (A(u1),u1); = A1. Note that [Juil, < A, If
lut]l;; < A1, then we can find ¢ > 1, such that ¢|jui||; = 1 and so we have

(A(tul),tul)H = t2)\1 > )\1,

a contradiction to the definition of A\1. So |lu1]|; =1. Set K1 = A— M\ 1. We
have (Ki(u1),u1)y =0 and

(Ki(z),2)y <0 Ve H.

Take x = uy + th with ¢ € R, h € H. Using the fact that K; is self-adjoint,
we have
2(Ky(u1),h)y + t[Bl[7 < 0.

Let t = 1 (Ki(u1),h), with n > 0. Then we obtain

(K1(u1), )y (247 lR]7 ) <0

and so (Ki(u1),h)y < 0. Since h € H was arbitrary it follows that K;(u;) =
0, hence A(u1) = Aus. I
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In a similar fashion, we can also prove the following result.

PROP?SITION 1.5.7

IF A Lint {(A@), )« ol =1} <0,

then there exists u_1 € H, such that ||u_1||; =1, (A(u—1),u—1)y = A1 and
A(’U,,l) = )\,111,,1,

REMARK 1.5.3 )\ is the largest eigenvalue of A and A_; is the smallest.

In a similar fashion we shall generate the other eigenvalues by considering
appropriate restrictions on subsets of (Ruj)* and of (Ru_;)*. The whole
process relies on some general fact about self-adjoint operators on H (see the
next Proposition).

PROPOSITION 1.5.8
If X is a subspace of H invariant under A (i.e. A(X) C X) andY = X+,
then Y is also invariant under A.

PROOF Let y € Y. Because X is invariant under A, we have
(A(a:),y)Hz() VaoelX.
Also since A is self-adjoint we have
(A(x),y)H = (a:,A(y))H V(z,y) € X xY.

So
(a:,A(y))Hz() VaoelX,

hence A(y) € X+ =Y, ie. A(Y)CY. 0

Using this fact we obtain the following.

PROPOSITION 1.5.9

() If

An g sup{(A(a:),a:)H: |zl =1, x Lspan{uy,...,un—1}} > 0,

then there exists u, € H with ||uy||; = 1, such that

(A(un), un)H =A\n and A(un) = Aptin;
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(b) If

df .
An 4 inf { (A(z), @) : |lzlly =1, @ Lspan{u_1,...,u_(,_1)}} <0,

then there exists u_, € H with ||u_y||; =1, such that

(A(u—n)a u—n)H = )\—n and A(u—n) = A—nu—n-

This proposition generates all the nonzero eigenvalues of A. To see this, let
us recall first the Spectral Theorem for compact self-adjoint operators on a
Hilbert space. For a proof we refer to Brézis (1983, p. 97).

THEOREM 1.5.1 (Spectral Theorem)

If H is an infinite dimensional Hilbert space and A € L(H) is a compact
self-adjoint operator,

then

(a) the spectrum o(A) of A is a subset of R;
(b) every A € o(A) \ {0} is an eigenvalue of A;

(c) o(A) is the closure of the set of all eigenvalues of A which is countable
with only possible cluster point 0;

(d) for every eigenvalue A # 0, N(A — A) < 4o0;

(e) there is an orthonormal basis {u,},~, of H formed by eigenvectors of
A, such that a

A(a:)zZ)\n(x,un)Hun VaoeH,

n>1

where A\, s the eigenvalue corresponding to u.,.
Using this theorem and recalling that for a self-adjoint operator A € L(H),

we have
||AH,C(H) = sup{(A(x),x)H el = 1}
(see Yosida (1978, p. 201)), we obtain at once the following result.

PROPOSITION 1.5.10
The set {A_pn,An},~>, generated in Proposition 1.5.9 consists of all the
nonzero eigenvalues of A.

The drawback of Proposition 1.5.9 is that the derivation of A, requires

the knowledge of {A1,...,\,—1}. Similarly for A_,,. The next proposition
remedies this.
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PROPOSITION 1.5.11
For every n > 1, we have

(a)
An = inf sup (A(a:), a:)H;
VCH zevt
dimV =n—1 ||z||H:1

(b)
Alp = sup inf  (A(z),2)
VCH zevt
dimV =n—1 ||z||H:1

H

PROOF (a) Let

My = inf sup  (A(z), x)H
VCH zeV™t
dimV =n—-1 |z|, =1

Since we can always take V = span {uy,...,u,—1}, we see that m,, < \,.
On the other hand let {ey,...,e,—1} € H be mutually orthogonal vectors
and set V =span{ey,...,e,—1}. Let

v = Z ﬁkuk
k=1
be such that

(viex)y = 0 VEke{l,...,n—1} and |vlly =1

(ie. Y 92 =1). We have
k=1

(A(v), v)H = Z e > Ao
k=1
and so for every V' C H subspace of dimension n — 1, we have
sup  (A(),2), = An,
zeVvt
llzll g =1
hence m,, > \,,. Therefore we conclude that \,, = m,,.

(b) Similarly as in (a). 1

Still Proposition 1.5.11 has the disadvantage of taking the supremum in
the case of A, (the infimum in the case of A\_,,) over an infinite dimensional
subspace of H. The next proposition improves this situation.
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PROPOSITION 1.5.12
For every n > 1, we have

(a)

P sup inf (A(y), y)H;
Y CH yey
dimY =n |ylly =1

(b) |
Aln = inf sup  (A(y), y)H
YCH yey
dimY =n |yl =1

PROOF (a) Let

M, = sup inf (A(y),y)H
Y CH yey
dmY =n |yllg =1

Let Y = span {uy,...,u,}. For all

yzZﬁkukeY with Zﬁzz:l,
k=1 k=1

we have [|y[|3, =1 and

n

(AW v) y = DM > A

k=1

and so M,, > \,.

On the other hand for any subspace Y C H with dimY = n, we choose
y L span{ui,...,u,}. By Proposition 1.5.9(a) we have (A(y),y), < An and
so M,, < \,. Therefore A\, = M,,.

(b) Similarly as in (a). 0

REMARK 1.5.4 In the expressions for \,, and A_,, in Propositions 1.5.11
and 1.5.12, the infima and suprema are actually attained. So the formulas are
min-max expressions.

Now we shall apply these abstract results to linear weighted eigenvalue

problems. So let @ C RY be a bounded domain with a C'-boundary T.
Consider the following linear partial differential operator in divergence form:

N
L(x) g _ Z Dj(ai;(2)Diz) + ag(z)z

4,j=1
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where Dy, = %, ke {l1,...,N}. We consider the following eigenvalue prob-

lem:
{L(x) = pumz in £,

ey (1.21)

We make the following hypotheses on the coefficient functions a;;, ap and on
the weight function m.

H(a) aij,a0 € L™(Q), a;; = a;; for i € {1,..., N}, ap(z) > 0 for almost all
z € ) and there exists ¢ > 0, such that

N
Z a;j(2)&& > c||§||ﬂ2w for a.a. 2 € Q and all ¢ € RY,

i,j=1

H(m) m € L>®(Q).

REMARK 1.5.5 The inequality condition in H(a) is the called strong
ellipticity hypothesis. We emphasize that the weight function can change
sign in Q (indefinite weight).

We consider the bilinear form a : H}(Q) x H}(Q) — R defined by

N
d
a(x,y) ¥ Z /(aij(z)DixDjy—i—ao(z)xy)dz Y ox,y € Hi(Q).
ij=1g

Evidently a is symmetric (i.e. a(z,y) = a(y,x)) and using the Poincaré in-
equality we can check that

’a(x,y)’ < allll g g Hy“Hl(Q) vV a,y € Hy()

and
a(z, ) > ezl Ve H(Q),

for some c1,c3 > 0. So we can define A € £ (Hg (), H'(Q)) by

daf

<A(x),y>Hé(Q) = a(z,y) Vx,y € HYH ).

Clearly the operator A is maximal monotone, strongly monotone, self-adjoint
and coercive. So according to Theorem 1.4.4, A is surjective. Thus for a given
function f € L?(Q), the equation

Az) = f

has a unique solution z € H}(Q2) (uniqueness results from the strong mono-
tonicity of A). Let K: L?(Q) — L?(Q) be the linear map which to each
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f € L?(Q) assigns the unique solution x of the operator equation A(z) = f.
Evidently K € £ (L?(Q)) and R(K) C Hj () € L*(2).

PROPOSITION 1.5.13
If hypotheses H(a) and H(m) hold,
then K is self-adjoint and compact.

PROOF First we show that K is self-adjoint. For every g € L?(Q2), we
have

(K(f)vg)Lz(Q = /K

<A(K )K(f)>Hg(Q) = <A(K(f))vK(9)>Hg(Q)
— [ K@@ = (K©).1) oy

Q

Next we show that K is compact. To this end suppose that f, — f in
L3(9). Set z, 4 K (fn). We have

2
C2 ”3371”}11(9) < Nfall2 ||33HHH1(Q) ’
hence

2 lleallmay < swllfall, = My < oo,
nz

i.e. the sequence {z,},~, C H{(f) is bounded. By passing to a subsequence

if necessary, we may assume that x, — = in Hg(Q) and 2, — x in L?(Q).
We have A(z,) — A(z) in H~*(Q). Since A(x,) = f, for all n. > 1, we
obtain A(z) = f, i.e. « = K(f). This proves the compactness of K.
We introduce the operator K, € £ (L*(Q2)) defined by
En(f) = K(mf) V¥ feL*qQ)

Evidently K,, is self-adjoint and compact.

DEFINITION 1.5.1 By a weak solution of (1.21) we mean a function
x € WyP(Q), such that

Z/CLU DxDﬁdz-,u/m )xidz V19€C’°°()

4,J= 1Q
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REMARK 1.5.6 A simple integration by parts reveals that we can in-
terpret (1.13) in a pointwise fashion, namely

N
- Z Dj(aij(2)Diz(z)) = pm(z)z(z) for a.a. z € Q,

1,j=1

i.e. x € Hi(Q) is actually a strong solution.
From now on when possible we shall be using this pointwise interpretation
for our boundary value problems.

So using K, and Definition 1.5.1, we can rewrite problem (1.21) as

K, (x) = %x

We can apply the abstract results in the beginning of the section and obtain
the following proposition.

PROPOSITION 1.5.14
The weighted eigenvalue problem (1.21) has a double sequence of eigenvalues
Wn, N € Z, such that

< pe S p 0 << Lo <l

with variational characterizations given by

Ly = sup inf / my?dz
Y C Hy(Q) yey e
dimY =n ”y”Hl(Q) =1
and
ey = inf sup my?dz.
Y C Hy(Q) yey

dimY =n  [|yllgig =1 ¢
Also p,, — 400 and pi_,, — —00 as n — +o00.

The description of the eigenvalues of (1.21) becomes complete with the next
proposition (by |- |x we denote the Lebesgue measure on RY),

PROPOSITION 1.5.15
If hypotheses H(a) and H(m) hold,

O, Lims>or, o L im<ol,
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(a) |Q4|n = 0 implies that there are no positive eigenvalues fin,;
(b) |22=|n = 0 implies that there are no negative eigenvalues p_y,;

(c) |94|n > 0 implies that there is a sequence of positive eigenvalues such
that 5~ — 0;

(d) |Q—_|n > 0 implies that there is a sequence of negative eigenvalues such
that —— — 0.
H—n
PROOF (a) and (b) follow at once from Proposition 1.5.14.

(c) Let {Bi, ..., By} be pairwise disjoint balls in €2, such that [By N Q| > 0.
Consider x,, o, € L*(Q) and choose 9, € C*°(Q) with suppdy C By and
& = [ mdidz > 0. We can always find such function due to the density of

Q
the embedding C>(Q) C L?(Q2). We show that s, > 0. Note that
suppd, Nsupp?d; = 0 Vk#1i

and let
v¥ span{¥y,...,0,}.

n
For u= Y w9 €Y, v € R, we have
k=1

Q k=1 Q k=1 k=1
with € = min{¢y, ..., &} > 0. Also

2 2
HU”Hl(Q) = Z’Y}%HﬂkHHl(Q) < 772’71%7

k=1 k=1
with n= maX{”’&lHiIl Q) ||19TLH§—II (Q)} > 0. Finally
2 2 e
/mgidzz/m Z d22§>0,
Q ”uHHl(Q) Q 'r]kz_:l fy]% n

hence p, > 0 (see Proposition 1.5.14).
(d) Similar to the proof of (c). 0

Of course u,, depends on the weight function m. The next proposition
explains this dependence. The result follows at once from Proposition 1.5.14.

© 2005 by Chapman & Hall/CRC



1. Mathematical Background 109

PROPOSITION 1.5.16
Let hypotheses H(a) and H(m) hold.

(a) If mi(z) < ma(z) for almost all z € Q and both p,(m1) and py(m2)
exist (n € Z),
then pin(m1) > pin(ms).
Moreover, if mi(z) < ma(z) and the inequality is strict on a set of
positive measure, then pn,(my) > pn,(ms);

(b) the map m — pyn(m) is continuous in the L>°(Q)-norm (n € Z);

(c) If ' CQ, then pn () = pn() (n € Z).

REMARK 1.5.7 If 9 > 0, then pu,(9) = $4n(1) and they exist only for

n > 1. |:|

Next we determine the properties of A\; and A_; and of the corresponding
eigenfunctions. The result can be viewed as a Krein-Rutman type Theo-
rem for the eigenvalue problem (1.13). For the proof of this result we refer
to Manes & Micheletti (1973) or de Figueiredo (1982).

THEOREM 1.5.2 (Krein-Rutman type Theorem)

If hypotheses H(a) and H(m) hold and |Q| > 0,

then w1 is simple and the corresponding eigenfunction uy can be taken to
satisfy

ui(z) >0 Yz e

A similar statement holds for p_q provided that |Q_| > 0.

Now assume that m =1, a;; =1 for 1 < 4,7 < N and ag = 0. Then we
obtain the negative Laplace operator and the eigenvalue problem is

{—Am(z) = Ax(z) fora.a.zeQ, (1.22)

1‘|p =0.

From the previous discussion and in particular from Propositions 1.5.15
and 1.5.16, we can state the following result concerning ( — A, H} ().

THEOREM 1.5.3
Consider periodic problem (1.14).

n — +00 and orthonormal basis {un},~; C L3(R2), such that the pairs
(A, up) solve (1.14) and u, € HE(Q) N C>(Q);

(a) There exists a sequence {An},s; © Ry \ {0} with Ay — o0 as
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(b) The eigenelements (A, uy,) have the following variational characteriza-
tion. If for z € H(Q) \ {0},

T2
R(x) 4 ||| T!2 (the Rayleigh quotient),
Lll2
then we have
M = min  R(z) = R(up),
x € Hy(Q)
z #0

A = max{R(z): z €span{uy,...,un}, *#0} = R(uy)

A, = min {R(x) T x € (span{ul, .. ,un_l})L, T # O}
= min  max R(z), n > 1.
Y C H}(Q) zEY
dimY =n

REMARK 1.5.8 The fact that the eigenfunctions u,, belong in C*°(2)
follows from the standard linear elliptic regularity theory (see e.g. Gilbarg &
Trudinger (2001)). If © has a C*°-boundary, then we even have u,, € C*°(Q).
Also if Hj(€2) is equipped with the equivalent norm ||Vz||, for all z € H}(f2)
(by the Poincaré inequality), then

u
— is an orthonormal basis for H(Q).
{ \/X }n>1 0

[

Next we shall formulate the corresponding result to Theorem 1.5.2. First
an auxiliary result.

LEMMA 1.5.1
If = e Hj(Q)\ {0} satisfies R(z) = A1,
then x is an eigenfunction corresponding to \i.

PROOF Let y € H}(Q) and ¢t > 0. From Theorem 1.5.3 we have that
A1 = R(z) < R(z + ty).
Without any loss of generality we may assume that ||z|, = 1. We have

IV (2 + ty)|l3

> |Vz]; = R(z) = A
|z + tyl|? ’

and so

t2|\VyH§+2t/(Vx,Vy)RN dz > A\ 2t/xydz+t2|\y||§
Q Q
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Dividing by 2t and letting ¢ — 0™, we obtain

/(Vw,Vy)RN dt = Al/xydz.

Q Q

Since y € Hg(Q) was arbitrary, we conclude that x is a solution of the prob-
lem (1.14), i.e. x is an eigenfunction.

Using this lemma, we can prove the following specification of Theorem 1.5.2.

THEOREM 1.5.4
The first eigenelement (A1, u1) of (— A, Hj(Q)) satisfies Ay > 0 and u(z) >
0 for all z € Q2.

PROOF  Since ut,u™ € H}(Q) (see Remark 1.1.10), we have

/(Va:,Vx+)RN dz = Al/a:x+dz

Q Q

and
/(Vx,Vaf)RN dz = Al/a:af dz,
Q Q

hence

2 2 —2 12
IVa®il, = Aufla*]l,  and Va7, = AdflaT],.

If uy changes sign, then u,u] # 0 and so R(uf) = A = R(uy ). By virtue
of Lemma 1.5.1, both u] and u; are eigenfunctions corresponding to A1, i.e.

—Auf(z) = Muf(2) foraa. z €,
—Auj (z) = Muj (2) for a.a. z € Q.

From the Strong Maximum Principle, we have
uf (2) >0 and uy (2) >0 for a.a. z € Q,

a contradiction. So u; does not change sign in {2 and we can always assume
that uy(z) > 0 for all z € Q.

Finally let us show that A\; > 0 is simple. If this is not the case, then we
can find another eigenfunction v, orthogonal to u;. But as above v1(z) > 0

for all z € Q and so f uiv1dz > 0, a contradiction.
Q

© 2005 by Chapman & Hall/CRC



112 Nonsmooth Critical Point Theory and Nonlinear BV Ps

Next we turn our attention to the p-Laplacian partial differential operator
Apz = div ( ||Vx||§}2 Vz) with p € (1,+00). So let @ C RY be a bounded
domain with C*®-boundary I' (0 < a < 1) and consider

{ —|div (AIV:U(Z)H%?V? Vir(2) = Aa()|" Ca(e) foranze Qg o
Zir = Vu.

Asbefore A € R is an eigenvalue of ( — A, WOLP(Q)), if problem (1.23) has

a nontrivial solution x € WO1 P(Q), called the eigenfunction corresponding
to the eigenvalue .

PROPOSITION 1.5.17
There exists a first (principal) eigenvalue A\ > 0 and at least one correspond-
ing eigenfunction uy # 0, u1(z) > 0 for almost all z € Q.

PROOF Let )
M I mtven.

x € WP (Q)

lell, =1

. . . . . w .
Consider a minimizing sequence {z,},~;. We may assume that z,, — u; in

WyP(Q) and , — u; in LP(Q). We have [uall, = 1. Also from the weak
lower semicontinuity of the norm functional in a Banach space, we have

IVurlly < Timinf [|Vaa|p = A,

hence ||[Vuy ||} = Ay (since [lu1||, = 1). Therefore A; > 0. Moreover, from the
Lagrange multiplier rule we have that (A1,u1) is an eigenelement of (1.23).
Finally if u; is an eigenfunction corresponding to A;, then |u;| is also an
eigenfunction corresponding to A; and so we can say that u; > 0. 0

1.5.3 Regularity Results

To determine further properties of (A1, 1), we need some auxiliary results.
We start with a result on Sobolev functions and distributions which is due to
Brézis & Browder (1982), where the reader can find its proof.

LEMMA 1.5.2

If we Wy"P(Q) withm >1 and p € (1,+00), T € W (Q)NLL.
for some h € LY(Q) we have h(z) < T(2)u(2) for almost all z € ),
then T'(u) € LY(Q) and

() and

<T7u>W(;n,p(Q) = /T(z)u(z)dz
Q
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Using this general result we shall obtain an L>°(2)-bound for the first eigen-
function u;. In what follows by p* we denote the Sobolev critical exponent
of the Sobolev Embedding Theorem (see Theorem 1.1.5), defined by

o = 7L if p < N,
4o ifp> N

(see also Theorem 1.1.5).

LEMMA 1.5.3
If ue WyP(), p € (1,400), Ayu € LL (), there exist ¢ > 0, r € [1,p*),

s € [1,%) LaeL¥(Q), 14+ L =1, such that

S

—u(2)Apu(z) < a(z)’u(z)‘—i—c‘u(z)

’T for a.a. z € (,

then u € LP~ () for every integer n > 0 where p, is defined by

{p* if p* < 400,

po = 2 max|[ps, r] if p* = +00

and

0 .
Pn+1 = po—I—p—mln{pn—r,——l}.
p s

PROOF Clearly by the Sobolev Embedding Theorem (see Theorem 1.1.5),

we have that v € LP»(Q). Proceeding by induction suppose that for some
positive integer n we have u € LP»(§2). We shall show that v € LP»+1(Q)). For
each k > 1 we consider the following truncation of u,

—k ifu(z) < —k,
ve(2) =< u(z) if =k < wu(z) <k,
ko itk <u(z),

i.e. vg(z) = min {k, max {u(z), —k}}. Also set
g & PPat1—po)
Do
Note that since pg < p,, for all n > 0, we have ¢ > 0. We have
9
—[oe(2)| ok (2)Apu(z) < a(2)|u(z)|
Note that

/ (@@ + cfu)| ) dz < Qally lulZhy + el
Q

9+

|’r‘+’L9

! +c|u(z) for a.a. z € 2. (1.24)
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< (lall, + o) (121 +1) (lulf +1)

since p, = max{r+9,p/(9+1)}. Because |v;["v, € Wy P(Q), Apu €
W=7 (Q) N LL.(Q) (see Theorem 1.1.8) and |v|?vrApu is bounded be-

low by the L'(Q) function z —— —a(z)|u(z)’ﬂ+1 - c|u(z)‘r+ﬂ, we can apply
Lemma 1.5.3 and Green’s identity to obtain

(—Apu, |Uk|ﬂvk>wol,p(ﬂ) = —/|vk|ﬂvapudz
Q
= (0+1) /||Vvk (2)|5x vk (2)|"dz

(19+1( )/Hv o (2)| 7 ())HRNdz

19+p
19+p )

‘U |

27719—!—

where n > 0 is the constant in the Sobolev inequality, i.e.
1,
[0l < nlolwre ¥ oeWyP(Q).

So finally we have

PPn+1

ol < mphen (Il +1).

where 1 = ([lall, +¢) (| + 1) (p%)p. Since v (z) — u(z) for almost all

z € Q, we have vy —— u in LP»+1(Q) and so

PPn+1 PPn41
lully 2% < minf ol < mph (el +1),  (125)
from which it follows that u € LPr+1(Q). I

Next we shall derive a better estimation than (1.25). To this end we consider
the sequence {s,},~,, defined by

if
So = Po,
{snﬂ A (sn—l—s(p—l))é Vn>1, withod =2,

sp

LEMMA 1.5.4
If the hypotheses of Lemma 1.5.3 hold,
then uw € L*™(Q) for all integers n > 1 and we have

IN

sn
lull 32, < sty lullE
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with v > 0 being a constant depending only on c, r, s, N, p, ||al, and |u]|, -

PROOF  We can check easily that for all n > 1, we have

" 56" — 1)
> b=
Pn > po+PoY 0 Po + fo—

-1’
k=1

where (g o min{s(po —7),p0 — s}. Since B9 > 0 and 6 > 1, we see that
prn, — +00 and so by Lemma 1.5.3, we have that w € L"(Q2) for all » > 1.
So in particular we have that |u|"~! € L' (Q) and because of (1.25), we have
that ||u"~* o < 0 with v = o(c,r, 8, N, p, [lall, . [ull,,) > 0. It follows
that

/(a(Z)IuIST" +eulNdz < (llally +evo) ully
Q

So if in inequality (1.24) we replace ¥ by *= —1 and proceeding as in the proof
of the previous lemma, we reach the desired inequality. I

Using the above lemmata we can have an L°°({2)-estimate for the solu-
tions of quasilinear elliptic problems, which are the prerequisite for regularity
results.

THEOREM 1.5.5
If ue WyP(Q), p e (1,400), Ayu € LL (), there exist ¢ > 0, r € [1,p*),

loc

s €1, %), a € L* (Q) with 141 =1, such that

—u(2)Apu(z) < a(z)|u(2)] + c|u(z)

" for a.a. z € Q,
then u € L>(Q) and ||ul|,, <~ with v > 0 is a constant depending only on c,

Tf S; N7 p? ||a’||5’ G/]’ld ||u||p0

PROOF  Using the estimation in Lemma 1.5.4, we shall obtain a uniform

bound for the sequence {{|ul, } .. Set

df df
fn = splnlull, and & = rln(ysh,,).
Then we can rewrite the inequality in the conclusion of Lemma 1.5.4 as
M1 < 5(Mn + gn)

and so

n
pn < Opo+ Y ik Ym>1.
k=1
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Since s, = 6™po + ds(p — 1)%, we have

p—1
6—1

Mpy < 8y < 0"y with v =pg + ds

and so
& < dp + (n+ 1)da,

where d; = sln(yy)) and da = splnd. With an elementary calculation we
obtain

> 8"k < 720",
k=1

with ~ys A (d1 + dg%) %. Finally, we have

lul, < exp( “”) <exp(“0—+’”).
" 0" po Po

Therefore it follows that

i Lo + 72
lull < limsup ul,, < eXp<T)),

n—-+o0o
[

Using this theorem we can have regularity results. The result that follows
is a particular case of a more general result of Lieberman (1988) and we refer
to that paper for the proof.

THEOREM 1.5.6

If uwe Wy P(Q)NL2(Q) and Apyu € L=(9),

then v € CY3(Q) with 3 € (0,1) and lullgrs < v, where v > 0 is a
constant depending only on N, p, ||u and ||Apul .

REMARK 1.5.9 Similar regularity results are valid for the Neumann
problem.

To infer the positivity of the principal eigenfunction u;, we need the fol-
lowing Mazimum Principle due to Véazquez (1984), where the reader can
find the proof of the result.

THEOREM 1.5.7 (Maximum Principle)
If Q CRY is a bounded domain, u € CY(Q), u(z) > 0 for all z € Q,

Apu € L2 (Q) and Apu(z) < B(u(z)) for almost all z € Q where : Ry — R

loc
is a continuous increasing function, such that 3(0) = 0 and either 3(so) =0
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1
for some sg >0 or [ —%—
0 (sB(s)P
then if u # 0, we have u(z) > 0 for all z € Q. Moreover, if u € C*(QU {z0})
and u(zp) = 0 for some zy € I which satisfies the interior ball condition (i.e.
there exists a ball B C Q, such that BNT = {z}), then g—ﬁ(zo) < 0, where

n(zo) is the exterior unit normal on T'.

= +OO,

Using Theorems 1.5.5, 1.5.6 and 1.5.7, we can improve the conclusion of
Proposition 1.5.17 as follows.

PROPOSITION 1.5.18

There exists a first eigenvalue Ay > 0 for problem (1.15) and a corresponding
eigenfunction u; € C1P(Q) (0 < B < 1) satisfying u1(z) > 0 for all z € Q.
Moreover

P
||Vx||p: x € WyP(Q), m;é()}

/\1 = Rp(ul) = 1nf{

(B

In fact we can show that A; is simple and isolated. For a proof of this when
Q) is any bounded domain of RY (no condition on the boundary I'), we refer
to Lindgvist (1990, 1992).

PROPOSITION 1.5.19

The first eigenvalue \1 of ( — Ay, Wol’p(Q)) is positive, simple and isolated
(simple means that the corresponding eigenspace is one-dimensional, i.e. if
u and v are two eigenfunctions corresponding to \1, then u = v for some

9 eR).

What about higher eigenvalues of (— Ay, Wy P (Q))? The Lusternik-
Schnirelmann theory (see e.g. Zeidler (19900, p. 317)) gives in addition to
A1 a whole strictly increasing sequence {\,},~; € Ry (not counting multi-
plicities) for which problem (1.15) has a nontrivial solution. These numbers
are defined as follows. Let

df i
G = {zxeWy™(Q): |Vall, =1}
and let ¥: G — R_ be given by

df
Plx) = — =}
We set
daf .
¢ = inf sup(z),
KeA, zeK
where

A 4 {K C G: K is symmetric, closed and (K) > n}7
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with v denoting the Krasnoselskii Zs-genus (see e.g. Struwe (1990, p. 86)
or Zeidler (19900, p. 319)). The sequence {A,},; C Ry, where A, 4 —i,

n > 1, is strictly increasing and tends to +o0o. These numbers are the so-
called Lusternik-Schnirelmann eigenvalues or variational eigenval-
ues of (— Ap,Wol’p(Q)). For p = 2 (minus the Laplacian), these are the
eigenvalues. However, for p # 2 we cannot say this. Let

A5 4 g {A > A1 1\ s an eigenvalue of (— A, WP (Q))}.

Since A; is isolated (see Proposition 1.5.19), we have that A5 > A;. Anane &
Tsouli (1996) proved the following result.

PROPOSITION 1.5.20
A5 = X2, d.e. the second eigenvalue and the second Lusternik-Schnirelmann
eigenvalue of (— Ay, Wol’p(Q)) coincide.

REMARK 1.5.10 Forn > 1, set
v, L {x e WP(Q): —div (||vx(z)||§;2 Vx(z)) = N |2(2) |22 (2)
for a.a. z € Q}

These are symmetric, closed cones, but in general are not subspaces of
WyP(€), unless Ay, is simple. Also if

w, < Lnjvk and W, £ |J Vi
k=1

k>n

then in contrast to the linear case (i.e. p = 2), for p # 2, in general we do not
have the inequalities

IVal? < Alal?  VocW
and N
[V]? > Xy 2]} Ve Wi

(see Theorem 1.5.3(b)).
This fact is a source of difficulties when dealing with quasilinear problems
(in particular in constructing linking sets, see Chapter 4). I

Let us conclude this section by summarizing the basic regularity results for
linear elliptic equations. These results are standard and can be found with
the proofs in the books of Gilbarg & Trudinger (2001) and Ladyzhenskaya &
Uraltseva (1968).
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Let © C RY be a bounded domain with boundary I'. We consider the
boundary value problem

$|p = 0,

{Ll(x) =f inQ, (1.26)

where L is the linear differential operator in divergence form

N
Ly(2)(z) £ =7 Dj(aij(2)Dix(2))

i,=1

and f is a given function (or functional). An important special case is when
a;; = 0;; in which case we obtain minus the Laplacian operator. We impose
the following condition on the coefficient functions a;;.

H(a)" a;j: @ — R are measurable functions (1 < 4,5 < N), a;; = a;; and
there exists ¢ > 0 such that

N
Z aij ()€€ > c|l€|lzn  for a.a. z € Q and all £ € RY.

i,j=1

THEOREM 1.5.8
Let hypotheses H(a)" hold.

(a) If T is a C*-manifold, a;; € C(Q) and f € WL (Q) for some p €
(1, +00),
then there exists a unique weak solution x € Wy() of (1.26) and there
exists M > 0 independent of f, such that

||$||W1,p(Q) <M ||f||W—1vP/(Q);

(b) If T is a CY'-manifold, a;; € C'(Q) and f € LP(Q) for some
p € (1,+00),
then there exists a unique strong solution x € W?2P(Q) N Wol’p(Q)
of (1.26) (i.e. (1.26) is satisfied pointwise for almost all z € Q) and
there exists M > 0 independent of f, such that

[llg,, < MIFI,;

(¢) If T is a C*%-manifold, a;; € CH*(Q) and f € C*(Q) for some
ac(0,1),
then there exists a unique classical solution x € C%**(Q) of (1.26)
(i.e. (1.26) is satisfied pointwise for all z € Q1) and there exists M > 0
independent of f, such that

||‘T||c2va(§) = MHcha(ﬁ)'
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REMARK 1.5.11 Parts (a) and (b) are usually referred to as the LP-
theory and the LP-estimates. Part (c) is referred to as the Schauder
theory and the Schauder estimates. If p > N, the weak solution is in
C(Q) with 0 < @ < 1 — % and the strong solution is in C%%(Q) with

0<a<l-— % (Sobolev Embedding Theorem; see Theorem 1.1.5). 0

When the coefficients a;; are discontinuous, there is the following result due
to Stampacchia (1965).

THEOREM 1.5.9

If hypotheses H(a)" hold, T is a C*-manifold, a;; € L=(Q) and f € L*(Q) N
LP(Q) withp > &,
then problem (1.26) has a unique weak solution = € W, *(2), such that x €
CY(Q) with 0 < a < 1.

1.6 Remarks

1.1 There are many well-written books on the subject of Sobolev spaces. We
have consulted the books of Adams (1975), Brézis (1983), Evans & Gariepy
(1992), Gilbarg & Trudinger (2001) and Kufner, John & Fucik (1977). The
quasilinear Green formula (Theorem 1.1.9) is due to Kenmochi (1975) and
Casas & Fernandez (1989). The chain rule presented in Theorem 1.1.13 is
due to Marcus & Mizel (1972).

1.2 Set-Valued Analysis (or Multivalued Analysis) is a branch of modern anal-
ysis that developed in the last thirty years in synchronization with Nonsmooth
Analysis. Set-Valued Analysis appears naturally in many applied areas such
as an Optimal Control, Mathematical Economics, Game Theory and Non-
smooth Mechanics. For more details on the theory and the applications of
multifunctions we refer to the books of Aubin & Frankowska (1990), Hu &
Papageorgiou (1997, 2000), Kisielewicz (1991) and Klein & Thompson (1984).
We should also mention the survey paper of Wagner (1977) (see also Wagner
(1980)) and its addendum, the paper of Ioffe (1978) with additions from the
Soviet literature. These papers provide a very detailed survey of the subject
of measurable selectors up until 1980.

1.3 Nonsmooth Analysis appeared in the early sixties to address the needs
of modern applications of analytic optimization in fields like Mathematical
Economics and Engineering. As we already mentioned it developed in syn-
chronization with Set-Valued Analysis and the two fields provide each other
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with new tools, ideas and results. First during the sixties and early sev-
enties developed Convex Analysis, initially with the works of Moreau and
Rockafellar (building on earlier work of Fenchel) and later with other people
also contributing significant results on the subject. The various parts of the
theory of Convex Analysis can be found in the books of Aubin & Ekeland
(1984), Barbu & Precupanu (1986), Ekeland & Temam (1976), Hiriart Ur-
ruty & Lemaréchal (1993), Toffe & Tihomirov (1979), Rockafellar (1970) and
Zeidler (1985). In the early seventies (1973), Clarke, motivated by the fact
that a convex function ¢ is locally Lipschitz in the interior of its effective
domain and that a locally Lipschitz function is differentiable almost every-
where (Rademacher’s theorem), developed his theory of subdifferentiation
for locally Lipschitz functions. This theory and its applications are nicely
summarized in the monograph of Clarke (1983). The mean value property
(Proposition 1.3.14), which will be a useful tool in what follows, is due to
Lebourg (1975). The notion of weak slope (Definition 1.3.10) was introduced
by De Giorgi, Marino & Tosques (1980) and was developed further by Canino
& Degiovanni (1995), Corvellec & Degiovanni (1997), Degiovanni (1997) and
Degiovanni & Marzocchi (1994).

1.4 The first attempts to solve functional equations were based on the notion
of compactness. We should mention that unfortunately the terminology on
the subject is not uniform. Some authors call compact operators completely
continuous and completely continuous operators are called strongly continu-
ous. Other variants are also present in the literature and the reader should be
alert and know in what context the term is used. Operators of monotone type
have their roots in the calculus of variations and were introduced in order to
provide a broader framework of analysis than the one offered by compact op-
erators. The starting point was the gradient of a continuous, convex function.
The theory of monotone operators was launched in the early sixties, initially
with the works of Kachurowskii (who invented the term monotone operator)
and Minty and later by Browder, Brézis, Kenmochi and others who shifted
the focus from Hilbert spaces to general dual pairs of Banach spaces and also
introduced generalizations of the notion of maximal monotonicity. The theory
that was developed can be found in the book of Barbu (1976), Brézis (1983),
Browder (1976), Hu & Papageorgiou (1997, 2000), Pascali & Sburlanu (1978),
Showalter (1997) and Zeidler (19900, 1990a). For the Nemytskii operator the
main references are the books of Krasnoselskii (1964) and Vainberg (1973).
The Ekeland Variational Principle can be viewed as the nonlinear version of
the well known Bishop-Phelps Theorem from the theory of Banach spaces.
Since its appearance (see Ekeland (1974)), the result has found numerous ap-
plications in different fields. For these applications we refer to the papers of
Ekeland (1979) and the books of Aubin & Ekeland (1984) and Phelps (1984).

1.5 The eigenvalues for minus the ordinary p-Laplacian with Dirichlet bound-
ary conditions were obtained by Otani (1984b) (see also del Pino, Elgueta &
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Mandsevich (1988)). For the corresponding discussion of minus the ordinary
p-Laplacian with periodic boundary conditions we refer to Mawhin (2001).
The abstract results about the spectral properties of compact self-adjoint op-
erators can be found in many books on functional analysis. We refer to the
books of Akhiezer & Glazman (1961, 1963), Berberian (1976), Gohberg &
Goldberg (1981), Halmos (1998) and Kato (1976). The specification of these
results on strongly elliptic semilinear partial differential operators follows the
work of de Figueiredo (1982). From this analysis follow easily the spectral
properties of ( — A, H} (Q)) For minus the partial p-Laplacian with Dirichlet
boundary conditions (i.e. for (— A,, Wyt (2))), the first result was obtained

by Otani (1984a), when Q = B,.(0) for some 7 > 0. Later de Thélin (1986)
proved that in that setting the first eigenvalue A\; > 0 is simple. The simplic-
ity of A\; was proved for more general domains with connected boundary T
Anane (1987), assuming that the boundary I' is a C%“-manifold (0 < a < 1),
proved that A\; > 0 is simple, isolated and that u; > 0. Anane actually consid-
ered a weighted eigenvalue problem with m € L>°(f2). Lindqvist (1990, 1992)
established the simplicity of A1 without any regularity assumptions on the
boundary T of €. In Lindqvist (1990) the author studied the continuity of
the dependence of A\; on p. In Allegretto & Huang (1995) we find the weighted
eigenvalue problem for (— Ay, WP (RY)). The result about Ay (see Proposi-
tion 1.5.20) is due to Anane & Tsouli (1996). Results similar to Theorem 1.5.6
were obtained besides Lieberman (1988) by Di Benedetto (1983) and Tolks-
dorf (1984). Finally let us mention that if p = 2 and u,, is the eigenfunction
associated to the eigenvalue \,, the number of components of the nodal set
{u, # 0} is not more than n.
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Chapter 2

Critical Point Theory

In this chapter, we develop the basic theories on the existence, character-
ization and multiplicity of critical points for nondifferentiable (nonsmooth)
functionals. Lack of differentiability is encountered in a variety of cases, such
as free boundary problems (where we deal with functionals involving a combi-
nation of a differentiable and a convex term) and problems with discontinuous
nonlinearities (where we deal with locally Lipschitz functionals). The key is-
sue here is to produce a substitute for the usual pseudogradient vector field of
the smooth theory and through it obtain a deformation theorem, which is the
main tool in the derivation of minimax principles characterizing the critical
points. In Section 2.1, we develop a theory for nondifferentiable locally Lip-
schitz functionals, using the subdifferential theory of Clarke. In Section 2.2
we present a corresponding analysis for locally Lipschitz functionals defined
on a closed and convex set. In Section 2.3 we extend the theory to convex
perturbations of locally Lipschitz functionals. In Section 2.4 we prove a mul-
tiplicity result based on the notion of local linking and we also investigate an
alternative formulation of the Palais-Smale condition, suggested by the Eke-
land Variational Principle. In Section 2.5 we extend the theory to continuous
functionals defined on a metric space. This is done using the notion of weak
slope (see Definition 1.3.10). Finally in Section 2.6 we move beyond contin-
uous functions, to multifunctions with closed graph. This chapter provides
the abstract results which will be used in the variational analysis of boundary
value problems in Chapters 3 and 4.

2.1 Locally Lipschitz Functionals

2.1.1 Compactness-Type Conditions

If Y is a reflexive Banach space and ¢: Y — R is weakly coercive and it
is also weakly sequentially lower semicontinuous (see Definition A.4.2), then
we can find yp € Y, such that

¢(yo) = ;g ©(y)

123
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(i.e. yo is a global minimizer of ¢). However, many natural functionals ¢ that
we encounter are not bounded at all neither from above nor from below (such
functionals are usually called indefinite). Therefore we need to be able to
identify other types of critical points, which are not of minimum or maximum
type. To do this we need a new type of compactness condition.

Let Y be a Banach space and ¢: Y — R a locally Lipschitz function.

DEFINITION 2.1.1
(a) Let
af . *
m? = inf .
W L it Il
We say that ¢ satisfies the nonsmooth Palais-Smale condition at

level ¢ € R (nonsmooth PS.-condition for short), if the following
holds:

“Every sequence {yn}n21 CY, such that
o(yn) — ¢ and m?(y,) — O,

has a strongly convergent subsequence.”

If this property holds at every level ¢ € R, then we simply say that ¢
satisfies the nonsmooth Palais-Smale condition (nonsmooth PS-
condition for short).

(b) We say that ¢ satisfies the nonsmooth Cerami condition at level
¢ € R (nonsmooth C.-condition for short), if the following holds:

“Every sequence {yn},~; €Y, such that

o(yn) — ¢ and  (L+ [lynlly )m?(yn) — O,

has a strongly convergent subsequence.”

If this property holds at every level ¢ € R, then we simply say that ¢
satisfies the nonsmooth Cerami condition (nonsmooth C-condi-
tion for short).

REMARK 2.1.1 The nonsmooth C-condition is slightly weaker than the
nonsmooth PS-condition, while it retains the most important implications of
the nonsmooth PS-condition. However, in most applications the nonsmooth
PS-condition suffices. Nevertheless in order to cover the general case, we shall
base our presentation on the nonsmooth C-condition. 0

REMARK 2.1.2 The nonsmooth C-condition is a fairly strong condition
and it is not satisfied even by “nice” functions. Consider for example the case
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where Y = R and ¢(y) = ¢, ¢ € R (constant function). If we consider the
sequence {n}, -, of natural numbers, then ¢(n) = ¢ and (1 +n)m?(n) =0
(since dp(n) = {¢'(n)} = {0}). However, {n},~, has no convergent subse-
quence. Similarly for the function ¢: R — R defined by ¢(y) = cosy. Con-
sider the sequence {nr}, - ,. If Y is finite dimensional, the prototype locally
Lipschitz function ¢: Y — R which satisfies the nonsmooth C-condition is
a weakly coercive ¢ (see Definition A.4.2(a)). Indeed from the boundedness
of {¢(yn)},,>; it follows that {y,},~,; C Y is bounded and so it has a conver-
gent subsequence. In fact in what follows we show that more generally weak
coercivity and the nonsmooth PS-condition are closely related.

In the next proposition we make a decisive step in the direction of relating
the weak coercivity of ¢ and the nonsmooth C-condition.

PROPOSITION 2.1.1
If 'Y is a Banach space, ¢: Y — R is locally Lipschitz, bounded below and
the number

¢ ¥ liminf o(y)
lylly —oo

is finite,
then there exists a sequence {yn},~; C Y, such that ||y,|, — oo,
o(yn) — ¢ and m¥(y,) — 0. N

PROOF For every n > 1, we can find M,, > 0, such that for any y € Y
with [|ly|ly > M, we have ¢(y) > ¢ — 1. We can always choose M,, so that

M1217
M1 > My + 2 forn > 1.

We can also find {un}nZl C Y, such that

o(un) <c+-  Vn>1 (2.1)
n
and
M, +2+
lunlly > f, V>l (2.2)
1=

Evidently ||u, |y > M, +2 for all n > 1 and so ||u,|l,, — +oc.
Let

a .
n = inf{e(y): yeY}.
Of course —oo < 1 < c. For all n > 1, let us define ¢,: Y — R by

o oy) +c—n if [lylly < My,
eny) = W)+ (e =) (Mn+1—lylly)if My < |lylly < My +1,
e(y) if M, +1< ||ylly -
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Clearly for each n > 1, ¢, is locally Lipschitz and

1
m Loinf{pa(y): yeY) > c-~  Vn>1.

We apply Theorem 1.4.9 with A(r) = [[un |y, o = tn, Yy = Un, e =c+ = =1y

and \ = ﬁ on the function ¢,,. Because of (2.1), we have that

1
Pn(un) = p(un) < c+ "
1 .
=+ lc+=—n,] = infe, +¢
n Y
and so using Theorem 1.4.9 for all n > 1, we can find y,, € Y, such that

(Pn(yn) < (Pn(un) Vn>1 (2.3)

and
(1) < only) + ! lon—ylly V>l yeY (24)
OnYn) = Pnl\lY 7 1 ~|Yn — Y n=z1,y .
V(L Tanlly) v

(note that ¢ < %) and such that

1+ Junly

lyn —un”y < 2/n (2.5)

(note that 7 = % is good for Theorem 1.4.9). In (2.4) we put y = y, +tv

with t > 0, v € Y and obtain

©n(Yn + 1) — on(yn)
t

=& |lvlly < Vn>1,t>0,veYy, (2.6)

. df 4
= = > 1.
with fn \/1_1(1 anll ) for n 1

Letting ¢ ™\, 0, from (2.6) we obtain
=& llvlly < Spgl(yn;v) Vn=>1 veY.

Using (2.5) and (2.2), we see that for all n > 1, we have

||yn||y = ||yn_un+un”y > ”un”y_Hyn_un”y
1 1
> " l1—-— | ——= > M, +2. 2.7
ol (1= 572 ) ~ 5 = Mot (27)

So, from the definition of ¢,,, we infer that

O yn;v) = Plyn;v)  ¥Yn>1, vey.
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Let us set
1
bn(v) £ e¥ Pyiv) VYn>1, veY. (2.8)

Applying Lemma 1.3.2 (with ¢ = 1,,) we obtain y;; € Y* with |ly;|y., < 1,
such that
(Un,v)y < Un(v) Yn>1, vey. (2.9)

Now from (2.8) and (2.9), we have that

<§ny:;7'u>y < ‘po(yn;v) Vn> 1,veY

and so
§nyn € Op(yn) V21,
with ||&,uf ]|y = &n. Hence, using (2.5), for all n > 1 we have
L+ [yaly 4
Lt [lynlly )m?(yn) < A+ llonlly)én < 0 —=
(1 +lel) e S T,V

L+ [[unlly +[lun = yally 4

L+ [lunly 4

4
L+ unlly U S Va T amt ully) VA
4 2

vnoon

and so (1 + [|ynlly )m?(yn) — 0 as n — +oc.
Finally note that since ||y, ||y, > M, +2 for n > 1 (see (2.7)), we have that
lymlly — oo, while from (2.3) and since v (yn) = ¢@(yn), we infer that

o(yn) — c as n — +o0. I

An immediate consequence of this proposition is the following corollary.

COROLLARY 2.1.1

If 'Y is a Banach space, ¢:' Y — R is a locally Lipschitz, bounded below
function and it satisfies the nonsmooth C-condition,
then ¢ is weakly coercive.

The next proposition shows that in the case of locally Lipschitz functions
which are bounded below, the notions of nonsmooth PS-condition and of
nonsmooth C-condition are equivalent.

PROPOSITION 2.1.2

If 'Y is a Banach space, ¢:' Y — R is a locally Lipschitz, bounded below
function satisfying the nonsmooth C-condition,
then it satisfies the nonsmooth PS-condition.
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128 Nonsmooth Critical Point Theory and Nonlinear BV Ps

PROOF Let{y,},~,; CY beasequence, such that {¢(y,)},~; is bounded
and m?(y,) — 0. By virtue of Corollary 2.1.1, ¢ is weakly coercive and so
{yn},>, is bounded. Hence also (1 + ||yn|ly )m¥(yn) — 0 and because ¢
satisfies the nonsmooth C-condition, it follows that {y,},~; has a strongly

convergent subsequence. 1

Finally we show some property of the function m? needed in what follows.

PROPOSITION 2.1.3
Let X be a reflexive Banach space and ¢: X — R a locally Lipschitz func-
tion. The function

Xsz — mf(x)eR

18 lower semicontinuous.

PROOF Let
Ly 4 {zeX: m?(z) <A}

We need to show that for every A > 0, the set Ly is closed. So let {z,}, -, C
Ly and suppose that z,, — x. Note that in the definition of m¥(x,,), the
infimum is actually attained. Indeed recall that the norm in a Banach space
is weakly sequentially lower semicontinuous (see Definition A.4.2(b)) and the
set dp(x,) C X* is nonempty, weakly compact (see Proposition 1.3.8). Hence
we can apply the Weierstrass Theorem (see Theorem A.1.5) and obtain

xy, € 0p(xy), such that m?(z,) = |z, x- Vn>1.

Since Oy is a bounded multifunction (see Proposition 1.3.8) it follows that the
sequence {zy} -, € X* is bounded and so, after passing to a subsequence if
necessary, we may assume that

zr 5 2% in X

n

Because =¥ € dp(x,) for all n > 1, we have that z* € dp(x) (see Proposi-
tion 1.3.9) and
2|l < hm}ranﬂ?ZHX* <A,

hence m¥(x) < A, i.e. € Ly and we have proved that Ly is closed. 0

2.1.2 Critical Points and Deformation Theorem

Let Y be a Banach space and ¢: Y — R a locally Lipschitz function.

DEFINITION 2.1.2 We say that y € Y is a critical point of o, if
0 € Op(y). Here Op(y) denotes the generalized subdifferential of ¢ at y €Y
in the sense of Definition 1.5.7.
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REMARK 2.1.3 From Proposition 1.3.10, we know that if p € C1(Y),
then 0p(y) = {¢'(y)}. So in the smooth case (i.e. ¢ € C*(Y)), the above
definition reduces to the classical one. Recall that if y € Y is a local extremum
of ¢, then 0 € dp(y) (see Proposition 1.3.12(b)).

The basic idea in critical point theory is to examine the variations of the
topological structure of the level sets of a given function ¢. The main tech-
nique here is that of “gradient” or “gradient-like” flows, which are used to
deform these level sets. In finite dimensions or in the Hilbert space setting
with a smooth function ¢, the natural candidate is the gradient flow. In the
more general setting of a Banach space (where we can no longer identify the
space with its dual) still with a smooth function ¢, the gradient V(x) which
belongs in the dual space (hence it cannot generate a flow in the original
space) is replaced by the so-called “pseudogradient vector field.” It is not at
all clear how this notion can be generalized to the present nonsmooth setting.
In what follows we explain how this can be done and we obtain a deforma-
tion theorem, which, next to the compactness condition, is the second main
ingredient in the derivation of minimax characterizations of critical points of
the locally Lipschitz function .

Let X be a reflexive Banach space and ¢: X — R a locally Lipschitz
function. For each ¢ € R we introduce the following sets:

K¢ 4 {zeX: 0€dp(x)},
ke ¥ {zeX: 0€dp(x), px)=c},
{zeX: p(x)<c}

So K¢ is the set of critical points of ¢ having “energy” c and ¢° is the closed
lower level set of ¢ at c. Recalling that set

Grop = {(z,z") € X x X*: 2" € 0p(x)}
is sequentially closed in X x X* (here X denotes the reflexive Banach space
X* furnished with the weak topology; see the proof Proposition 1.3.9), we can

easily check that if ¢ satisfies the nonsmooth C-condition, then the set K¢ is
compact. In what follows for § > 0 we set

(K)s L {weX: dy(z,K?) <6}

and by (K¢)§ we denote its complement.
Also for any ¢ € R and d,¢ > 0, we put

g 4 {reXx: ‘w(m)—0‘§€}ﬂ(Kf)§'

c,0,e
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LEMMA 2.1.1
If ¢: X — R satisfies the nonsmooth C.-condition,
then for each § > 0 there exist v, > 0, such that

v < (1+||x||X)m9"(x) V;UEEf?&E.

PROOF  Suppose that the result is not true. Then there exists § > 0,
such that for any v, e, \, 0 we can find z,, € (K¢)§ with

c—en <@(xn) <ctep and (14 [|2n]x )M (zn) < Y.

So (1+ [|#n|lx )m¥(x,) — 0 and because by hypothesis ¢ satisfies the non-
smooth C.-condition, by passing to a subsequence if necessary, we may assume
that @, — z in X. Therefore we have p(x,) — ¢(x) = ¢. Moreover, from
lower semicontinuity of m? (see Proposition 2.1.3), we have that
m¥(z) < liminfm?(z,) = 0,
n—-4o0o

hence m¥(z) = 0 and so x € K¢, a contradiction to the fact that z, € (K¢)§
for all n > 1 (hence also x € (K¢)§). This proves the lemma.

Using this lemma, we can now obtain a locally Lipschitz vector field which
plays the role of the pseudogradient vector field of the smooth theory.

PROPOSITION 2.1.4

If ¢: X — R satisfies the nonsmooth C.-condition, § > 0 is given and
v, >0 are as in Lemma 2.1.1,
then there exists a locally Lipschitz vector field

{

PROOF  Let z € E7;_ and take 2* € (), such that m?(z) = [|z*[| ..
We have that

. ¥
v B — X,

such that

)y <1+l

@ *
< <:Z?*,v(x)>X VeekE ™ € 0p(z).

c,0,e)

o2

Bjos) . NOp(z) =0,

where for every r > 0, B, 4 {z € X : |z|]|y <r}. By the Weak Separation
Theorem (see Theorem A.3.3) for convex sets, we can find u(z) € X with
[lu(z)|| x =1, such that

<z*,u(9€)>X < <x*,u(x)>x V 2" € Blpr| ., " € 0p(x).
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Note that

sup { (2%, u(x))  © 2" € Bgr . } = l2*llx. = m#(x).
So by virtue of Lemma 2.1.1, we have

~

SaT ey < M@ = Il < tul)y Vet e dp()

(2.10)
From Proposition 1.3.9 we know that the multifunction z — 9p(x) is upper
semicontinuous from X into X . Hence so is the multifunction z — (1 +
]l x )0 (). Let

v e {y* e X*: % <(y*,u(z)) }.
The set V is weakly open in X*. Moreover, from (2.10) we see that
(1 + Izl x )op(z) S V.
So we can find r(x) > 0, such that

(T4 llyllx )0e(y) SV Vy € Byy)la).

Hence it follows that

SIS < s VueBoW. v edu). (1)

The collection { B,(;)(z) }EGEﬁa,s

compactness, we can find a locally finite refinement {U;};cs of it and a locally
Lipschitz partition of unity {&;};c; subordinate to {U,};c;. For each i € I, we
can find z; € E(f 5 such that U; C B, (s,)(xi). To each such z; corresponds
u(x;) € X with [lu(x;)||y = 1 for which (2.10) holds with = ;. We define
v: EY;, — X by

c,0,e

is an open cover of the set ng 5.~ By para-

o@) L (142l )Y Gle)ulz) Ve B
el

Evidently v is well defined locally Lipschitz and [[v(z)| y < 1+ |z| 5 for all
V x € E?; _. Moreover, using (2.11), we have that

c,0,e

(" v(@) x = D &lx) (L + Izl x) (2", ul@i))

icl

Ty o
> 5162151(95) = 3 VzeEl;,, ° €0p(z).
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Using this proposition we can have a deformation theorem, which is the
main analytical tool in deriving minimax characterizations of critical points
of a locally Lipschitz function ¢.

THEOREM 2.1.1 (Deformation Theorem)

If ¢: X — R satisfies the nonsmooth C.-condition
then for every eo > 0 and for every neighbourhood U of K¢ (if K¢ = (), then
U = 0) there exist ¢ € (0,e0) and a continuous map n: [0,1] x X — X, such
that for all (t,z) € [0,1] x X, we have

(@) lInt, ) —=llx < (e+1) A+ [lzlly)t;

(b) if |<p(x) — c‘ > €9 or m¥(x) =0, then n(t,z) = x;
() n({1} x %) C = ULU;

(d) e(n(t,2)) < o(@);

(e) if n(t,x) # x, then ¢(n(t,z)) < p(z);

(f) n satisfies the semigroup property, i.e.

n(s,-)on(t,:) =n(s+t,-) vV s,te€0,1], s+t<1;

(g) for each t €10,1], n(t,-) is a homeomorphism of X ;
(h) if ¢ is even, then for every t € [0,1], n(t,-) is odd.

PROOF Let ¢g > 0 and let U be any neighbourhood of K¢ (U = 0, if
K¢ =0). Recall that the set K¢ is compact. So we can find § > 0, such that
(K¥#)3s C U. By virtue of Lemma 2.1.1, we can find v > 0 and z € (0, ¢9),
such that

v < (L4 lz]ly )mP(z)  Yae (KN (97 \ ¢ F).

Consider the following two closed subsets of X:

c,0,€

4 A (E“’ )C = {zeX: ’@(m)—C’Z?}U(Kf)&

g
Cy = Ej%é = {x € X: ‘cp(m) - c’ < 5} N(KE)5s-
Clearly we have C; N C2 = 0. So by Urysohn’s lemma (see Theorem A.1.12),
we can find a locally Lipschitz function £: X — [0, 1], such that |z, = 0 and
&le, = 1. Also let v: Ef, sz — X be alocally Lipschitz vector field obtained

in Proposition 2.1.4. Using £ and v we define L: X — X by

g [ —E(x)v(z)if v e BY;
Liz) = { 0 otherwise VeeX.
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Evidently L is locally Lipschitz and

IL@)x = @) v@)llx < llv@)llx < 1+lzlx  Voe Bl

SO
IL@)x < 1+2llx  VzeX (2.12)

and from Proposition 2.1.4, we have

(@ L) = —€@)(a"v(@)y < —€()5
VaoeE?;_, % e dp(x)

c,0,2°

(2.13)

Fix z € X and consider the following Cauchy problem in the reflexive Banach
space X:

d_ _

{g—tn(x)(t) = L(n(z)(t)) for a.a. t € [0,1], (2.14)
1n()(0) = .

The fact that L is locally Lipschitz and has sublinear growth (see esti-

mate (2.12)) implies that problem (2.14) has a unique global Caratheodory

solution 7(z), i.e. Tj(x): [0,1] — X is an absolutely continuous function

which satisfies (2.14) (note that because X is reflexive, 7j(x) is differentiable
almost everywhere on [0,1]). Using (2.12) we have

@) @) -zl < / 1L @) ()] ds (2.15)

t

< [as i@l < @+l [ - o ds
0

0

(a) Using Gronwall’s inequality (see Theorem A.4.3) in (2.15) and apply-
ing (2.12), we obtain

@)t ol < @l [ @ ol se-ds

0
A+l t+ @+ llzlx) e (1—e™)

= (L4 lelx)t+ @+ 2l x) (e = 1)
< (At flzlx)t+ @ +[lelix)et = (e+1) (1 + flzflx)t.

This proves part (a) of the theorem.

(b) If m?(z) = 0, then it is clear that 7j(x)(t) =  for all ¢ € [0, 1].
Let |¢(z) — ¢| > €. Then &(z) =0 and L(z) = 0. So we have

n(z)(t) == Vtelo,1)
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(recall that the solution of (2.14) is unique). This proves part (b) of the
theorem.

(d) Next let us define h: [0,1] — R by

i

h(t) = o(7()(1)-

Clearly h is an absolutely continuous function and as such it is differentiable
almost everywhere on [0, 1]. Moreover, from Proposition 1.3.18, we have

W (t) < max {(z*, %ﬁ(x)(t»x 2% € Op(n(z)(t))} for a.a.t € [0,1],
o

K (t) < max{(z", L(ﬁ(x)(t))>X 2 € 0p(n(z)(t))} for a.a.t € [0,1].
By Proposition 2.1.4, we have that

R'(t) < { _@ if o € Bsz for a.a. ¢t € [0,1]
0 otherwise
and so h is nonincreasing. It follows that
o(M(z)(t)) = h(t) < h(0) = () for a.a. t € [0, 1], (2.16)
which proves part (d) of the theorem.

(e) The inequality (2.16) is strict if 2 € EZ 5. So

if 7(@)(t) £ then p((@)(1) < o).

This proves part (e) of the theorem.

(c) Let o > 0 be such that (K&),; C B,. Choose 0 < ¢ < E < £, such that
4e < v and  4e(1+p)(e+1) < &r. (2.17)

We argue by contradiction. Suppose that statement (c¢) of the theorem is not
true. We can find x € ©*¢, such that

o(M(2)(1)) > c— e and (x)(1) € U°.
From an earlier argument we know that the function
t — h(t) = ¢(7(x)(t)) is nonincreasing.

So we have
c—e < o(M@)(t)) < c+e Vte[o,1]. (2.18)
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Also we have that
7(2)([0,1]) N (KE)y5 # 0. (2.19)

Indeed if this intersection is empty, then from (2.13) and the properties of &
we have that

1< [ W = e - (). (2.20)

But recall that € ¢“*¢. So using this and (2.18) in (2.20), we obtain that
v < 4e, a contradiction to the choice of € > 0 (see (2.17)). Therefore (2.19)
holds.

From (2.19) it follows that we can find 0 < ¢; < t3 < 1, such that

ZIJ (tl f) = 25,
n(z)(t2), Kf) = 39, (2.21)
26 < d, (M(z)(t),K¢) < 38 Vi€ (t1,t2)

(recall that (K¥)ss € U and 7j(z)(1) € U®). Invoking (2.13) once more, we
obtain

IN
I
=
—~
»
~—
U
»
|
S
—~
3l
—~
8
~—
=
-
S~—
~
I
S
—~
3
—~
~—
=
no
S~—
~
AN
[\
)

y
Lty —t
2(2 1)

(see (2.18)). Thus
€
to—t; < —. 2.22
S (2.22)

So from (2.21) and using Gronwall’s inequality (see Theorem A.4.3) as in part
(a), we have

==
IN

) e2) - @) < / a0 s

(e+1) (L +[[(x) (1)l x) (t2 — 1)

From (2.21), (2.22) and the choice of p > 0 we have

IN

4
§ < (e+1)(1+0)—
Y
But this contradicts the choice of ¢ > 0 (see (2.17)). This proves part (c) of

the theorem.
So if we set

. t) L)) ¥ (te) e0,1] x X,

we finish the proof of the theorem. I
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2.1.3 Linking Sets

Next we introduce a topological notion, which is crucial in the derivation
of the minimax characterizations of the critical points of ¢.

DEFINITION 2.1.3 Let Z be a Hausdorff topological space and let D C Z
be a nonempty subset. We say that the set D is contractible, if there exists
a continuous function h: [0,1] x D — Z (the so-called homotopy) and a
point zo € Z, such that h(0,x) = x and h(1,z) = zo for all x € D.

DEFINITION 2.1.4 Let Z be a Hausdorff topological space and A,C C Z
two nonempty subsets. We say that the set A links C if and only if ANC =0
and A is not contractible in Z \ C.

REMARK 2.1.4 A contractible set is both simply connected (i.e. every
closed path is contractible) and path-connected (i.e. any two points can be
connected by a continuous curve). Note that the notions of simple and path-
connectedness are independent.

We should point out that in most books on the subject, we find the following
definition of the notion of linking:

“Let Z be a Hausdorff topological space and A and C be two
nonempty subsets of Z. We say that A and C' link if and only if
there exists a closed set B C Z such that A C B, ANC =0 and
for any map 9 € C(B; Z) with 9|4 = id,, we have 9(B)NC # 0.”

Let us denote our definition of linking (see Definition 2.1.4) by L; and this
last definition by Lo. If Z is a locally convex space, A is the relative boundary
of a nonempty bounded convex set B C Z, then we have that L,; «<=Lo, i.e.
the two definitions are equivalent.

First we show that Lo =L;. Suppose that the implication is not true.
Then we can find zp € Z and a continuous map h: [0,1] x A — X \ C, such
that h(0,z) = z and h(l,z) = zg for all z € A. Let v € rint B and for each
@ € B, let r(x) > 1 be such that (1 —r(z))v +r(z)z € A. Evidently the map
x +— r(x) is continuous. Then let us set

y(z) £ <1—%,(1—r(x))v+r(w)x> Y z € B.

We see that v: B — [0,1] x A is continuous and
~(z) = (0,z) VaoeA.
Let 9 L ho v: B— X \ C. Evidently ¥ is continuous and

{19(96) =h(v(z)) =h(0,2) == VzeA,
IB)NC =1,
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a contradiction to the fact that Lo holds.

Next we show that L; =>L,. Again suppose that the implication is not
true. Then we can find ¢ € C(B; Z), such that ¥|4 = id, and 9(A)NC = 0.
For a given zg € A let h: [0,1] x A — X be defined by

h(t,z) =9((1 — t)z + tz) v (t,z) € [0,1] x A.

Evidently A is continuous and

h(0,2) = d(z) = =z
{ ) = 9(z0) = 2 Ve A

Moreover, since $(A) NC = @, h has values in Z \ C, which implies that A is
contractible in X \ C, a contradiction to L.

As we shall see in the sequel, the setting used in this equivalence is the one
that appears in applications.

Next we present some characteristic examples of sets which link. First we
prove a simple auxiliary result which we shall need in the discussion of the
examples that follow.

LEMMA 2.1.2

If 'Y is a finite dimensional Banach space, U CY is a nonempty, bounded,
open set and yo € U,

then AU is not contractible in Y \ {yo}.

PROOF  Suppose that the lemma is not true. Then we can find
h: [071] x U — Y\{yo},

a contraction of U in Y \ {yo} to some point ug € Y. Let g: U — Y be the
map defined by o
g(z) = ug Vzel.

Then from the properties of Brouwer’s degree, we have

1 = DB(idgaUayO) = DB(h(O7')7U7y0) = -DB(h(la')aU7y0)
DB(gaU7y0) = 0,

a contradiction. I

Now we are ready to present examples of sets which link.

EXAMPLE 2.1.1 (a) Let Z be a Banach space, A = {z1,22}, C =
OBr(z1) ={x € Z: ||z —x1|, = R} with R > 0 and ||z — 22|, > R. It is
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clear that A is not contractible in Z \ C. Note that A and C also link in the
sense of Definition Ly in Remark 2.1.4.

(b) Let Z be a Banach space, Z = Y @ V with dimY < +oo, A =
{reY: ||z, =R} with R > 0 and C = V. Then the set A links C.
Indeed if this is not the case, then we can find h: [0,1] x A — Z\ C, a
contraction of A in Z\ C. Let P,: Z — Y be the projection operator to the
finite dimensional subspace Y and let

Y(t,z) = (P, o h)(t,x) Y (t,x) € [0,1] x A.

Then ¢ is a contraction of A in Y\ {0}, which contradicts Lemma 2.1.2 (take
U=Br={xecY: |z||, <R}). Again the two sets A and C also link in
the sense of Definition Ly in Remark 2.1.4.

(c) Let Z be a Banach space, Z =Y @ V with dimY < +o0, vg € V with
lvoll, =1,0 <7 < R. Let

BEL {y+tv: 0<t<R, yeY, |lyl, <R}
and let A be the boundary of B, hence
A={y+tw: te{0,R}, llyll, <Rortel0,R] [lyl, =R}

and let
df
C ={zeV: |z|,=r}.

Then the set A links C. As in the previous example, we proceed by contra-
diction. Suppose that h: [0,1] x A — Z \ C is a contraction of A in Z \ C.
Consider the projections P, : Z — Y and Py: Z — V and set

bt,e) L (P, oh)(t,z) +||(Py o h)(t,)|| ; vo.

Then ¢ is a contraction of A in (Y ¢ Rug) \ {rvg}, which contradicts
Lemma 2.1.2. As in the previous examples, the two sets also link in the
sense of definition Lo in Remark 2.1.4. I

2.1.4 Minimax Principles

The next abstract minimax principle will generate as byproducts nonsmooth
versions of the classical Mountain Pass Theorem, Saddle Point Theorem and
Linking Theorem.

Recall that X is a reflexive Banach space and ¢: X — R is a locally
Lipschitz function. For a given subset A C X by H4 we denote the set of all
contractions of A to a point in X.
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THEOREM 2.1.2
If A,C C X are nonempty subsets, A is closed, A links C, ¢ satisfies the
nonsmooth C.-condition with

df

inf sup  (poh)(t,z)
h€H 4 (t,x)€[0,1]x A

c

and
supp < infp,
A c

then ¢ > iIéf(p and c is a critical value of .
Moreover, if ¢ = igf @, then there exists a critical point o € C of ¢ with
o(z9) =0 (i.e. KENC #D).

PROOF  Since by hypothesis the set A links the set C, according to
Definition 2.1.4, we have

h([0,1] x AANC #0 VY he Hy

and so it follows that iréf p<ec

Case 1. First assume that irclf @ < c¢. Suppose that the conclusion of the
theorem is not true. Then K¥ = (). We take U =, > 0 andn: [0,1]xX —
X as in the Deformation Theorem (see Theorem 2.1.1). From the definition

of ¢ we can see that we can find h € H 4, a contraction of A in X to some
point ug € X, such that

o(h(t,z)) < c+e Vtelo,l], x € A (2.23)

Let h: [0,1] x A — X be defined by

~ ar [ n(2t,z) fo<t<i
h(t,z) = {n(lvh(2t_lam)) iflct<1 Vaoe A (2.24)

Evidently h € C([0,1]) x A; X) and

E(O,x) =n(0,z) ==
= = VaoeA
{ h(1,2) =n(1,h(1,z)) = n(1,uo)
So h € Hy. From Theorem 2.1.1(d), we have
p(b(t,2)) = o(n(2t)
< p(z) < supp < ¢ V (t,x) € [0,1] x A. (2.25)
A
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As from (2.23), we have that

h(t,z) € p°t° Y (t,z) € [0,1] x A,
so using Theorem 2.1.1(c), we obtain
@(h(t,x)) = 4,0(77(1,71(225— l,x)))
<c-e<c V() e[51] xA (2.26)
But ingqualities (2.25) and (2.26) contradict the definition of ¢. Therefore
K¢ #(.

Case 2. Now assume that ¢ = iréf . We need to show that K¥ N C # 0.

Proceeding by a contradiction argument, suppose that this intersection is
empty and let U be a neighbourhood of K¢, such that U N C = ) (recall that
K¢ is compact). Let € > 0 and 7: [0,1] x X — X be as in the Deformation
Theorem (see Theorem 2.1.1). As before we choose h € Hp, such that

o(h(t,z)) <c+e VY (t,z)€[0,1] x A

Let h: [0,1] x A — X be as before (see (2.24)). From Theorem 2.1.1(e), we
have

n2t,z) =z or ¢(n(2t,z)) < p(z) < iréfgo =c V (t,z) € [0,1] x 4,

hence 7(2t,x) € C°. But from Theorem 2.1.1(c), we have
n(l,h(2t—1,x)) € YTTUU Y (t,xz) € [%,1] x A,
while from the choice of U and the definition of ¢, we have
(e FuU)NC=0.

Therefore & is a contraction of A in X \ C, a contradiction to the fact that
A and C link. Thus K¥ N C # () and in particular K¥ # (). This proves the
theorem. 1

THEOREM 2.1.3 (Nonsmooth Mountain Pass Theorem)
If there exist x1 € X and v > 0, such that ||z1| x > 7,

max {¢(0), p(z1)} < inf o(z) (2.27)

lzllx=r

and ¢ satisfies the nonsmooth C.-condition with

c= inf sup ¢(y(t)),
~eT te[0,1]
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where
r 2 {yec(o,1:X): 7(0)=0, v(1) =},

then ¢ > | }lnf o(z) and c is a critical value of ¢.
x X:T’

Moreover, if ¢ = inf {¢(x) : |lz||x =r}, then there exists a critical point xg
of ¢ with p(zo) = ¢ and ||xol|x =7 (i.e. KENOB, #10).

PROOF Let
A d:f {0,331},
L oB ={zeX: |z|x=r}.

Clearly the set A links C' (see Example 2.1.1(a)) and ¢ < 400. Let v € I and
consider the function h.: [0,1] x A — X defined by

df [~(@)ifx =0,
hy(t ) = {xl ifx =a;.

Evidently h, € C([0,1] x A; X) and

hv(oao) =0, h’Y(val) = 1,
hy(l,2) =21, Va€A,

hence h, € Hs. So

inf sup  ¢(h(t,z)) < sup  p(hy(t,x)) = sup o(y(t)).
heHa (t,xz)€[0,1]xA (t,z)€[0,1]x A te[0,1]

Since v € I was arbitrary, it follows that

inf sup  ¢(h(t,z)) < (2.28)
heHa (t,z)€[0,1]xA

On the other hand, if h € Hy, then if we define

dr [ h(2t,0) ifo<t<i,
() = {h(2—2t,x1)if§<t<1,

we see that v, € C([0,1]; X) and
v,(0) = h(0,0) =0, (1) = h(0,z1) = 21,
hence v, € I'. Therefore we have

¢ < sup <p(’yh(t)) = sup tp(h(t,x)).
te[0,1] (t,z)€[0,1]x A
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Since h € H4 was arbitrary, it follows that

¢ < inf sup  ¢(h(t,z)). (2.29)
heHa (t,xz)€[0,1]xA

From (2.28) and (2.29) and applying Theorem 2.1.2 we obtain the thesis of
the theorem.

REMARK 2.1.5 In the statement of Theorem 2.1.3, the choice of 0 as
the second point in the set A was made only for convenience. In fact we
can replace 0 by any other point z; € X, such that |z2 — x|y > r. Also
we emphasize that in Theorem 2.1.3 the inequality (2.27) need not be strict
(relaxed boundary conditions).

THEOREM 2.1.4 (Nonsmooth Saddle Point Theorem)
If X =Y &V withdimY < +o0, there exists r > 0, such that

max @(x) < inf p(z) (2.30)
€Y €V
lzllx =7

and ¢ satisfies the nonsmooth C.-condition with

c ¥ inf sup o (v(z))
~yel'zeFE

where

d .
EL {zey: |y<r},
8EI == {xEY Hx”X:T};

then ¢ > ir‘}f@ and c is a critical value of . Moreover, if ¢ = ir‘}f @, then
VNK? #0).

PROOF Let AL 9E and ¢ £ V. From Example 2.1.1(b) we know that
the set A links C'. Next let v € I' and set

hy(t,z) = v((1 - t)z) Y (t,x) € [0,1] x A.
Evidently hy € H4. So we have

inf sup  o(h(t,z)) < sup  o(hy(t,2))

heHa (t,z)€[0,1]xA (t,z)€[0,1]x A
= sup o(y((1-t)x)) = supp(y(@)).
(t,x)€[0,1]x A x€E
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Since v € I was arbitrary, it follows that

inf sup  ¢(h(t,z)) < (2.31)
he€Ha (t,z)€[0,1]xA

On the other hand, if h € Hy4, then for some z; € X we have h(1,z) = z; for
all x € A and let us define

df [ h(t,z)if (t,z) € [0,1] x A,
g(t,e) 2 {zl if (t,2) € {1} xXE.

Then &: ([0,1] x A) U ({1} x E) — X is continuous. Let ¢: E —
([0,1] x A) U ({1} x E) be a homeomorphism, such that ¥(4) = {0} x A.
We have that £ o) € T" and so

c < sup @((foz/})(tx)) = sup go(h(t,x)).
(t,2)€[0,1]x A (t,z)€]0,1]x A

Since h € H, was arbitrary, it follows that

¢ < inf sup  ¢(h(t,z)). (2.32)
heHa (t,z)€[0,1]xA

From estimates (2.31) and (2.32) and applying Theorem 2.1.2 we obtain the
theorem. 1

REMARK 2.1.6 Again we emphasize that in the formulation of Theo-
rem 2.1.4, we have relaxed boundary conditions.

THEOREM 2.1.5 (Nonsmooth Linking Theorem)
If X =Y @V withdimY < 400, 0<r < Randvy €V, |[wlx =1 are
such that
< inf
A
where .
QL {a=y+iw: yeY, 0<t<R, |yly <R}

and 0Q is the boundary of Q in'Y & Ruyg, i.e.
0Q = {a: =y+tv: yeY, tc{0,R}, |lylly <Rorte(0,R], |lylly = R}

and ¢ satisfies the nonsmooth C.-condition, where

daf .
= f 5
¢ % inaebw)

with "
I' = {yeC(@;X): 7|og =1id},

© 2005 by Chapman & Hall/CRC



144 Nonsmooth Critical Point Theory and Nonlinear BV Ps

then ¢ > inf x) and c is a critical value of .
T x€dB,NV SD( ) f(p

Moreover, if c=  inf
z€EOB, NV

of ¢ with p(xg) =c (i.e. KEN(OB, NV)#0).

(), then there exists a critical point xg € 0B, NV

PROOF Let A=0Q and C = 0B, NV. From Example 2.1.1(c) we know
that the set A links C'. Because @ is compact, we have that ¢ < 400. As in
the proof of Theorem 2.1.4, we can check that

c= inf sup  ¢(h(t,z)).
heHa (t,x)€[0,1]x A

So we can apply Theorem 2.1.2 and finish the proof of the theorem. I

When ¢ is bounded below (i.e. is not indefinite), then the nonsmooth
C.-condition implies the existence of minimizers which of course are critical
points of .

THEOREM 2.1.6
If ¢: X — R is a bounded below function satisfying the nonsmooth Ce-
condition with ¢ £ i?(f ®,

then there exists xo € X, such that o(xo) = i&f ©.

PROOF Applying Theorem 1.4.9 with € = % forn>1, A=1,h(r)=1
and zo = 0, we generate a sequence {zn},; C X, such that p(z,) i%f(p
and
% l2n — vl x

Vn>1l yeX
L+ ||lznllx

o(rn) < @(y)+

and so

||$n _yHX
- < p(y) ()  Vn2>1,yeX.
n(1+ ||z, x)

For every n > 1, let y = x,, + tu with ¢ > 0 and u € X. We have

_ u < PEn +tu) — p(zn) e a0 mex
n(l+ flanllx) ~ t > 1, :
and so
U
ey S ¢ VrxlueX.
nllx
Let

P (u) A n(1+||xn|\X)<p0(xn;u) Vn>1, ue X.
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Then 1, is sublinear, continuous with ,,(0) = 0 and for all u € X, we have
—JJul|y < ¥n(u). So we can apply Lemma 1.3.2 and obtain y} € X* with
llys |l « < 1, such that

<y:;7u>X < ¢n(u) Vn>1, ueX.

Let us set

We have that
(x5, uyy < @ (znsu) Vn>1 ve X.

So z} € dp(zy,) for n > 1 and we have

S

* 1 *
(L llonllx )m?(@n) < L+ lzallx) lonllx. = Syl <

Since ¢ satisfies the nonsmooth C.-condition, by passing to a subsequence if
necessary, we may assume that

T, — xo in X.

Hence ¢(x,) \, p(zo) and so ¢(xg) = i&f ®. 1

2.1.5 Existence of Multiple Critical Points

Under a symmetry condition, we can have a multiplicity result about critical
points. For this purpose we shall need the notion of Krasnoselskii’s genus, first
mentioned in Section 1.5. Let us recall the notion.

DEFINITION 2.1.5 LetY be a Banach space and let

A L {ACY: Ais closed and A = —A}

(i.e. Acs is the family of all closed symmetric subsets of Y ). A nonempty sub-
set A € Acs is said to have Krasnoselskii’s genus k (we write v(A) = k), if
k is the smallest integer with the property that there exists an odd continuous
map h: A — R¥\ {0}. If no such k exists we set y(A) = +oo and if A=),
we set y(A) = 0.

REMARK 2.1.7 If A € A, by the Tietze’s extension theorem (see
Theorem A.1.2), any odd h € C(A4;R¥) can be extended to h € C(Y;R¥).
Moreover, setting

hy) L3 ()~ (=),

N | =
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we can choose the extension to be odd. The Krasnoselskii genus is also called
the Zs-index of Krasnoselskit, since it is a topological index corresponding
to the symmetry group Zs = {id,,, —id, }.

The next proposition summarizes the basic properties of . For a proof of
this result we refer to Struwe (1990, p. 87).

PROPOSITION 2.1.5

Let A,C € Aes and let h € C(Y;Y) be an odd map. The following hold:
(a) v(A) >0 and v(A) =0 if and only if A=0;

(b) if h(A) C C, then v(A) <~(C);

(c) if ACC, then v(A) <~(C) (monotonicity);

(d) Y(AUC) < A(A)+7(C) and if ¥(C) < +o0, then y(A\ C) = v(A)—~(C)
(subadditivity);

(e) v(4) < v(h(A)) (supervariance);

(f) if A € Acs is compact, then y(A) < +oo and there exists § > 0, such
that v(A) = ~(As), where

A5 L fyey: d,(y,4) <6}

(continuity);

(g) if U is a bounded symmetric neighbourhood of the origin in RF, then
V(0U) = k;

(h) if V is a closed subspace of Y with finite codimension and ANV = 0,
then v(A) < codim V;

(1) if v(A) > 1, then A contains infinitely many distinct points, while if
A={tz;: i €I} with0 < card] < 400, then y(A) = 1.

REMARK 2.1.8 Property (g) illustrates that the notion of genus gener-
alizes the notion of dimension in a linear space. I

Recall that if ¢ € R, then ¢° g {reX: px) <c} and K¥ 4
{x e X: 0€dp(x)} (the set of critical points of ¢). Now we can show the
following multiplicity result about critical points of .

THEOREM 2.1.7

If X is a reflexive Banach space, p: X — R is a locally Lipschitz function
and

© 2005 by Chapman & Hall/CRC



2. Critical Point Theory 147

(i) ¢ is even and ¢(0) = 0;
(i) ¢ satisfies the nonsmooth C-condition;

(iii) there exist a subspace V' of X of finite codimension and numbers 3,r > 0,
such that

pz) >4 VoedB.NV;

(iv) there is a finite dimensional subspace Y of X with dimY > codimV,
such that ¢ is anticoercive on'Y, i.e.

p(z) — —o0 as ||z||x — +oo with z €Y,
then K¥ has at least dimY — codim V' pairs of nontrivial elements.

PROOF  Assume that for some d > 0, ¢~¢ contains no critical points of
¢ (otherwise there are infinitely many critical points and so there is nothing
to prove). Let R >r be such that |, , < —d (see hypothesis (vi)). Let

R

mZLcodimV, kLdimy, BL By = {seV: ||y <R}

For j € {1,...,k}, we introduce the following objects:

g5 4 {neC(B;X): nisodd and n|sp is homotopic to id|sp
in gofd by an odd homotopy},
Iy g {n(B\U): ne9, U is open in B and symmetric,

UNOB =0 and for each Z C U with Z € A.s we have
1(Z) <k —j},

A; = {ACX: Ae A, Ais compact and for each open W,
such that A C W, there exists Ag € I'; with Ag C W}

Note that B € A; with Ay = B, U = () and n = id|p so that A; # () for all
j€{1,...,k}. We introduce the following numbers:

¢ I int sup () vjed{l,...,k}.
AEA; z€A

Using standard topological arguments (see Szulkin (1986, Lemmata 4.5
and 4.6)), we obtain:

(a) ¢;>pforall je{m+1,...,k}.
(b) Aj;1 CAjforall je{l,....,k—1}.
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c) If A e A;, Cis a closed and symmetric set, such that A C int C' and
j
¢: C — X is an odd map, such that ¥|cn,-a is homotopic to id|cn,-a
by an odd homotopy, then ¥(A) € A;.

(d) If D € Ag is compact, v(D) < [ and ¢|p > —d, then there exists a
number § > 0, such that for each A € Aj;; we have A\ int D5 € A;.

By virtue of (a) and (b), we have 8 < ¢;,41 < ... < ¢g. Suppose that
Cmt1 = ... = Cmy141 = c for some [ € {0,..., k—m —1}.

Because ¢ is even, we have that K7 is symmetric and of course it is compact
(since ¢ satisfies the nonsmooth C-condition). Note that ¢ > 0 (since ¢ > 8 >
0) and so 0 & K¢ (recall that ¢(0) = 0). Hence Kf € Acs.

We shall prove that [ + 1 < y(K¢). Suppose that this is not the case. So
~v(K¢) < 1. By virtue of Proposition 2.1.5(f), we can find § > 0, such that

1(K¢) = ().
Let ¢g > 0 and
UL int (m) .

According to the Deformation Theorem (see Theorem 2.1.1), we can find
e € (0,e9) and a continuous map 7n: [0,1] x X — X satisfying statements
(a)-(h) of that theorem. In particular, we have that n has the semigroup

property
n(sv)on(ta):n(8+ta) VS,tE[O,l],S—FtSl

and for each ¢ € [0,1], n(¢,-) is an odd homeomorphism. From Theo-
rem 2.1.1(b) and (c), we have that

n(l,z) =z Vo € e\ pomeo

and
n(1, e \U) C .
We can find A € A4, such that

sup p(z) < c+e.
€A

Because K¢ is compact, 7(K¢) < [ and ¢|ge > —d, by (d) above and if
d > 0 is small enough, we have that A\ U € A; (recall the definition of U).
Moreover, A\ U C ¢°t¢\ U and so

n(L,A\U) € o=
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Thus if ¢ is sufficiently small we have n(1,z) = x for all z € p~¢

(c) above, n(A\U) € A;. We have

and so by

sup{p(z): zen(l,A\U)} < c—c¢,

which contradicts the fact that sup {p(z) : z € n(l,A\U)} > ¢. Therefore

Y(K¢) = 1+ 1. In particular then v(K¢) > 1 and so by Proposition 2.1.5(i),
each K/ : has at least two antipodal pomts £x;. This produces the claimed
number of critical points of ¢ if all ¢; are distinct. If they are not, then { > 0
for some j, so v(K¢) > 1 and by Proposition 2.1.5(i), ¢ has infinite number

of critical points. 0

2.2 Constrained Locally Lipschitz Functionals

2.2.1 Critical Points of Constrained Functions

We can also have a corresponding theory for locally Lipschitz functions
defined on a closed, convex set. In many applications, we encounter problems
with inequality constraints (such as variational inequalities) and we have to
deal with energy functionals defined on a closed and convex subset of a Banach
space. In order to be able to use variational methods for such problems, we
need to have a critical point theory for locally Lipschitz functions defined on
a closed, convex set (the constraint set). In the rest of this section we present
such a theory.

The mathematical setting is the following. Let X be a reflexive Banach
space, C C X a nonempty, closed and convex set and p: C — R a locally
Lipschitz function.

DEFINITION 2.2.1 For xz € C, we define

mé(x) I inf sup (", —y) -
z*€dp(z) yel
le —yllx <1

REMARK 2.2.1 Evidently m¢(z) > 0. This quantity can be viewed as
a measure of the generalized slope of ¢ at x € C. If ¢ admits an extension
€ CH(X), then dp(x) = {¢'(7)} (see Proposition 1.3.10) and so we have

mé(z) = sup (¢'(z),2 —y)x,
yeC
le —yllx <1
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which is the quantity used in the smooth theory developed by Struwe (1990,
p. 147).

LEMMA 2.2.1
Function mg.: X — Ry is lower semicontinuous.

PROOF Let X} be the dual space of X, furnished with the weak topology.
Let

Ciz) £ @-c)nB;,  Vazeo,
where B; Z {z € X : ||z]|y <1}. Note that the multifunction z — C () is
lower semicontinuous (see Proposition 1.2.9(c)). Consider the map h: X} x
X — Ry defined by

Btz L osup (@t w— )y
y€Ci(2)
We claim that h is lower semicontinuous. It suffices to show that for every
AeRy,if (zf,x,) — (z%,2) in X} x X and h(z),z,) < Aforalln > 1, we
have h(z*,z) < A. Indeed let y € Cy(z). Then from the lower semicontinuity
of 7 we know that we can find y,, € C1(x,,) for n > 1, such that y, — y in
X (see Proposition 1.2.2(d)). We have

<xz,xn—yn>X§h(ajZ,xn)§/\ Vn>1

and so
<a:*,a:—y>X <\

Since y € C1(x) was arbitrary it follows that h(z*,z) < A, which proves the
sequential lower semicontinuity of h on X x X.
Now we show that mg, is lower semicontinuous. We have

m&(z) = inf h(z*, ).

C( ) z*€dp(x) ( )
Let 2, — z in X and suppose that m&(z,) < A for n > 1. For every
n > 1, we can find z, € dp(w,), such that h(z}, x,) < m&(z,) + +. Ev-

n
idently {z}},~; € X* is bounded and so, by passing to a subsequence if

necessary, we may assume that z* — 2* in X* (Eberlein-Smulian Theorem;
see Theorem A.3.5). We have

h(z*,z) < liminfh(z),z,) < A

n—-+4oo

and because Jy is upper semicontinuous from X into X (see Proposi-
tion 1.3.9) we have that z* € O¢(x). Therefore it follows that mg(z) < A
from which we conclude the lower semicontinuity of m¢, on X.
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DEFINITION 2.2.2 A point x € C is a critical point of ¢ on C if
m&(x) = 0. The value ¢ = ¢(z) is called critical value of .

REMARK 2.2.2 If C'= X then

mé(z) = mP(z) = z*é%iél(z)”x*””’

which is the quantity used in the unconstrained part of the theory.
In this case x € X is a critical point of ¢ if and only if 0 € dp(z), which is
Definition 2.1.2.

We also introduce a version of the nonsmooth C-condition which is suitable
for this constrained situation.

DEFINITION 2.2.3 We say that ¢ satisfies the nonsmooth C-condi-
tion on the set C at the level c € R (the nonsmooth C.-condition on
C for short) if and only if any sequence {xy},~, € C, such that (x,) — ¢
and (1 + ||xn]lx )m&(zn) — 0 as n — 400 has a convergent subsequence.
If p satisfies the nonsmooth C.-condition on C at every level ¢ € R, then we
simply say that ¢ satisfies the nonsmooth C-condition on set C.

REMARK 2.2.3 If ¢ = X then the above definition coincides with
Definition 2.1.1(b). Similarly we can also define the nonsmooth PS. and
PS-condition on the set C.

2.2.2 Deformation Theorem

As in the unconstrained case, for any ¢ € R, €,6 > 0, we introduce the
following sets:

K¢ 4 {z e C: mf(x)=0}
- the set of critical points of ¢ on C|
K7 4 {ze K?: p(z) =c}
- the set of critical points of ¢ on C' with critical value c,

(K2)s L {weC: dy(z,K?) <6},

e, 4 {zeC: |p(@)—c| <e}n (KD,

oo & {zeC: o) <cl.

© 2005 by Chapman & Hall/CRC



152 Nonsmooth Critical Point Theory and Nonlinear BV Ps

LEMMA 2.2.2
If ¢: C — R satisfies the nonsmooth C.-condition on C,
then for every 6 > 0 there exist v, > 0, such that

v < (14 2|l )mé(x) VaeEl;..
PROOF  Suppose that the result is not true. Then we can find § > 0 and
a sequence {@,},5, C (K¢)§ with ¢ — & < p(z,) < c+ &, such that

(1+ [zl x Jmé(@n) — 0.

Since ¢ satisfies the nonsmooth C,.-condition on C', we may assume, passing
to a subsequence if necessary, that we have

T, — x inX

for some = € C. By lower semicontinuity of my, (see Lemma 2.2.1), we have
that

mé(xz) < limJirnf mé(xn)
and as m&(z) > 0, we obtain
m&(z) = 0.

Thus z € K¢, which contradicts the fact that z € (K£)§ (since {zn},>, C
(KZ2)5)-

—

In analogy to the unconstrained case, we obtain now a locally Lipschitz
vector field.

PROPOSITION 2.2.1

If ¢ satisfies the nonsmooth C.-condition on C, § > 0 is given and v,& > 0
are as in the Lemma 2.2.2,

then we can find a locally Lipschitz map

. ¥
v B — X,

such that

VaeEY | x*€dp(z).

c,0,e’

jyv(x)l\x < 2(1+[lellx)
1 ¥, 0(x))

IN

PROOF Consider the function

ha*,e) L osup (@72 —y)y -
yeC
le —yllx <1
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Since X is reflexive, by Bauer’s maximum principle (see Theorem A.3.11), we
can find u(z) € X with ||u(z)|y =1 and  — u(z) € C, such that
h(x*,a:)=<x*,u(3:)>x VaeE?

c,0,e?

x* € dp(x).

Note that
mé(z) < h(z*, x) VaeE?

c,0,e’

™ € 0p(z).

From Lemma 2.2.2, we have

2 ] < mé(x) < (o, u(x)), VoeE?

S S o € dp(x). (2.33
20+ el e @ € Opla). (239

The multifunction z — (1 + ||z||x )¢(z) is upper semicontinuous from X
into X\ .
Let x € Ec 5, and let

g
daf * —_—_— *
vV = {y e X*: §<<y,u(x)>x}
This is a weakly open set in X* and from (2.33) we can also see that
(1 + llzllx )0p(z) € V-

Exploiting the upper semicontinuity of the map z — (1+ ||z y )9¢(z) from
X into X, we can find 0 < r(x) < 1, such that

hence

,-y * [¥2} *
— < (Y u(zx Vy€ B @)NE s, y* € dp(y). (2.34
2(1+ [lylly) < ( )>X (@) () 6, (y)- ( )

The collection {BT(I) )}IeEg,

paracompactness we can find a locally finite refinement {U;},.; and a locally
Lipschitz partition of unity {;},., subordinate to it. For each i € I, we
can find z; € Ef@g, such that U; C By(g,)(%;). To each such z; € Ecz§5
corresponds an element u(x;) with ||u(z;)|y = 1 and x; — u(x;) € C, for
which (2.33) holds with = = x;.

We define v: Ef; . — X by

is an open cover of the set ES‘J So by

o@) L 1+ llellx) Y €le) (ule:) — @i+ ). (2.35)
el

Clearly v is well defined, locally Lipschitz and ||v(z)[|y < 2 (1 + |z ). More-
over,

(" v(@)y = (142l ) D Gl@) (e ul@))

i€l

+ (L4 Jl2llx) Y &ilw) (2" o —zi)x Va© € Dp(x).

el
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By using (2.34) and choosing r(z) < —L——, we have that
(1)l )
* i
<x ,v(x)>X > 1
This proves the lemma. I

Following the steps of the proof of Theorem 2.1.1 with minor modifications,
we obtain the following version of the deformation theorem.

THEOREM 2.2.1 (Deformation Theorem for Constrained Func-
tions)

If ¢: C — R satisfies the nonsmooth C.-condition on C,
then for every g > 0 and every neighbourhood U of K¢ (if K¢ =0, then
U =0), there exist ¢ € (0,e9) and a continuous map n: [0,1] x C — C, such
that for all (t,x) € [0,1] x C, we have

(@) lIn(t,z) ==zl x <2(e+1) (1 + [zl x)t;

(b) if |p(x) —c| = e0 or m&(x) =0, then n(t,z) = x;
(c) n({1} x ¢*79) C 7= UU;

(d) e(n(t,2)) < o();

(&) i nlt,x) # . then p(n(t,2)) < p(a).

REMARK 2.2.4 Note that from the proof of Proposition 2.2.1 (see
(2.35)), we have that

1

r— ——
L+ [z x

(z) = Zfi(ﬂi)(mi —u(z;)) €C.

icl

Therefore —v(x) € To(z) (the tangent cone to C at x; see Definition A.4.1),
hence L(z) € Tc(x) (see the proof of Theorem 2.1.1). So by the Nagumo
viability theorem (see Theorem A.4.4), problem (2.14) has a flow in C (or
equivalently the extension of L on X \ C, leaves the set C' invariant).

2.2.3 Minimax Principles

Using the above Deformation Theorem, we can have the first minimax prin-
ciple.

THEOREM 2.2.2
If M is a compact metric space, M* C M is a nonempty, closed set, v* €
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C(M*;C), ¢: C — R satisfies the nonsmooth C.-condition on C, with

af .
= inf
¢ = Ifngrete)

where
= {veC(M;C): v =" on M*}

and ¢ > 3 with
df )
B = max p(v"(s)),

then K¢ # 0.

Suppose that the theorem is not true. Then K? = (). Let g =

PROOF
(¢ — ). By hypothesis g > 0. Apply Theorem 2.2.1 to obtain £ € (0,&9)
a

1
5 .
and a continuous map 7: [0,1] x C' — C, which satisfy statements (a)-(e) of

that theorem. Take 4 € T', such that

max ©(3(s)) < c+e.

Let 7, € C(M;C) be defined by

T(s) =n(1,73(s))  VseM.

Note that
Vse M*.

Yn(s) = n(1,7*(s))

Note that
1
c0+9(1(s) < e+h = S(c+h) <c  VseM,

0
g0 < c—p(v*(s) VseM*

and thus from Theorem 2.2.1(b) we have

n(t,7"(s)) = 7(s)
Therefore vy, |y« = 7* and so 7, € I'. From Theorem 2.2.1(c) and recalling

Vitel0,1], se€ M".

that U = (), we have
n(1,75(s)) € n(1,¢7%) € o= VseM,
VseM,

o
p(m(s) < e—e

which contradicts the definition of ¢. This proves that K¥ # () and so the
[

theorem holds.
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We have another minimax principle which is the constrained analog of the
nonsmooth Saddle Point Theorem (see Theorem 2.1.4).

THEOREM 2.2.3 -
If X =Y ®V withdimY < +o0, VNC #0, M =YNCNB,, M* =
M N OB, # 0, ¢ satisfies the nonsmooth C.-condition on C with

c ¥ int max p(7(z)),

yellzeM
where
I'={yeC(M;C): ~|u-=1id},
and
e > maxe
then K¢ # ().

PROOF First note that the set M* links V N C (see Definition 2.1.4 and
recall that rint C' # (}). Let us define

9% e 8% mae
By hypotheses ¥ > (3. From Remark 2.1.4, we know that

YM)NVNC #0 V~yerl
and so

9 < gé%{@(’y(x)) Vyel. (2.36)

We proceed by contradiction. Suppose that K¥ = () and let U ¥ () and

€0 4 1(9 — B3). By hypotheses g9 > 0. Let & € (0,£0) and n: [0,1] x C — C

be as in the Deformation Theorem (Theorem 2.2.1). Choose 7 € I, such that

gg\)}@(?(x)) < c+e.

Let v, (x) 4 n(1,7(z)). Evidently v, € C(M;C). Also
Yo(x) = n(1,5() = n(l,z) VaeeM"
From the choice of &g > 0 and from (2.36), we have that
px) < B < Bte = V-0 < c—ep VioeM: .

But then from Theorem 2.2.1(b) it follows that n(1,z) = z for all x € M*
and so v, € I'. Then from Theorem 2.2.1(d), we have

p(m@) = e(m(1,3()) < ¢(F@) VaeM
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and so from the choice of 4, we obtain
o(mx) < cte Vael
Therefore v, (z) € ¢°*¢ and then from Theorem 2.2.1(c), we have that
p(m(@) = ¢(n(1,7(@)) < c—e,

a contradiction to the definition of ¢. This proves the theorem. I

We conclude with a result on global minima of ¢ on C.

THEOREM 2.2.4

If ¢: C — R is a bounded below function, satisfying the nonsmooth C-
condition on C,
then there exists xo € C, such that o(xg) = irclfgo and xq is a critical point of

p onC.

PROOF  Let {z,},>,; C C be such that ¢(z,) \, irclf . Invoking Theo-

rem 1.4.9 (with h(r) =r, 20 =0, ¢ = ﬁ and A = 1), we obtain a sequence
{yn}n21 C C, such that for all n > 1, we have

e(yn) < @(@n),  lnllx < llonllx +7
and 1
(u) > oyn) — ———— llu—ual Vued,
n(1+ [lynllx) X
where 7 > 0 is such that
lynll x+7 ) )
dr > —
1+7r n
llynll x

For every u € X and ¢t € (0,1), we have

tlw =yl _
Ty S el =) = el +ic (v + tu = y)).

where i¢ is an indicator function of C, i.e.

o 2 {1 inge
So
—llu = yallx (2.37)
< n(1+ lynlly) (sﬂ(yn+t(u —tyn))—so(yn) +ic(yn+tt(u—yn))>
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Note that ic is convex, lower semicontinuous (since C' € Pfc(X)) and
ic(yn) =0 for allm > 1. So

ic(yn—Ftt(u—yn)) < ol tu—ya) = ic). (2.38)

Also we have

(Yn + t(u—yn)) — ©(yn)

lim sup < O (Yni u— yn)- (2.39)
N0 t
Let us set o
d o0 .
() o Pmih) vt hex
In(h) = ic(yn +h)

We see that n,, + 1, is a proper, convex and lower semicontinuous function on
X with values in R = RU {+o00} (i.e. 0, + 9, € I'o(X); see Definition 1.3.1).
Also (ny, + 9,,)(0) = 0. From (2.37), (2.38), (2.39), putting u = y,, + h, with
h € X, we obtain

—[2llx < n@+lyllx) (m +In)(h)  VheX, n>1

So we can apply Lemma 1.3.2 and obtain @, € X* with ||@}| ;. < 1, such
that

(@, hx < n(L+llynllx) (1n +0n) () YV heX. (2.40)
Since 1, + Uy, € To(X) and (n, + ¥,,)(0) = 0, from (2.40) it follows that
u, € n(l+ HynHX) 0 (M + ) (0).

But because 7, is continuous, convex (in fact sublinear), from Theorem 1.3.6,
we have that
O(1n +92)(0) = 0nn(0) + 09, (0).

Note that 0n,,(0) = Jdp(y,) where the first subdifferential is in the sense of
convex analysis (see Definition 1.3.3), while the second is a generalized sub-
differential (see Definition 1.3.7). Also 09,,(0) = dic(yn) = Nc(yn) (where
Ne(yn) stands for the normal cone to C' at y, € C; see Definition 1.3.9).
Therefore we have @), = T, + w;, with T, € n(1+||ynly)d¢(yn) and
w;, € n (14 [[ynlly) No(yn). Set

« df 1 L
v, = ——————70, € 0p(yn)
n (14 llyall x)
1
wr & T € Ne(yn).

n T 1. 0\ Wn
n (14 [lynllx)
From the definition of the normal cone (see Definition 1.3.9), we have

(wh,yn—v)y >0 VoveCl. (2.41)
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By the definition of m¢, (Definition 2.2.1), inequality (2.41) and the definition
of u}

~, we have

(1 + ||ynHX )mé(yn) < (1+ ||yon)U(U:uCl(yn))

(1+|‘ynHX) Sug{ <u:uyn_v>x _<w;7yn_v>x}
v E

lyn —vllx <1

(14 llynllx) o (ur, Calyn)) <

IN

1
e
So
L+ lynllx ymé(yn) — .

But by hypothesis ¢ satisfies the nonsmooth C-condition on C. Thus we may
assume that y, — xo and so p(zg) = irclf . By virtue of Corollary 1.3.8, we

have
0 € Jp(xo) + Ne(zo)-

So there exists #* € Ng(x), such that —z* € 9p(xp). By the definition of
the normal cone, we have that

(x", 20 —v)x >0 Vovedl,

hence
(—x", 20 —v) <0 VveC

and so m&(zo) < 0. But recall that mZ(zo) > 0. So mg(zo) = 0 and it
follows that zo € C' is a critical point of ¢ on C. I

2.3 Perturbations of Locally Lipschitz Functionals

In this section, we extend the nonsmooth critical point theory to functionals
of the form ¢ = ® + 1, with ® locally Lipschitz and ¢ a proper, convex and
lower semicontinuous functional.

2.3.1 Critical Points of Perturbed Functions

Let X be a reflexive Banach space and let p: X — R = RU {+occ} be
a functional, such that ¢ = ® + ¢, with ®: X — R locally Lipschitz and

P e FQ(X)

DEFINITION 2.3.1 We say that x € X 1is a critical point of ¢ if and

only if
®(z;h) +(xz+h)—Yx) >0 VheX.
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REMARK 2.3.1 Let 29 € X be a critical point of ¢. Set

gi(h) L @%(ao; h)
g2(h) L (o + h) — p(x0)

Clearly ¢; is continuous and convex (in fact sublinear; see Proposition 1.3.7(a))
and g2 € I'g(X). Moreover, we have that

VhelX.

991(0) = 0®(z0),

where the first subdifferential is in the sense of convex analysis (see Defini-
tion 1.3.3) and the second is a generalized subdifferential (see Definition 1.3.7).
Also we have

992(0) = 0 (o).
From Theorem 1.3.6, we know that

(g1 +g2)(0) = 9g1(0) + g2(0) = 0P(z0) + I (z0).

So zp € X is a critical point of ¢ = ® 4+ if and only if 0 € 9P(x) + O (x).
If ® € CY(X), then 0®(x) = {®'(x)} and so xy € X is a critical point of
¢ =@+ if and only if —®'(xg) € 9Y(xg). On the other hand, if ¢ = 0,
then zg € X is a critical point of ¢ = ® + ¢ if and only if 0 € 9P(z(), which
is the setting of the previous section (see Definition 2.1.2). 0

As before we need a compactness-type condition, which we define next.

DEFINITION 2.3.2 We say that ¢ = ® + 9 satisfies the generalized
nonsmooth Palais-Smale condition at the level ¢ € R (generalized
nonsmooth PS.-condition for short), if

“Any sequence {z,},-, C X, such that ¢(z,) — c and

_5nHy_xn||X S‘I’O(fn;y—xn)er(y)—w(xn) VyeX,
with e, \, 0, has a strongly convergent subsequence.”

If ¢ satisfies this at every level ¢ € R we say that ¢ satisfies the gener-
alized nonsmooth Palais-Smale condition (generalized nonsmooth
PS-condition for short).

REMARK 2.3.2 Using Lemma 1.3.2, we can equivalently reformulate
the above definition as follows:

“Any sequence {z,},~,; € X, such that

p(xy) — ¢
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and

(@ y —tn)x < (zniy —za) +U(y) —Y(za)  VyeX,
for some z} — 0 in X*, has a strongly convergent subsequence.”

Using this reformulation we see that when v = 0 (i.e. ¢ = ®), we recover
Definition 2.1.1(a). 1

As in previous sections, for ¢ € R we introduce the set of critical points of
o with critical value c:

o U . " .
K¢ = {x € X: wis a critical point of ¢, ¢(z) = c}.

PROPOSITION 2.3.1
If {zn},>1 © X is a sequence, such that x, — xo, p(zn) — ¢ and

—En ”y_anX < @0($n;y—xn)+w(y)—w(xn) VyelX, (2-42)
with €, \, 0, then xo € K¢.

PROOF As z, — 0, passing to the limit in (2.42), using the upper
semicontinuity of ®° (see Proposition 1.3.7(b)) and recalling that ¢ € I'g(X)
we have

o
IN

lim sup Q)O(xn; Y — ) +¢(y) — liminf ¢ (z;,)

n—-+4o0o n—+o0
< w0,y — o) +P(y) —¥(z0)  VyeX.

Therefore o € X is a critical point of o = ® + 1. Note that the inequality
Y(zg) < limJirnf@/J(xn) cannot be strict, because otherwise putting y = 29 we
n—-—1+:0oo

A

would obtain

0 < limsup ®°(z,; 20 — x,) + h(x0) — 1iminfw(xn) < 0,

n—-+oo

a contradiction. So in fact

Y(xzo) = liminfe(z,) and @(xg) = ¢,

n—-+o0o

ie. 29 € Kf. 0

COROLLARY 2.3.1
The set K¢ is compact in X.

As a consequence of Proposition 2.3.1, we obtain the first result on the
existence of critical points for ¢ = ® 4 .
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PROPOSITION 2.3.2
If o= ®+ 1 is bounded below and satisfies the generalized nonsmooth PS.-

condition where ¢ £ igl{f ®,
then K¢ # ().

PROOF  We use the Ekeland Variational Principle (see Corollary 1.4.7)
with € = % and A = 1 and generate a sequence {xn}n21 C X, such that

o(zn) \, ¢ and
1
oy —anllx = ey) —el@.)  VyeX
Let y = (1 — t)x, + th with h € X and ¢ € [0,1]. Exploiting the convexity of
1), we have

_% ”h - xn“X < %(‘b(zn + t(h - mn)) - (b(mn)) + "r/)(h) - ¢($n)

and so, passing to the limit as ¢ \, 0, we get
1
—— b= aallx < O(@nsh —wn) + (k) = P(wn).

Since ¢ satisfies the generalized nonsmooth PS.-condition, it follows that by
passing to a subsequence if necessary, we may assume that

T, — xo in X,

for some xg € X. Then from Proposition 2.3.1 we conclude that xg € K¢. I

2.3.2 Generalized Deformation Theorem

The following proposition is a direct consequence of Definition 2.3.2.

PROPOSITION 2.3.3

If ¢ = & + v satisfies the generalized nonsmooth PS.-condition, €9 > 0 and
U is an open neighbourhood of K¢,

then there exists € € (0,e0), such that for all g € (¢“T¢\ =) \ U there
exists yo € X, such that

=3¢ lyo — zollx > ®°(20;90 — o) + ¥(yo) — ¥(x0).

Using this proposition, we can prove the last auxiliary result, before formu-
lating the Deformation Theorem for this particular setting.

PROPOSITION 2.3.4
If » =@+ satisfies the generalized nonsmooth PSc-condition, g > 0, U
is a neighbourhood of K¢ (with U = () whenever K = 0) and € > 0 is such
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as in Proposition 2.3.3,
then for every xg € (@C“ \ cpC*E) \ U there exist yo € X and r > 0, such that

—3elyo — 2l x = ®°(yiyo —y) + ¥(yo) — ¥(2) Vy € Br(wo), z € By ().

PROOF  Let zg € (9“7 \ ¢°7¢) \ U and let yo be as claimed in Propo-
sition 2.3.3. Suppose that the proposition is not true. Then we can find two
sequences {yn},~; and {z,}, -, with y,, — zo and z, — o, such that

D (yn; Yo — Yn) + U (yo) — ¥(zn) > —3¢lyo — znllx

SO
lim sup O (Yni Yo — yn) + ¥ (yo) — liminfy(z) > =3¢ [lyo — 2ol x
and thus
®%(0; yo — w0) + ¥ (y0) — Y(x0) > =3¢ lyo — wollx ,
which contradicts the choice of yo € X (see Proposition 2.3.3). 1

Now we are ready for the Deformation Theorem, which will eventually lead
to minimax principles.

THEOREM 2.3.1 (Generalized Deformation Theorem)
If o = ® + ¢ satisfies the generalized nonsmooth PS.-condition, U is an
open neighbourhood of K¢ (with U = if K& =0) and ¢ > 0,
then we can find € € (0,e9), such that for each compact C C X \ U with
c—e< iréfgo < c—+e, we can find a closed set D with C Cint D, tg > 0 and a

function n € C([0,t0] x X; X), such that for all (t,x) € [0,t0] x X, we have
@) [|n(t,z) —z||y <t;
(b) n(0,z) = x;
(©) o(n(t,z)) < p(x);
(d) if x € D, then go(n(t, (E)) —p(x) < —2¢t;

(e) sup p(n(t,y)) —sup p(y) < —2et.
yel yeC
PROOF Let € > 0 be as in Proposition 2.3.3 and let C' be any compact

subset of (¢ \ =€)\ U. Evidently

c—e < p(r) VaeC.
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Now for any zp € C' we choose () > 0 as in Proposition 2.3.4 and yp € X
as in Proposition 2.3.3. Let 7(zo) be such that

r(xo)

4 )
(note that from Proposition 2.3.3 it is clear that xo # yo) and finally such
that

0< 7($0) <

T(20) < [lzo = yollx

(plezO)(ﬂﬁo) > c—E.

The family {B?(IO)(QCO)}%GC is an open cover of C. Since C' is compact, we
can find a finite set {z1,...,2y} C C, such that

N
k=1

Let {{k}szl be a locally Lipschitz partition of unity subordinate to this cover.
N

Using Tietze’s extension theorem (see Theorem A.1.2), we can extend > &
k=1

to all of X and have E &p(x) < 1 for all x € X. We introduce the one-
parameter family of functlons n: X — X, t >0, defined by

df Yk -
¢ () —x—i—tE En(x VaoeX,
Ika—a:HX

where y; € X is as in Proposition 2.3.3 corresponding to € > 0 and x; € C.
From the choice of T(z) > 0, we see that 7; is well defined and of course

locally Lipschitz. We shall show that n(t, z) 4 N:(z) is the desired function.

(a) First note that

[nt.z) —all, < tY &@) <t Vzek,

which proves statement (a) of the theorem.
(b) This is an immediate consequence of (a).

(c) Using the Mountain Pass Theorem (see Proposition 1.3.14), for every
u € X with ||ul|y <1, we have

Pz +tu) = () + (2", tu)
for some z* € ®(x + yu) and 0 < v < ¢t and so

Oz +tu) < O(z) + 0 (z + yu; u). (2.43)
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Let us put

df Y — T af
&r(x and v = =+ yu.
Z Hyk -z x

From (2.43) and the sublinearity of ®°(x + vyu;-), we have

N
Oz +tu) < O(z) +td” <x+7u;25k($)ﬂ>

2 o

N
&k (x)
z) + tz m@o(x + yu; Yy — )

<

< O(x)+t <I>Ov; p—0) + 0 (v;v—
Znyk—xnx (sn =)+ @5 =)

< o +t <I>Ov; E—v)+l|lv—2 ,

with lp > 0 being the Lipschitz constant of ® in a neighbourhood of C.
Note that since v = & + yu with 0 < v < ¢ and ||ul|y < 1, we have that
|lv —z| y <t. So we obtain

<I>(77(t x)) = ®(x +tu)

< —|—t 0 (v: —v 42 #l
< Znyk—xn (03 9 Znyk

-zl

< o +tz Hyk — x|| °(v; yx — v) + Bt° ka(x)v (2.44)

k=1

withﬁﬁmax{ﬁ,..wﬁ} > 0. We have

Y — T

Hyk —xnx
= 1—1¢ +1
< Z o - xnx> Z ||yk - xnx

Putting t1 ¥ 1nin {7“ (z1), (xN)}, we have that

n(t,z) = z+tu = x—!—thk

Z <1 VYtelo,t]
||yk _xHX
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Exploiting the convexity of 1, we obtain

+ tz &7@:)1&(%) YVt eo,t]. (2.45)
lly X

Combining (2.44) and (2.45), we have

_&(@)

—33HX

p(n(t,z)) < olx)+ tz m (®°(vs yk —v) + P(y) — P(x))

+ pt? ka(@
k=1

Choose ta < ty, such that if t <ty we have v = x +yu € By(4,)(2;) whenever
u € Brwy (x;) (recall that 0 < v < t). So we can apply Proposition 2.3.4
2

(with 2y = xp; note that y, was chosen for z, according to this proposition)
and obtain

olnlts2)) < ola) 1 (z e ) (6 - 32).
If we take tg = min {tg, %}, then we see that

e(n(t,z)) <p(x) V()€ 0,t] x X.

This proves statement (c) of the theorem.

N N N
(d) Alsoifz € CC |J Vie € U Vi, we have that > & (x) =1 and so
k=1 k=1 k=1

p(n(t,2) < o) - 2et, (2.46)

which proves statement (d) of the theorem.
(e) Finally from (2.46) we deduce that

sup ¢ (n(t,z)) — sup p(x) < —2et,
zeC zeC

which proves statement (e) of the theorem. 0
2.3.3 Minimax Principles

As was the case in the previous section, this theorem leads to minimax
principles characterizing critical points of ¢ = ® + . We start with a result
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which is the counterpart of Theorem 2.1.2 in this new setting. From this
we will derive as byproducts versions of the Mountain Pass Theorem, Saddle
Point Theorem and Linking Theorem.

THEOREM 2.3.2
If B C X is nonempty, compact and convex, A is the relative boundary of

B, E C X is nonempty and closed, A and E link, ¢ = ® + 1 satisfies the
generalized nonsmooth PS.-condition with

a .
¢ = Infmaxe(h@) < oo

where ;
TL{yeC(B;X): yla=id}
and
sgpcp < 1%fg0

then ¢ > i%fgp and K¢ # 0.

PROOF Let us put
I g supp and ¢ ¥ inf .
A E

By hypotheses p < . Consider the set I' C C(B; X) equipped with the
metric

df
d(71,72) = gleagllm(x)—vz(x)ﬂx V1,7 €l

Clearly (T',d_,) is a complete metric space. We consider the function h: I' —
R defined by

h(v) < swp p(1(2)) Vel

We claim that h is lower semicontinuous. To this end let v, — v in (I',d_)

and suppose that h(7y,) < A for all n > 1 with A € R. We need to show that

h(y) < A. For agiven e > 0, we can find € B, such that h(y) —¢ < ¢(y(2)).

Note that v, (Z) — v(Z) and since ¢ is lower semicontinuous, we have that
o(v(@)) < liminf (7, (Z)) < lminfh(y,) < A,

n—-+o0o n—-+o0o

hence h(y) —e < A. Let € \, 0 to obtain h(y) < A and conclude that h is
lower semicontinuous on (I',d_).
Because A and E link, we have

h(y)>9  Vyel
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and so ¢ > 1.

To prove that K# # (), we argue by contradiction. So suppose that K¢ = ().
We apply Theorem 2.3.1 with U = () and eg = c— p > 0. Let ¢ € (0,20) be
as postulated in Theorem 2.3.1 and additionally such that supp < ¢ —e. Let

A

g € (0,¢). Because h is lower semicontinuous and bounded below (by ¥), we
can apply the Ekeland Variational Principle (see Corollary 1.4.7) and obtain
~ €T, such that

h@) < c+7 and —ed (1.3) < h(y)~h(7) V~yel. (247)
Set .
¢ L 3B n{reB: c—z<p(F(x)) <c+z}.
Note that 7(B) is compact and 1|5(p) is lower semicontinuous, convex and
bounded. Therefore 1|5 gy is continuous (in fact locally Lipschitz; see Theo-
rem 1.3.2) and so we infer that C is compact. Moreover, from the choice of
€, > 0 we see that CNA =0 and C C ¢T¢\ ©°~¢. We apply Theorem 2.3.1

with U, g9, C as above, to obtain ;3 > 0 and the continuous deformation
n(t, ) satisfying all postulates of Theorem 2.3.1.

Let t € (0,tp) and ¥ g ny o7 (where n: = n(t,-)). In the proof
of Theorem 2.3.1 we can always take the cover {Vk}szl of C, to satisfy

N
AN < U Vk> = (. So we have that
k=1

nela =1id,  Vtel0,to

(see the definition of 5(¢, ) in the proof of Theorem 2.3.1), hence 5 € I'. From
Theorem 2.3.1(a), we have that d__ (7,7) < t. Note that

h@F) = suwp e(Y(z) = sup e (A(x))) = sup o(m:(v)).

Similarly we have h(y) = sup ¢. Then by virtue of Theorem 2.3.1(d), we have
c
that

h(F) —h(A@) = sup p(n;(y)) —supp(y) < —2et < —2ed_(7,7),
yel yeC

which contradicts (2.47). So K¢ # () and this proves the theorem. I
Now by suitable choice of the sets A, B and F, from the above minimax

principle, we shall derive versions of the Mountain Pass Theorem, Saddle Pass
Theorem and Linking Theorem.

THEOREM 2.3.3 (Generalized Nonsmooth Mountain Pass Theo-
rem)
If o=@+, there evist x1 € X and r > 0, such that 21| x > 7,

max{¢(0), p(z1)} < I,
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where
df .
9 = inf {<p(x) el = 7‘},

@ satisfies the generalized nonsmooth PS., -condition with

co L inf sup ¢(v(t)) < 4o,
£eTp te0,1]

where )
Ty L (cec(o,1;X): £0)=0, &(1) =),
then co > 9 and K¢ # 0.

PROOF Let
AL (0,2},
B Y [0,21] = {tw1: t €[0,1]},
d

E = 0B, ={zeX: |z|y=r}.

The sets A and F link (see Example 2.1.1(a)), A, B and E are closed and B
is compact. Let

r 4 {yeCB;X): v(0)=0, v(z1) = x1}.

If € € Ty, we set ye(txr) g &(t) and then clearly v¢ €T

On the other hand if v € T, then if we set &,(t) 4 ~(txzq) for t € [0, 1], we
have &, € I'g. Therefore, it follows that ¢ = cg and by virtue of Theorem 2.3.2

we have that co > ¢ and K¢ # 0. I

REMARK 2.3.3 The point g = 0 was chosen for convenience. In fact
we can have any other zg € X with ||z — 2|l > r and in this case we put

9L inf o(z).
T e X
lz —zollx =

THEOREM 2.3.4 (Generalized Nonsmooth Saddle Point Theorem)

If op=®+¢, X =Y &V with dimY < +oo, there erist r > 0, such that

sup ¢ < infe,
9B, NY \4
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@ satisfies the generalized nonsmooth PS¢-condition with

c L inf sup  ¢(y(z)) < +oo,
7€l zeB,.nY

where .
r 2 {yec(B,nY;X): o,y = id)
then ¢ > iI‘}ng and K? # 0.

PROOF Let AL0B. nY, BL B, NY and EL V. The sets A and E
link (see Example 2.1.1(b)). So we can apply Theorem 2.3.2 and finish the
proof.

THEOREM 2.3.5
If o =0+, X =Y &V with dimY < +oo, there exist 0 < r < R and
vo € V with ||vg||y =1, such that

su < inf ¢,
35 L4 BNV 14

where

Q= {y+do: yey, fyly <R 0<A<R},
oQ {y+Xv: yeY and |ly[x =R, A €[0,R]
or HyHX SR’ )‘6 {OaR}}a

@ satisfies the generalized nonsmooth PS.-condition with

c L inf sup p(v(z)),
yel' zeQ

where "
' = {yeC(Q;X): v|og =id},
> inf K¢ .
thenc_aérjmvgo and K¢ # ()

PROOF Let AZL90Q, BLQ and EYL 0B, N V. We know that A and
E link (see Example 2.1.1(c)). So we can apply Theorem 2.3.2 and set the
proof.

Imposing some symmetry condition on ¢, we can have a multiplicity result

for functionals ¢ = ® 4 1. The proof of the result is similar to that of
Theorem 2.1.7 and so it is omitted.
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THEOREM 2.3.6
If the functional p = ®+1 satisfies the generalized nonsmooth PS-condition,
»(0) =0, ® and ¥ are even and

(i) there exists a subspace V of X of finite codimension and numbers 3,r >
0, such that vlvnses, > B;

(i) there exists a finite dimensional subspace Y of X, dimY > codimV
such that p(y) — —oo as ||y x — +oo withy € Y,

then ¢ has at least dimY —codim V' distinct pairs of nontrivial critical points.

An interesting consequence of this Theorem is the following corollary.

COROLLARY 2.3.2
If the hypotheses of Theorem 2.3.6 hold with (ii) replaced by

(ii)’ for any positive integer m there is an m-dimensional subspace Y of X
such that p(y) — —oo as ||y x — +oo withy € Y,

then o has infinitely many distinct pairs of nontrivial critical points.

2.4 Local Linking and Extensions

In this section, we derive a multiplicity result based on the notion of local
linking at 0 and we also present some extensions of the notions and results of
the nonsmooth critical point theory for locally Lipschitz functions.

2.4.1 Local Linking

The mathematical setting is the same as in Section 2.1. Namely X is a
reflexive Banach space and ¢: X — R is a locally Lipschitz function.

DEFINITION 2.4.1  Suppose that X = X1 @ Xo. We say that ¢ has a
local linking at 0, if for some r > 0 we have

p(r) 202 € Xy, |z]|x <

o(z) <0z e Xy, |lzfy <

REMARK 2.4.1 If ¢ € C*(X), then this condition implies that 0 is a
critical point of (. 1
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If ¢ is bounded below and satisfies the nonsmooth C-condition, then by
virtue of Theorem 2.1.6 we know that there exists a point y9 € X, such that
w(yo) = igl(f . If igl(fgo < ¢(0), then yo # 0. As before, for ¢ € R, we set

o 4 {zeX: o)<}

Ifec> ig{f ©, then ¢ £ ().

PROPOSITION 2.4.1

If ¢ is bounded below, v(0) = 0, ¢ satisfies the nonsmooth C-condition,
igl:ftp < min {0,c}, yo # 0 is a minimizer of v, {yo,0} are the only critical
points of ¢,
then for any neighbourhood U of yo and any § > 0 such that U N Bs = ), we
can find v > 0 for which

v < (L4l )m#(z) Vo €\ (UUBs).

PROOF  Suppose that the proposition is not true. Then we can find
Zn € ¢\ (U U Bys), such that

(1+ [|znllx )m?(zn) — O.

Since ¢ satisfies the nonsmooth C-condition, passing to a subsequence if nec-
essary, we may assume that x, — ¢ in X, for some zg € ¢°\ (U U By)
(note that ¢\ (U U Bs) is closed). From lower semicontinuity of m# (see
Proposition 2.1.3), we have

m¥(xzg) < limJirnfm“’(xn)

and because m¥(zp) > 0 we infer that m¥(zo) = 0. Hence 0 € dp(xo) (i.e.
xzg € X is a critical point of ¢) and since by hypothesis yo and 0 are the
only critical points of ¢, it follows that g = yp € U or zg = 0 € Bs. But
xo € ¢¢\ (U U By), a contradiction.

PROPOSITION 2.4.2
If the hypotheses of Proposition 2.4.1 hold,
then there exists a locally Lipschitz map v: ¢°\ (U U Bs) — X, such that

{ ||’U($)||X S 1 +1||x||X YV c SOc \ (UU 35)7 x* c a(p(x)7

(@ @)y 2 3

where v > 0 is as in Proposition 2.4.1.
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PROOF Let D& ©°\ (U U Bs) and let us fix x € D. Let
X* ﬂ * * * ©
Bmv’(m) - {Z e X" ||Z ||X* <m (CE)}
We have Bﬁ;(z) N dp(xz) = 0. Since both sets are convex and Bﬁ;(z) is

open, we can apply the Weak Separation Theorem for convex sets (see Theo-
rem A.3.3) and find u(z) € X with ||u(z)| y = 1, such that

<z*,u(x)>X < (x*u(x)) V2" e Bﬁ;(m), ™ € 0p(z).

Note that
sup <z*,u(9€)>X = m?(z).

xe BX*
z Gqu,(z)

Hence by virtue of Proposition 2.4.1, we have that

~

A+ ~ @ s (z*,u(z)), V'€ dp(x) (2.48)

Set

v 4 {y* e X*: %<<y*,u(x)>x}

Evidently V is weakly open in X*. We know that the multifunction y ——
(14 [lyllx )0 (y) is upper semicontinuous from X into X. Also from (2.48)
we see that

(14 el )Op(x) C V.

So we can find r(x) > 0, such that
and so

v * *
m < <y ,u(x)>X VyeDNByy(z), y* €0p(y). (2.49)

The collection { B, (%)},
can find a locally finite refinement {U;},.; and a locally Lipschitz partition
of unity {{},.; subordinate to it. For each i € I, we can find z; € D,
such that U; C By(y,)(xi). Moreover, to this 2; € D corresponds an element
u; = u(x;) € X with |lu;]| y = 1, for which (2.48) holds with x = z;. Now let
v: D — X be the map defined by

is an open cover of D. By paracompactness we

o@) L (14 2ly) Y €@ VaeD.

il
Evidently this is a well defined locally Lipschitz map and

[o(@)x <1+lzly  VazeD.

© 2005 by Chapman & Hall/CRC



174 Nonsmooth Critical Point Theory and Nonlinear BV Ps

In addition, from (2.49) we see that

(" 0(x)) y = Y &il@) 1+ allx) (" ui) =

el

VaoeD, z" € dp(x).

o2

[

We continue with the hypotheses of Proposition 2.4.1 in effect. Let 9 > 0
be small enough so that

o(z) <0 Ve Eﬁ(yo).

This is possible since ¢(yo) = inf ¢ < (0) = 0. Moreover, we choose 6 > 0
small so that

(P(y()) =+ g< 0) U C Bﬂ(yO) and UnN Bg = @7

where . N

v {zeX: p(x)<ply)+6}.
Indeed, if no such & > 0 exists, we can find {zn},,>1 € X, such that p(z,) \,
igl(fga = ¢(yo) and ||z, — yollx > ¥ for all n > 1. Using Theorem 1.4.9, we

can assume without any loss of generality that
(1 + [|zn]l x )m“’(a:n) — 0.

Because ¢ satisfies the nonsmooth C-condition, we have that x,, — z¢ with
xzo # yo (because ||z, —yolly > ¥ > 0 for all n > 1) and zy # 0 (since
U N Bs = (). Then we have

m¥(xp) < limJirnf m¥(x,) =0,

hence m¥(z¢) = 0 and so z¢ is a critical point of ¢, distinct from yo and 0,
a contradiction to the hypothesis that yy and 0 are the only critical points of

.
Without any loss of generality we may assume that 1 < |[[yol|y (recall

yo # 0). Also we assume that
X=YoV with dimY < +oc.
Choose ¢ > 0, such that
int [¢°\ (UUB;)] #0 and Zeint[p°\ (UUB;)],

with (%) < —kd < 0 = ©(0), where k > 0 is the Lipschitz constant of ¢ on
Bz. Let
5

DL\ (UuB;).
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Now let v: D — X be the locally Lipschitz map obtained in Proposi-
tion 2.4.2. We consider the following Cauchy problem:
dn(t t
Z( ) = — v(n( ))2 on Ry,
o e)lx (2:50)
n(0) = z.

Because v is locally Lipschitz, we know that problem (2.50) has a unique local
flow.

PROPOSITION 2.4.3 B

If the hypotheses of Proposition 2.4.1 hold and¢ >0, z € X and d > 0 are
chosen as above,

then there exists a finite time 7(Z) < 400, such that the flow of (2.50) exists

on [0,7(2)] and ¢ (n(7(2))) = ¢(yo) + 9.

PROOF Because z € int D (with D 4 ¢°\ (U U B;)), the solution of the
problem (2.50) exists on a maximal open interval [0, 7(2)).

Note that for all ¢ € [0,7(2)), n(t) € D. By virtue of Corollary 2.1.1, ¢ is
coercive. Hence D is bounded and then so is (D) C X*. Therefore we can
find 1 > 0, such that

lo*lx. <7 Vte[0,7(2)), 2 € dp(n(t)). (2.51)

From Proposition 2.4.2, we have that

(z*0(n(t))x > % Vitel0,7(2), & € dp(n(t))

and so

2™ x-

”(77(75))HX Z

o2

Ve 0,7(3), = € dp(n(t)).

From (2.51), we have that

[o(n®)]x = 21% Vte0,7(3)).

Note that the function ¢ — ¢(n(t)) is locally Lipschitz and so it is differ-
entiable almost everywhere on [0,7(2)). From Proposition 1.3.18 we know
that

d
i t < * ! t
7)) < o (o () x
= max <a:* —%t))z> < -7 foraat c [0 7'(2))
2*€dp(n(t)) T llIX /x T 2 ’
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From this inequality we infer that the function ¢ — cp(n(t)) is strictly de-
creasing on [0, 7(2)) and

7(z) < %(@(2)—%1}@) < H00.

We have

plyo) +0 < (nt)) < (@)  Vte(0,7(3)).
7(2)
Therefore [ 7/(t)dt exists and this means that liH(lN) n(t) =n(7(2)) exists.
0 t—T1(z

Clearly we must have that n(7(2)) € 9(¢° N (U U Bg)c). We know that
o (¢° N (UL By)) Cop’Ua((ULBy)°).

Note that ¢(n(7(2))) < ¢(2) < ¢ and so n(7(2)) & 9¢°. So we must have
that
n(r(2) € (UUB)" = a(U°nBE) C oUCUIBL

It n(7(2)) € 9B¢ = 0Bj, then |n(7(2))| = 5. Becauss by hypothesis
»(0) = 0 and g0|§5 is Lipschitz continuous with constant k£ > 0, we have
|<p(77(7(5)))‘ < k&, hence —ké < o(n(r(2)) < k6. But recall that from the
choice of z, we have ¢(n(7(2))) < ¢(2) < —kd, a contradiction. This shows
that 7)(7(2)) ¢ B¢ and so we must have 7(7(2)) € OU® = 9U. From this we

conclude that ¢(n(7(2))) = ¢(yo) + 5. 1

To have a multiplicity result based on the notion of local linking (see Def-
inition 2.4.1), we shall need two more auxiliary results. For a < b, we put

Rup L {zeX: a<|z|y <b}.

PROPOSITION 2.4.4

If 0<a<b, p: Repy — R is a locally Lipschitz function satisfying the
nonsmooth C-condition on every closed subset of int Rap, @ does not have any
critical points in int R, and

3(r) d g () YV r € la,b],

llll x=r
then
I(r) > min{d(r1),9(r2)} Va<r<r<ry<b.
PROOF Note that since the set R,; is bounded, the nonsmooth C-

condition and the nonsmooth PS-condition are equivalent on R, ;. Suppose
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that the conclusion of the proposition is not true. So we can find r € (rq,r2),
such that ¥(r) < min{d(r1),d(r2)}. Let {z,},~; € R be a sequence, such
that ¢(z,,) < J(r) + 7. By virtue the Ekeland Variational Principle (see
Theorem 1.4.8) applied on the ring R,, ,,, we can find y, € Ry, r,, such that

1
o) > @(yn) — - lv —yull x Vv e Ry,

and 1
Plyn) < @lan) = —llon —ynllx  Vn =1

We claim that y, & OR,, ,,. Indeed, if y, € ORy, r,, say |ynllx = r1, then
we have

1 1 1
I(r1) < o(x,) — E(T —r1) < 9(r)+ roi E(T —71).
From this inequality and for n > 1 large, we have a contradiction to the
hypothesis that ¢(r) < min{d(r1),9(r2)}. So it follows that y,, & OR; for at
least all large n, let us say for n > ng. Then for all n > ng, all h € X and all
t € (0,1) small, we have v =y, +th € R,, », and so

t
- by < @©yn +th) — ©(yn).

Thus
©(yn +th) — o(yn)

—||h <
Bl < n :

and so
—|Ihllx < n¢®(ynih) Y hEX, n>mno.

Invoking Lemma 1.3.2, we obtain v}, € X* with ||u}|| . <1, such that

(up,h)y < ntpo(yn;h) VheX, n>no,

so Lur € dp(xn) and m?(y,) < 2 — 0.

So, by passing to a subsequence if necessary, we may assume that y, —
y € Ry, r, and m¥?(y) =0, i.e. 0 € dp(y), a contradiction to the hypothesis
that ¢ has no critical points in int R .

PROPOSITION 2.4.5
If R>0, ¢: Bg — R is a locally Lipschitz function satisfying the non-
smooth C-condition on every closed subset of Br, ©(0) =0, ¢ has no critical
points on Bp,

o(x) >0 VO<l|zly <R

and
9r) L inf (@)  VreloR),

lzllx=r
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then there exists ro € (0, R], such that 9(r) is strictly increasing on [0,70) and
strictly decreasing on [ro, R).

PROOF 1t is easy to check that ¢ is upper semicontinuous on [0, R'], for
any R’ < R. So we can find ¢ € [0, R'], such that

I(rg) = [ max I(r).

Then the result of this proposition follows from Proposition 2.4.4 by letting
R'— R.

Now we are ready for the multiplicity result when local linking is present.

THEOREM 2.4.1
If X =Y @V withdimY < +o0, ¢ is bounded below, satisfies the nonsmooth
C-condition, ¢(0) =0, igl{fgo < 0 and there exists v > 0, such that

p(x) <0ifz ey, |z|y <,
olw) 2 0if v eV, oy <7,

then ¢ has at least two nontrivial critical points.

PROOF From Theorem 2.1.6, we know that there exists yg € X, such
that ¢©(yo) = igl{f w. Since igl{fgo < 0 = ¢(0), we infer that yo # 0. Suppose

that ¢y and 0 are the only critical points of ¢.

Case 1. dimY > 0 and dimV > 0.
Without any loss of generality, we may assume that r = 1 < ||yo||x. Let
vo € V be such that |lvg]| y = 1. We introduce the set

Jo {zeX: o= o+y, yeV, A>0, [lzxy <1}.

If € OF, x # vy, we have ||z||y = 1 and we can write this element as
x = Mg + py, with 0 < A <1,y € Y with |ly||y =1and 0 < g < 1. Let
¢ > 0, > 0 be such as in Proposition 2.4.3. Evidently by choosing ¢ > ¢

large and § € (0,9) small, we can guarantee that
y € int D VyeY, |lyly =1,
with

DY e“\(UUBs;) and U 4 {zeX: o) <ply)+6}.
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Let n be the flow of (2.50), with Z = y and 7(y) as obtained in Proposi-
tion 2.4.3. So we can define the map p*: 0F — X by

. B 227 (y) if x e [o,1],
P (Ao + py) = {7(72()\— Sy)w (2 =2\ (r(y)) if A € E%,Qﬂ} .

Clearly p* is continuous and
p*(v0) = yo
*

p*ly) =y ifyeY with [jy[x <1
e(p*(x)) <0 Yz edE.

Indeed, if z =y € Y with ||y||y = 1 = r, then from the local linking hypoth-
esis, we have that

o(p*(x)) = o(y) <0.

If © = v, then
PP (@) = #(p"(v0)) = ¢(w) = nfe < 0.
If £ = Avg + py with A € [0, %}, then

e(p*(x)) = e(@* (Ao +puy)) = e(n(2Ar(y))) < e(nly) < 0,

since y € Y with ||y||y =1 = r (recall the local linking hypothesis). Finally,
if £ = Avg + py with A € (%,1] , then

pi(x) = (2A—1)yo + (2= 2X)n(7(1))

and so as A moves from 1 to 1, then p*(x) covers the segment

n(r(®), %] = {z =01 -0)n(r(y) +Vyo: 9 €[0,1]}.
So
Ip* (@) —gollx = (2=2)[In(7(®) —vollx < &
hence ¢(p*(z)) < 0.
Note that we can find 0 < v < 1, such that
Ip"(@)llx 272 Vzek [|z)y =1

We fix 0 < g < 2. Consider the set p*(0F) and the boundary of the ball
832)/ ={veV: vy =0}
Now we will show that for any continuous extension p of p* on all of E, we
have
p(E)NOB) #10. (2.52)
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Let P, € £(X) be the projection operator on Y, let W = V @& Rug and
consider the map G: E — W, defined by

G(x) L Pop(x) + | (idy — P, )p(a)] x vo-

We need to show that G(T) = pvo for some point T € E. Since o < r =1, we
have
G(x) # ox Ve dE.

So the Brouwer’s degree Dp (G, E, pvg) is defined. Consider the sets

af =V
LB = (vev: |y <1}

Cy L oBNE = {weE: |zl =1}
Clearly OF = C1 U Cs, G|c, = id., and G|c, > 73 > 0. On OF we define

~ ot T if x € C,
Gx) = ¢ G
|

if z € Cs.
1G@)) ?

If
htz) L tG@)+ (1 -0Gx) Vtelol], z€ B,

we sce that G and G are homotopic in W \ {gv}. Note that G(Cy) C Cy
and that CAT'|3(;2 = id. Since Cs is homeomorphlc to a ball, there is a con-
tinuous deformation h(,z), connecting G and id|¢, and h(t,-)|ac, = id for
all t € [0,1]. Therefore G|gg is homotopic to the identity in W \ {ovo} and
so Dp(G, E, pvg) = Dp(I, E, pvg) = 1. Thus we can find T € E, such that
G(T) = oz. This proves (2.52).

Thus p*(0F) and GBX link (see Definition 2.1.4 and Remark 2.1.4). Let

r L {pec(E;X): plox=p}

and set

o Y int sup ¢ (p()).
pel zeFE
Note that ¢y > 0. Also from Theorem 2.1.2, we know that cg is a critical value
of ¢. If cg > 0, then the corresponding critical point is the second nontrivial
point of ¢. If ¢y = 0, then again from Theorem 2.1.2, we can produce a critical
point of ¢ located on GB;/ with critical value c¢g. This is the second nontrivial
critical point of ¢.

Case 2. dimY = 0.
If yo is the only nonzero critical point of ¢, then by the local linking hy-
pothesis we can find ¢; > 0, such that

p@)>0 Vo £0, 7] < or.
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So by Proposition 2.4.5, we can find g2 > 0 small enough, such that
pe) 21 >0 VeelX, [z]x =0

Since ¢(0) = 0 > (yo), we can apply the nonsmooth Mountain Pass Theo-
rem (see Theorem 2.1.3) and produce a second nontrivial critical point of ¢,
distinct from .

Case 3. dimV =0 (in this case we can allow dimY = +00).
From Proposition 2.4.4 we know that we can find g3 > 0 small, such that

p(r) <75 <0 VzeX, [z]x = o3

Also recall that ¢ is coercive (see Corollary 2.1.1). So we can apply Theo-
rem 2.1.3 on the functional —p and for paths joining 0 and u, where ¢(u) > 0

and yo & [0, u] 4 {reX: (1-X)0+ M, A€0,1]}. This will produce a
second nontrivial critical point of ¢ distinct from yq. I

REMARK 2.4.2 Since ¢ is bounded below, the nonsmooth PS-condition
and the nonsmooth C-condition are equivalent (see Proposition 2.1.2). 0

2.4.2 Minimax Principles

First we prove an extension of the nonsmooth Saddle Point Theorem (see
Theorem 2.1.4), which is useful in the analysis of strongly resonant problems
(see Chapter 4).

The mathematical setting remains the same, namely X is a reflexive Banach
space and ¢: X — R is a locally Lipschitz function. As before, we set

K 4 {zeX: 0€dp(), p(x)=c}
(i.e. the set of critical points of ¢ with energy level ¢) and
° g {reX: o) <c}
The next theorem is a minimax principle similar to Theorem 2.2.3.

THEOREM 2.4.2
If M is a compact metric space, M* C M is a closed subspace, v* €

C(M*; X), ¢ satisfies the nonsmooth C.-condition with

daf .
= f 5
¢ 7 Jfnret0)

where .
r ¢ {WEC(M;X): v =~" onM*}
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and

¢ > max o(Y"(s))

then K¢ # ().

PROOF  Suppose that the theorem is not true and K¥ = (). Let

af .
o = max (v (s)-

1

By hypothesis a < ¢. Take gg 4 s(c — a) and apply Theorem 2.1.1 with

2

U = (). We obtain ¢ € (0,20) and a continuous homotopy of homeomorphisms

h:]0,1] x X — X, such that

h(0,z) = x VaoelX,
h(t,z) = x Vtelo,1], z e X,
o(x) &[c—ec+el,

Note that

1
co+¢(7'(s)) < eot+a = §(c+a) < c VseM*

and so |c — ¢(v*(s))| > €o. Therefore from (2.54), it follows that
h(t,v*(s)) = 7*(s) Vtel0,1], se M.
From the definition of ¢, we know that we can find 7 € I', such that

max p(F(s)) < c+e.

Set
”yhd:fh(lﬁ(s)) VseM.

Clearly v, € C(M; X). Also since 7 € I' and from (2.56), we have
n(s) = A1) = h(LA"(E) =7"(s)  ¥seM
and so 7y, € I'. Then from (2.57) and (2.55), we have that
(s) = h(1,79(s)) € h(1,¢°"%) C ¢ VseM

and so
@(m(s) < c—e VseM,

(2.53)
(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

which contradicts the definition of ¢. This contradiction means that K¥ # ()

and so c¢ is a critical value of .
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As a consequence of this general minimax principle, we can have the non-
smooth Mountain Pass Theorem (see Theorem 2.1.3) with nonrelaxed bound-
ary condition (i.e. with strict inequality).

COROLLARY 2.4.1 (Nonsmooth Mountain Pass Theorem)
If T # 0 is such that ¢(T) < ¢(0), there exist r € (0, [|Z||x) and u > ©(0),
such that

o(x) > p Y x € 0B,

@ satisfies the nonsmooth C.-condition with

df .
Y inf t
¢ = inf max e(y(1)).

where
P £ {yeo(o.1;X): 4(0)=0, 4(1) =z},

then K # 0.

PROOF  Set M 2 [0,1], M* £ {0,1}, v*(0) = 0, v*(1) = 7 and next
apply Theorem 2.4.2. I

We can have another corollary, which will lead to a generalization of the
nonsmooth Saddle Point Theorem (see Theorem 2.1.4).

COROLLARY 2.4.2
If M, M*, v*, T and c are as in Theorem 2.4.2, there exists D C X, such
that
YM)YND #0 Vyel

and

max (v"(s)) < inf (),

then K¢ # ().

PROOF Note that

inf > inf . .
inf maxg(3(s) > inf p(x) > max o (v"(5))

So we can apply Theorem 2.4.2 and conclude that K% # (). I

Using this corollary, we can have the following generalization of the non-
smooth Saddle Point Theorem.
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THEOREM 2.4.3 (Generalized Nonsmooth Saddle Point Theorem)
If X =Y @V withdimY < 4o0, there exist yo € Y and r > [jyol|x, such
that

inf o(yo +v) > max o(y),

yeEYNOB,.

M =Y N B,, ¢ satisfies the nonsmooth Ce-condition with

af .
= inf
¢ = lrfure0(),

where .
T L {yeC(M;X): vynos, = id},

then K # 0.

PROOF We want to apply Corollary 2.4.2 with D = yo+ V. To this end,
we need to show that

YIM)N(yo+V)#£D Vyel. (2.59)

Let P, € L(X) be the projection on the finite dimensional subspace Y.
Clearly (2.59) is equivalent to saying that

VyeTyeM: P,(v(y) —%) = P, (v(y) —wo = 0.

To solve this equation for y € M, we proceed as follows. Let v € T'. Note
that if M* =Y NOB,, then P, ov|p+ = id. From the properties of Brouwer’s
degree Dp we have

Dp(P,oy—yo,int M,0) = Dp(P,oy,int M,yo) = Dp(id,,,int M,yy) = 1,
hence we can find y € int M, such that (P, ov)(y) = yo. I

REMARK 2.4.3 If yo = 0, then Theorem 2.4.3 is just the nonsmooth
Saddle Point Theorem.

2.4.3 Palais-Smale-Type Conditions

We conclude this section with some additional observations concerning the
nonsmooth PS-condition and its role in minimization problems. We start by
introducing a type of local PS-condition suggested by the Ekeland Variational
Principle, which is quite natural in the present nonsmooth setting.

DEFINITION 2.4.2 Let (M,d,,) be a complete metric space. We say
that a function ¢: M — R satisfies the PS{ | -condition, if
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“Whenever {z,},~; € M and {e,},~;,{0n},>; € Ry are se-
quences, such that €,,68, \, 0, ¢(z,) — c and

plzn) < @(y) +endy (Tn,y) VyeM, dy(zn,y) < on,
then {z,},-, has a convergent subsequence.”

If in this last inequality we interchange x, and y, we say that ¢ satisfies
the PS; _-condition. If ¢ satisfies both the PS; , -condition and PS{ _-
condition, then we simply say that it satisfies the PS-condition.

PROPOSITION 2.4.6 B
If M is a complete metric space, p: M — R is a lower semicontinuous,
proper and bounded below function satisfying the PS:,+—conditi0n with

cﬁinf

then there exists xo € M, such that ¢ = p(xg).

PROOF  Let {yn},~; € M be a minimizing sequence for ¢ and let ,, =
©(yn) — ¢ > 0. Of course 6, \, 0. Invoking the Ekeland Variational Principle
(see Corollary 1.4.7), with € = 62, A = §,, 1o = y», for n > 1, we obtain the
sequence {z,},~,; € M, such that

o(rn) < o(yn),

and
o(xn) < p(u)+ ond,, (u,z,) VueX.

Clearly ¢(z,) — c and since by hypothesis ¢ satisfies the PS{ , -condition,
passing to a subsequence if necessary, we conclude that x, — =z in M.
Because ¢ is lower semicontinuous, we have that ¢(zg) = c.

COROLLARY 2.4.3
If X s a reflexive Banach space, p: X — R is a locally Lipschitz and
bounded below function satisfying the PS{ | -condition, with

daf .
= inf
¢ = infe
then K¢ # ().

It is of course natural to ask what is the relation of this new PS-type
condition to the nonsmooth PS-condition introduced in Definition 2.1.1(a).
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PROPOSITION 2.4.7

If X is a reflexive Banach space and ¢p: X — R is a locally Lipschitz
function,
then for any c € R, ¢ satisfies the nonsmooth PS.-condition if and only if it
satisfies the PS;-condition.

PROOF Nonsmooth PS;-condition = PS}-condition:
Let {zn},5>1 € X, {en}ns1 {0n},s1 © Ry \ {0} be sequences, such that
€n,0n \ 0, p(x,) — c and

o(xn) < @) +en ||xn—y||X Vye X : d(zn,y) < dn.
Let y = xp, + tu, with u € X, |Jul|y =1 and 0 < ¢t <4, for n > 1. We obtain

1 < 1 p(@n + tz;) — ¢(an)
En

VO<t<é, uelkX, ||uly=1,

S0
1
—1 < = (zp;u) VueX, ||lu[y =1

and so 1
Ml £ ¢ (eniw)  VuweX.

Using Lemma 1.3.2 (note that ¢%(z,,;0) = 0 and ¢°(x,;-) € To(X) by Propo-
sition 1.3.7(a)), we can find y} € X*, vy # 0, |Jys|lx <1, such that

en (yiu)y < @(zniu)  VueX, n>1

If o = anyn, then «} € 0¢(z,) and ||z} || . — 0. Because ¢ satisfies the
nonsmooth PSc.-condition, we can find a strongly convergent subsequence.
Thus the PS;-condition hold.

PS:-condition = Nonsmooth PS;-condition:
Let {z,},~; € X be a sequence, such that

o(ry,) — ¢ and m¥(x,) — 0.

Let z}, € O¢(x,) be such that m?(x,,) = ||z} || . for n > 1. Take ¢, 4 |5 || 5«
for n > 1. By hypothesis, we have that ¢/, \, 0. For each n > 1, let

{tn?)} -1 € Ry \ {0} be a sequence, such that ¢ < 5, \, 0 and

@(xn + t(")h) o(zn)
i)

— @z, h) as m — 400, YV heX.
As zf € 0p(xy,), for each n > 1, we can find mg = mo(n) > 1, such that

(Thh)x —€, < i {w(xn +tMh) - so(wn)} Y m > mo(n)
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and so
plan) < plan+t50R) 106, — (ah 00)
< p(an + 15 h) + 2600V om > mo(n).

If ,, = 2¢],, then because the PS-condition holds, we infer that there exists
a strongly convergent subsequence. So the nonsmooth PS.-condition holds. I

2.5 Continuous Functionals

In this section, using the notion of weak slope (see Definition 1.3.10), we
develop a critical point theory for continuous functionals defined on a metric
space.

2.5.1 Compactness-Type Conditions

Let (X,d,) be a metric space and ¢: X — R a continuous function. We
start by defining what we mean by a critical point of ¢ in this setting.

DEFINITION 2.5.1 A point xg € X is said to be a critical point of
o, if |[dp|(zo) = 0. Then ¢ = p(x0) is the corresponding critical value.

REMARK 2.5.1 If X is a Banach space and ¢ € C!(X), then by virtue
of Corollary 1.3.9, the above definition coincides with classical definition of a
critical point for a smooth function. If X is a Banach space and ¢ is locally
Lipschitz, then Proposition 1.3.24 implies that the above definition coincides
with Definition 2.1.2.

Next we extend the PS-condition to the present general setting.

DEFINITION 2.5.2  We say that ¢ satisfies the extended mnon-
smooth Palais-Smale condition at level ¢ (extended nonsmooth PS.-
condition for short) if the following holds:

“Every sequence {z,},~; C X, such that
p(zn) — ¢ and |do|(zn) — 0,
has a strongly convergent subsequence.”

If this property holds at every level ¢ € R, then we simply say that ¢ satisfies
the extended nonsmooth PS-condition.
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REMARK 2.5.2 The limit 2y of the convergent subsequence of PS-se-
quence is necessarily a critical point of ¢, since |dy|(-) is lower semicontinuous
(see Proposition 1.3.22).

2.5.2 Deformation Theorem

In order to prove a deformation theorem, we need some auxiliary results.
The first one is a general topological result. We omit its proof and refer to
Kuratowski (1966, p. 234) for it.

LEMMA 2.5.1

If Y is a metric space and {Us}aes is an open cover of Y,
then this open cover admits a locally finite refinement

{Vk,g : /CEN, ﬂESk},
such that for all k € N and all 3,5 € Sk, 8 # (', we have Vi, g N\ Vi g = 0.

Using this general topological result, we can make the first step towards a
deformation theorem.

PROPOSITION 2.5.1

If & X — Ry s a continuous function, such that for all x € X with
|de|(z) # 0, we have |de|(x) > §(z),

then we can find continuous maps n: Ry x X — X and 7: X — Ry, such
that for every (t,x) € Ry x X, we have:

(a) dy (2. n(t,2)) <t;

(b) @(n(t,2)) < ¢();

(c) ift < 7(@) then o(n(t,x)) < p(x) — E(@)t;
(@) if |de|(x) # 0 then T(x) > 0.

PROOF From Proposition 1.3.22 we know that the map = — |dy]|(z)
is lower semicontinuous. So if z € X is such that |dp|(x) # 0, we can find
0(x) > 0, such that

Bsy(x) C{y e Y : |dp|(y) # 0}
and

af
n(z) = sup  &(y) < |de|(z).
YEBs(z) ()
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From Proposition 1.3.20, by decreasing d(x) > 0 if necessary, we can find a
continuous map H,: [0,(x)] x Bj(g)(x) — X, such that

d(Hg(t,u),u) < t
{w(m,u)) < o) - 7 ) € 00@] < By (@)

The collection {B 5(2) (x)} is an open cover of the metric
: {EX5 |de] ()0}
space {x € X :|dp|(x) # 0}. Because of Lemma 2.5.1, we can find a locally

Lipschitz refinement {Vk,g :keN, pge Sk}, such that for all K € N and all
8,08 € Sk, B # [ we have Vg N Vi g = B. Let {ﬂk,g c keN, ge Sk} be
a partition of unity subordinate to the refinement {Vk,g c keN, fge Sk}.
Since Vi3 C {x € X : |dp|(x) # 0}, we can extend each ¥ g to all of X by
simply setting V5 g(y) =0 for y € {x € X : |dy|(z) = 0}.

For each pair (k, ), let x5 € {x € X : |dy|(z) # 0} be such that V}, g C
Bm(kaﬁ). Set 51@,6 4 (5(1‘;9)5) and Hy g ¥ Hwk,/g' Let 7: X — Ry be
defined by

oy A L min by if |dg|(z) # 0,
T(x) =  42eVip
0 if |dp|(z) = 0.

It is easy to check that 7 is lower semicontinuous. Then we define 7: X — R4
by

r(@) £ inf (7(y) +d(y.x)).

Clearly 7 is continuous and satisfies the following
if |do|(z) =0 then 7(z) =0
and

if |dp|(z) # 0 then 0 < 7(z) < % min g, g.

€V,

Next we shall define a sequence of continuous maps
Mt {t,z) ERE x X t<7(2)} — X,
such that

dy(zmn(t) < | DD depl@) |t (2.60)

k=1 BESk

and

p(m(t,z)) < w(z) =€) [ Y Y dupla) |t (2.61)

k=1 BESk
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We do this inductively. First we define

df Hyp (ﬂlﬁ(%)t x) ifz e Vk,ﬁa
mt,z) = ifxg | Vig.
BESL

Suppose that we have defined {ni}z;ll which satisfy (2.60) and (2.61).

every t € [0,7(z)) and every z € V, g, we have

n—1
1
dy (z,qn-1(t,2)) < Z Z Ipp(z) |t < 7(x) < 55,1,5,
k=1 BESk
hence 7, _1(t,z) € Bs, ,(¢n,5). So the map
df Hn,ﬁ (ﬂn,ﬁ(li)t,??n_l(t,li)) ifx e Vk,ﬁ,
nn(tvw) = nn—l(t7$) if x 5{ U Vl,ﬁ
BES1

For

is well defined and satisfies (2.60) and (2.61). Therefore by induction, we have

generated a sequence of continuous maps 7, satisfying (2.60) and (2.61).

Let z € {x € X : |dg|(x) #0}. Since {Vig: k€N, 8 € Si} is a locally
finite cover of {zx € X : |dp|(x) # 0}, we can find a neighbourhood U of x

and ng € N, such that
M (t, ) = N, (¢, ) Y (t,x) € [0,7(x)] x U, n > no.

Therefore the map 7: Ry x X — X defined by

n(t,x) T lim n(min{t, 7(z)}, z)

n—-+4oo

is continuous on the set Ry x {z € X : |[dp|(x) #0}. From the esti-

mates (2.60) and (2.61), we have that
dX (%U(taﬂ?)) < min{t,T(l‘)} < ft,
e(n(t,z)) < @)
and also
if t < 7(x), then o(n(t,z)) < ¢(z) — &(z)t

and so it follows that 7 is also continuous on the set

Ry x {x € X : |dp|(x) =0}.
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PROPOSITION 2.5.2
If X is a complete metric space, C C X is a nonempty and closed set and
0,& > 0 are such that

if d(z,C) <4, then |dy|(z) > &,

then there exists a continuous map n: [0,0] x X — X, such that for every
(t,z) € [0,0] x X, we have:

(a) dy (x,n(t,x)) <t;

(b) (nt,)) < o(x);
(c) ifdy(x,C) >4, then n(t,x) = z;

(d) ifx € C, then o(n(t, x)) < () — &t

PROOF Consider the function : X — R U {—o0} defined by

g (€ itd(z,C)<d,
V(@) = {—oo itd,(,C) > 6.

Clearly v is upper semicontinuous. On the other hand from Proposition 1.3.22
we know that |dy|(-) is lower semicontinuous. Consider the multifunction
G: X — 28\ {0} defined by

G) L (), |d|(2)) .

Then G is lower semicontinuous and by virtue of Remark 1.2.7 we can find a
continuous map &: X — R, such that

~

&(x) € G(x) VrelX,

~

hence £(z) < |dy|(z) and

ifd, (x,C) <4, then &(x) > €.

Set o, R
f(a:):fmin{f(x),f} VrelX.

Clearly ¢ is continuous and
if dy (z,C) <6, then £(z)=¢

and B
if [dp|(z) #0, then {(z) < |dp|(x).

Apply Proposition 2.5.1 with &, to obtain two continuous maps

71: X — Ry and m:Ry xX — X
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satisfying the postulates of that proposition. Recursively, we define for all
n>2

Tﬂ(x) ﬁ Tn—l(x) + 71 (nn—l(xyTn—l(x)))

and

df {nnl(t,x) 0 <t< 7 (x)

We claim that for all (¢,2) € Ry x X with d, (z,C) +t < §, we have t <
lim 7,(z). Suppose that this is not the case and so that 7,,(z) < ¢ for all

n—-+4oo

n > 1. We have

dy (M (70 (2), 2), M1 (Tn-1(7), 7)) < 70 (2) — Tno1(2)
and so
dx(%??n(Tn(ﬂi)ﬂi)) < (),
hence
dy (T]n(Tn(ﬂi),ﬂi),O) < dx(nn(rn(x),x),x)—|—dx(a:,C') < mp(z)+dy (2,0).

d

From this it follows that {nn (Tn(x), ;v)} is a Cauchy sequence in Cj 4

{reX: di(z,C) <4} Let

n>1

Y Y lim r]n(Tn(a:),a:).

n—-+o0o

We have 7 (y) = HIE (Tnt1(x) — T (x)) = 0, a contradiction. So if we define

n: {(t,x) eERy x X : dy(2,C) +t <0} — X,
by
n(t, z) A lirf M (t, T),

then 7 is continuous and
dy(n(t,z)) <t and  @(nte) < p@) - ¢t
Moreover, if we set

n(t,x) L on((6—dy(2,0)) 7", 2),

whenever d, (z,C) +t > 6, we see that 7 is still continuous and so we have
defined n on Ry x X. 1

In Proposition 1.3.21 we expressed |dp|(x) in terms of |dE,|(x, A), where
E,: epip — R is the function E,(z, A) = A. On epig we consider the metric

N

dy o (@A) (1) L (dy(@y)? + (A= p)?) 2.
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Note that E, is Lipschitz continuous with Lipschitz constant 1. By inter-
changing the roles of ¢ and E, in the proof of Proposition 1.3.21, we can also
express [dE,|(-,-) in terms of |dp|(-). This gives us a device to reduce the
study of continuous functions to that of Lipschitz continuous functions.

PROPOSITION 2.5.3
For every (z,\) € epiyp, we have

ldeo|(z)

|dE |(3} A) = {17 +ldel|(x)? i ! ( ) A and |d¢|('r) < 0,
] 5
1

if p(x) < Aor |dy|(z) = +oo.

Now we are ready for a Deformation Theorem for this setting. As before
for ¢ € R we set

K¢ & {zeX: |do|(z) =0, p(x) =c}

and ;
¢ £ {p(z) < c}.

THEOREM 2.5.1 (Deformation Theorem)

If X is a complete metric space, ¢ € R and ¢ satisfies the extended nonsmooth
PS.-condition,
then for a given g9 > 0, a neighbourhood U of K¢ (if K€ =0, then U =)
and ¥ > 0, there exist € € (0,e0) and a continuous map n: [0,1] x X — X,
such that for every (t,z) € [0,1] x X, we have:

(a) d, (x,n(t,a:)) < It;

(b) ¢(n(t,x)) < p(x);

(c) if p(x) & (c —€0,c+ o), then n(t,x) = z;
(d) n(L, "= \U) C ==

PROOF  First suppose that ¢ is Lipschitz continuous with Lipschitz
constant 1. Since ¢ satisfies the extended nonsmooth PS.-condition and
x — |dp|(z) is lower semicontinuous (see Proposition 1.3.22), we infer that
K¢ is compact. Let d; > 0 be such that (K¥)s5, C U. Take 6, > 0, such
that 20 < &g, § < 61 and |dp|(x) > £ for all x € C, where

c? {reX:c—6<p@) <c+é x¢(KE)w, |
Because we have assumed that ¢ is Lipschitz continuous with constant 1, we

have that
ifd,(z,C) <9, then |dp|(z)>¢.
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Let 1 : [0,0] x X — X be a continuous map as in Proposition 2.5.2. Without
any loss of generality, we can assume that 9 < ¢ and define n: [0,1]x X — X
by
d
n(t, x) 4 m (Vt, x).
Then statements (a) and (b) follow from the corresponding statements of

Proposition 2.5.2 for the function 7;. Since ¢ is Lipschitz continuous with
constant 1, p(z) & (c—eo, c+ep) implies that d, (x,C) > § and so n(t, z) = x.

Finally, let Eimin{%ﬁ}. If z € ¢\ U and ¢(z) > c—¢, we have v € C
and so
p(n(L,z)) = ¢(m,z)) < p(z) =V < cte—&) < c—¢

(see Proposition 2.5.2). Also if 2 € ¢“t¢\ U and ¢(z) < ¢ — ¢, from (b) it
follows that ¢(n(1,z)) <c—-e.

Next we drop the hypothesis that ¢ is Lipschitz continuous with Lipschitz
constant 1. Since ¢ is continuous, epi¢p C X x R is a closed subset, hence it
is complete. Using Proposition 2.5.3, we see that E, satisfies the extended
nonsmooth PS.-condition. Moreover, if

KEFe ={(z,)) € X xR: |[dE,|(z,\) =0, Ey(z,\) = c},

then (U x R) Nepip is a neighbourhood of K f ¢ and as we already remarked
earlier, the function E, is Lipschitz continuous, with Lipschitz constant 1.
According to the first part of the proof, we can find € > 0 and a continuous
map 7 = (M1,72) : [0,1] x epi p — epi, which satisfies:

(i) dXXR((a:,/\),ﬁ(t, (a:,/\))) < It;

fii) a(t, (2, 0) < N
(iii) if X\ & (¢ —ep,c+ €9), then ﬁ(t, (a:,/\)) = (z,\);
(iv) if A\< c+eand z ¢ U, then 72(1, (z,N)) < c—e.

We define 7: [0,1] x X — X by

nta) LGt (oe@)) VY (ta)e0,1] x X.

Recall that 7 takes its values in epip and so
(M (t, (z,0(2)) < Ma(t, (z,0(2)))-

Then statements (a)-(d) follow at once from this definition of 7. I

REMARK 2.5.3 In this case, for ¢ € [0,1], the map 7 is not necessarily
a homeomorphism. Consider

X 2 {(z.y) eR?: y> |z} U ({0} xR
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and ¢(z,y) ¥ —y. Then ¢ has no critical points and satisfies the extended
nonsmooth PS.-condition for every ¢ € R. However, ¢° is not homeomorphic
to a subset of ¢, for every € > 0.

We can have “symmetric” version of Theorem 2.5.1, when X is a Banach
space equipped with the group action of the symmetry group {id,,, —id, } ~
Zo. Note that the origin is a fixed point of the action. So we have to treat
the origin as a critical point, even if we do not know whether |dp|(0) = 0 for
a continuous and even function ¢: X — R (it is true if ¢ is continuous and
odd).

THEOREM 2.5.2

If X is a Banach space, p: X — R is continuous and even, ¢ € R and ¢
sEtisﬁes the extended nonsmooth PS.-condition,

then for a given g9 > 0, a neighbourhood U of K¢ U {0} and 9 > 0, there
exist ¢ > 0 and a continuous map n: [0,1] x X — X satisfying (a)-(d) of
Theorem 2.5.1 and

(e) for allt €10,1], n(t,-): X — X is odd.

PROOF  Because ¢ is even, it follows that |dy|(-) is even too (hence K¢
is a symmetric set). If z # 0 and |dp|(z) > £ > 0, then by Definition 1.3.10,
we can find 6 > 0 and a continuous map H: [0,d] x Bs(x) — X, such that

lo—H@o)ly <t and  p(HG2) < olo)—¢t (262
We may always suppose that § < ||z|| y. We introduce a map
H:[0,6] x (Bs(z) U Bs(—z)) — X,

defined by
N a [H(t,y) ifye Bs(x),
H(t,y) = {—H(u —y) if y € Bs(—x).

Evidently His continuous, odd with respect to second variable and still sat-
isfies (2.62). So all the constructions of Propositions 2.5.1, 2.5.2 as well as of
Theorem 2.5.1 can be repeated in a symmetric fashion and finally give us the
result of the theorem.

2.5.3 Minimax Principles

Now let us use the Deformation Theorem (see Theorem 2.5.1) to obtain a
minimax principle characterizing critical points of .
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THEOREM 2.5.3
If X is complete, A C B nonempty compact subsets of X, C' C X nonempty
closed subset, v*: A — X a continuous map,

CNypA) =0, Cne(B)#0, max(poy’) <infe,
@ satisfies the extended nonsmooth PS.-condition with
a .
¢ = inf max(p o),

where ;
= {1e0B;X):yla=7"} #0,
then K? # () and ifCZigfgo, then K NC # (.

PROOF Note that the hypotheses imply that iréfcp <ec If iréfcp < cand

by contradiction we assume that K = (), then arguing as in the first part
of the proof of Theorem 2.1.2 (using this time Theorem 2.5.1(c) and (d)) we
reach a contradiction.

So suppose that ¢ = iIclf ¢ and assume by contradiction that K¥ N C = ()

and let £ > 0 be such that

dy(z,C)>¢ VaoeK?
dy(r,y) 226 VYael yey(C).

Let € > 0 and 7n: [0,1] x X — X be a continuous map as in Theorem 2.5.1
satisfying

d (a: n(t,
<p(77 (L,z)) <c V z € ¢t such that d, (z,C) < €.
Let k: X — [0,1] be a continuous function, such that

k|¢(A) =0 and ]€|Ze =1.

Let v € T" be such that n%%))c < c+ ¢ and let
¥

7(s) 4 n(k(v(s)),~(s)) Vs e B.

Evidently 7 € I'. There exists so € B, such that J(so) € C and so ¢(5(so)) >
c. On the other hand d(7(so), C) < A, so that k(v(so)) = 1 and

©(F(s0)) = @(n(1,7(s0))) <c—e,

a contradiction. I
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Using Theorem 2.5.2, we can have a symmetric version of the previous
theorem.

THEOREM 2.5.4
If X is a Banach space, p: X — R is a continuous and even map and

(i) there exist r > 0, B > p(0) and V C X with dimV < +o0, such that
elvros, > B;

(i) for every Y C X with dimY < +oo, there exists Ry > 0, such that for
all y € Y with ||y|| x > Ry, we have o(y) < ¢(0);

(iii) @ satisfies the extended nonsmooth PS.-condition for every ¢ > [,
then there exists a sequence {xy},~, of critical points of ¢, such that

lim ¢(z,) = +o0.

n—-+o0o

2.6 Multivalued Functionals

In this section, by appropriately extending the notion of weak slope (see Def-
inition 1.3.10), we develop a critical point theory for multivalued functionals
which have closed graph.

2.6.1 Compactness-Type Conditions

Let (X, d, ) be a metric space and F': X — 2%\ {0}, a multifunction with
closed graph. The graph of F' is the set

Grr 2 {(z,c) e X xR: ce F(z)}
and X x R is a metric space with metric
Ay ((,0), (1:0) 2 [d ) + e — b7 .
By m: Gr F — X and my: Gr F — R we denote the projections of Gr F’

on X and R respectively, i.e. m1(z,¢) = and m(z,c) = c.

DEFINITION 2.6.1 Let F: X — 28\ {0} be a multifunction with
closed graph and let (x,c) € GrF. The weak slope of F at (x,c), denoted
by |[dF|(x,c), is the supremum on all € > 0, such that there exist § > 0 and a
continuous function H = (Hy, Hy): [0,6] X Bs((z,¢)) — GrF, such that

(@) dy,p((y,0), H(t, (y,0))) <t/1+E;
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(b) Ha(t,(y,b)) <b—¢Et.

REMARK 2.6.1 If F(z) = {¢(z)} with ¢: X — R a continuous func-
tion, then |[dF|(z,¢(x)) = |dg|(x). Moreover, if F: X — 2%\ {0} is a
multifunction with closed graph, we define Gp: Gr F — R by G (x,¢) = c.
Evidently this map is continuous and one can verify that

V1—-|dGFr|(z,c)?

Gl it g <1
P, ¢) = e <
+o0 it |dGp|(z,c) =1

(see also Proposition 1.3.21). Then using this fact, we deduce at once the
lower semicontinuity of |dF|(-,-) (see Proposition 1.3.22).

PROPOSITION 2.6.1
If {(zn,cn)},>; € GrF and (2n,cn) — (z,¢) in X xR,
then B

|[dF|(z,c) < lﬁﬁl}r{}f |dF|(zn, cn)-

Now we introduce the basic notions of critical point and of the Palais-Smale
condition.

DEFINITION 2.6.2 We say that v € X is a critical point of F at
level c € R, if (x,¢) € Gr F and |dF|(z,c) = 0. By K! we denote the set of
critical points of F' at level ¢, i.e.

K L {zeX: |dF|(z,c) = 0}.

Also c € R is a critical value of F, if K # (.

REMARK 2.6.2 Note that due to the multivaluedness of F', z € X can
be a critical point at more than one level, i.e. the map associating critical
points to critical values is multivalued. If we can find a neighbourhood U of
x, such that

—oo < m¥(x) <mf(y) Vyel,

where
m¥ (y) g min{beR: be F(y)}

(i.e. 2 is a local minimum of F), then x € K with ¢ = m¥ (2). 1

DEFINITION 2.6.3 We say that F' satisfies the multivalued Palais-
Smale condition at level ¢ € R (the multivalued PS. condition for
short), if
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“Every sequence {z,},~; € X for which there exist ¢, € F(zy),
such that -
¢n — ¢ and |dF|(zn,cn) — ¢,

has a convergent subsequence.”

2.6.2 Multivalued Deformation Theorem

Using the Lipschitz continuous map Gg: Gr F — R defined by Gr(x,¢) =
c and Remark 2.6.1 and following the reasoning of the proof of Theorem 2.5.1,
we can have the following Deformation Theorem.

THEOREM 2.6.1 (Multivalued Deformation Theorem)

Qf c € R and F satisfies the multivalued PS.-condition,
then for a given g9 > 0, a neighbourhood U of KI' x {c} (if KF =0, then
U=10)and & > 0, there exist ¢ € (0,69) and a continuous function n =
(m,m2): [0,1] x Gr F — Gr F, such that for every (t, (x,b)) €[0,1] x Gr F,
we have:

(a) dXX]R ((a:, b), 77(157 (x, b))) < gt;

(b) 2 (ta ({EJ))) < b)'

(c) if (x,0) e Gr F\ (X x (¢ —eg,c+¢€0)), then 77(75, (a:,b)) = (z,b);

(d) (1, (GrFN (X x (—o0,c+¢]))\U) € X x (—o0,c—e¢].

COROLLARY 2.6.1

If c € R, F satisfies the multivalued PSc-condition, £ > 0, C C GrF' is a
closed subset, U is a neighbourhood of KI' x {c} (if K =0, then U =) and
V is a neighbourhood of C' (if C =0, then V =10)
then there exist e > 0 and a continuous function n = (n1,712): [0,1]x Gr F —
Gr F, such that for all (t, (z, b)) € [0,1] x Gr F, we have:

(@) dy.x ((,0),n(t, (2,0))) < &t

(b) ma(t, (x,0)) <b;

(c) n=1id on ({0} x GrF) U ([0,1] x C);

(d) (1, (GrFN (X x (—oo,c+¢])) \(UUV)) C X x (—o0,c—el.

PROOF Let7: [0,1] x Gr F — Gr F be the continuous deformation pos-
tulated by Theorem 2.6.1. Invoking Urysohn’s Lemma (see Theorem A.1.12),
we can find a continuous map k: X — [0, 1], such that

k|c =0 and k'X\V =1.
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Let n € C([0,1] x X; X) be defined by
n(t,z) = n(k(z)t, z) v (t,z) € [0,1] x X.

Then 7 is the desired continuous deformation. 1

2.6.3 Minimax Principles
Let £ C Gr F and let
NE)L{UCGrF: ECU U#Bif E=0}.

Also if S € D C Gr F are closed subsets and ¢: S — Gr F is a continuous
function, we set

P((8),D) L {(4(D): 7= (,72) € C(D;Cr F), 4]s = v}
Clearly I'(¢(S), D) C T'(4(5)).

DEFINITION 2.6.4 Let EC GrF and I C T(E). We say that T is
invariant with respect to (F, E)-deformations, if

“For every U C T and every continuous map 7: [0,1] X Gr FF —
Gr F', such that

n=id on ({0} x GrF)U([0,1] x E),
{772 (t,(x,b)) <bV(t,(z,b) € [0,1] x Gr F,

we have n(1,U) € L.

Another important notion for what follows is given in the next definition.

DEFINITION 2.6.5 Let A,B C GrF and let T bea nonempty subset of
I'(E). We say that I" intersects A if

UNA#0 YUEeL.

REMARK 2.6.3 In the above definition A and E need not be disjoint
and in particular we can have A = Gr F. In addition, we can have E = ().

Now we are ready for the first minimax principle.

THEOREM 2.6.2
If X is a complete metric space, A is a closed subset of GrF', E C GrF,

T C I'(E) nonempty and invariant with respect to (F, E)-deformations, r
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intersects A,

inf supma(UNA) > me(E)
vel

with strict inequality if d, (A, E) = 0, and F satisfies the multivalued PS.-
condition, with
c ¥ inf supm(U) € R
Uel
then (KF x {c}) o # () where

Fd

&

Uvu.
Uel

Moreover, if c = inf supma(U N A), then (KF x {c}) N A#0.
vel

PROOF Let V be a neighbourhood of E and let ¢ > 0 be fixed in the
process of the proof. Let U = (KZ x {c})f. Applying Corollary 2.6.1 (with

C = E) we obtain ¢ > 0 and a continuous deformation n: [0,1] x Gr F —
Gr F. In particular, we have that

n=id on ({0} x GrF)U ([0,1] x E) ,
n2(t, (z,b)) <bV(t,(x,b)) €[0,1] x Gr F.

Let U € I be such that m2(U) < ¢+ e. By hypothesis we have n(1,U) € T

Let
Aif ¢ = inf supm(U N A),
D = _ UEIA“
I' otherwise.

Suppose that (K% x {c}) N'.D = 0. Since by hypothesis F' satisfies the mul-
tivalued PS.-condition, K" is compact. So we can take & > 0, such that

d(KEF x{c},D)>2¢ and d(A,E)>2¢ if c =supm(E).
When ¢ > sup m3(E), we choose § > 0, such that ¢ > ¢ — § > supma(F). Let

v ¥ [ Ee if ¢ =supma(E),
T 1 GrFn (X x (—oo,c—4)) otherwise.

Let (Z,b) € U be such that
n(1,(z,b)) € D and c¢—min{e, 6} < n2(1,(Z,0)).

Because

Ay x ((577))777(1a (575))) <& and 72 (1, (7, b)) <,
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we see that (Z,b) ¢ UNV. Hence (1, (z,b)) < c — ¢, a contradiction. I

If A=GrF, E = () and we use the convention sup 72 () = —oo, then from
Theorem 2.6.2, we obtain the following corollary.

COROLLARY 2.6.2 R

If X is a complete metric space, I' C ['(0) is a nonempty subset invariant with
respect to (F,0)-deformations and F satisfies the multivalued PS.-condition,
with

a .
¢ = inf supm(U) € R,
Uel

then (K} x {c}) o #0.

The second consequence of Theorem 2.6.2 can be viewed as the multivalued
version of the Mountain Pass Theorem.

COROLLARY 2.6.3 (Multivalued Mountain Pass Theorem)
If X is complete, S € D C GrF' are closed subsets, ¢ = (Y1,102): S —

Gr F is continuous, A C GrF is closed, r - F(dJ(S),D) is monempty and

imwvariant with respect to (F7 w(S)) -deformations, T intersects A,

sup2(S) < inf (2(v71(4)))
+(D)eP

with strict inequality if d(A,w(S)) = 0 and F satisfies the multivalued PS.-
condition, with

c ¥ inf supv(D) € R
y(D)er
then (K} x {c}) o #0.

Moreover, if c= inf supy2(y~'(A)), then (KE x {c})NnA#0.
y(D)er

REMARK 2.6.4 In the above theorem, if S C D C epiF are compact
subsets, then automatically we have ¢ € R.

Let us illustrate these abstract results with concrete example.

EXAMPLE 2.6.1 (a) Let F: [~1,1] x [0,1] — 2%\ {0} be defined by

g f[-2lal, 3l +1]if y=0,
F(z,y) = {{—3|x|—2y+1} otherwise.
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Evidently F' has closed graph. Fix § 4 {-1,1} and ¢ ¥ (id,0,—2). Using
Corollary 2.6.3 with I'(4(S5),[—1,1]), we obtain the critical point (0, 1) with
critical level —1. On the other hand, let

T CT((5),[-1,1))

be the set invariant with respect to (F,4(S))-deformations and generated
by {(z,0,-2|z|) : « € [-1,1]}. Again Corollary 2.6.3 gives the critical point
(0,0) with critical level 0. So we see that by considering only deformations 7
satisfying 7(t, (z,b)) < b, we were able to obtain the (0, 0)-critical point.

(b) Let F: [— 1, 1] — 2%\ {0} be defined by

cos (%) —x%if 2 # 0,
[—1,1] ifx=0.

=3
5

S~—
E

We choose

D11 s 1y and oy L (i Fs).

T

Clearly T'(¢(S), D) = 0. Let
I L {GrF(D)} CT(u(S))
and

A= ([, L] xR)NGIF.
Theorem 2.6.2 gives the critical point £ = 0 with critical level 1. Also if rc
['(() is the subset invariant with respect to (F, @))-deformations and generated
by Gr F'N (D x (—o0,—1]), then from Corollary 2.6.2, we obtain the critical
point x = 0 with critical level —1.

2.7 Remarks

2.1 The Palais-Smale condition for smooth functions was introduced by Palais
& Smale (1964) in the context of deformation techniques. The Cerami condi-
tion for smooth functions was suggested by Cerami (1978) and was used in the
context of strongly resonant problems by Bartolo, Benci & Fortunato (1983).
The relation between PS-condition and coercivity for smooth functions was
first established by Caklovi¢, Li & Willem (1990). Soon thereafter Costa &
Silva (1991) proved additional results in this direction. The nonsmooth ver-
sions of these results were obtained by Kourogenis & Papageorgiou (20000).
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The nonsmooth critical point theory for locally Lipschitz functions started
with the work of Chang (1981). He was able to construct a substitute for the
pseudogradient vector field of the smooth theory and use it to obtain non-
smooth versions of the Mountain Pass Theorem of Ambrosetti & Rabinowitz
(1973) and of the Saddle Point Theorem of Rabinowitz (1978a). Chang (1981)
used his theory to study semilinear elliptic boundary value problems with a
discontinuous nonlinearity. The more general version of the theory, which we
present here and which uses the nonsmooth C-condition and relaxed bound-
ary conditions, is based on the work of Kourogenis & Papageorgiou (2000a).
In the smooth case first Pucci & Serrin (1984) proved a version of the Moun-
tain Pass Theorem, where the separating mountain range F' has a thickness.
Further results in this direction were obtained by Guo, Sun & Qi (1988),
Ghoussoub (1993a) and Du (1993). Additional versions of the notion of link-
ing (see Definition 2.1.4 and Remark 2.1.4) can be found in the papers of Silva
(1991) and Ding (1994). The smooth version of Theorem 2.1.5 (Linking Theo-
rem) is due to Rabinowitz (1978¢). The notion of genus (see Definition 2.1.5)
is due to Krasnoselskii (1964), although the definition given here is due to
Coffman (1969). The fact that Definition 2.1.5 is equivalent to the original
definition of Krasnoselskii was proved by Rabinowitz (1973). Theorem 2.1.7
is essentially due to Szulkin (1986), although Szulkin formulates the result
for a different class of nonsmooth functionals (¢ = ® + 1, with ® € C1(X),
1 € To(X)). The observation that Szulkin’s proof, with minor modifications,
is also valid in the locally Lipschitz case was made by Goeleven, Motreanu &
Panagiotopoulos (1998). Additional multiplicity results for nondifferentiable
functionals can be found in the recent work of Marano & Motreanu (2002b).

2.2 The smooth version of the critical point theory for functions defined on
closed convex sets was formulated by Struwe (1990). The nonsmooth version
is due to Kyritsi & Papageorgiou (to appeara). Critical point theory for
smooth functions (using the deformation technique or the Ekeland Variational
Principle or both) can be found in the books of Chang (1993), de Figueiredo
(1982), Ghoussoub (1993a), Mawhin & Willem (1989), Rabinowitz (1986),
Struwe (1990) and Willem (1996).

2.3 The first variation of Chang’s theory was formulated by Szulkin (1986),
who considered functionals of the form ¢ = ®+1 with ® € C1(X), 1 € To(X).
Kourogenis, Papadrianos & Papageorgiou (2002) formulated the extension to
the case p = ® + ¢ with ® locally Lipschitz and ¢ € T'o(X).

2.4 The notion of local linking was introduced by Liu & Li (1984). Soon
thereafter Brézis & Nirenberg (1991) relaxed the assumptions for local link-
ing and proved a theorem on the existence of two nontrivial critical points for
C'-functionals satisfying the Palais-Smale condition. Theorem 2.4.1 extends
to a nonsmooth setting the result of Brézis & Nirenberg (1991) and is due
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to Kandilakis, Kourogenis & Papageorgiou (submitted). Interesting applica-
tions of local linking to multiplicity results for semilinear elliptic problems can
be found in Li & Willem (1995). Theorem 2.4.2 and its consequence Theo-
rem 2.4.3 (which is useful in the analysis of strongly resonant problems; see
Chapter 4) were proved by Gasiriski & Papageorgiou (2002b). The variants
of the Palais-Smale condition given in Definition 2.4.2 and Propositions 2.4.6
and 2.4.7 are due to Costa & Gongalves (1990).

2.5 The extension of the nonsmooth critical point theory to continuous func-
tions on a metric space was started by Degiovanni & Marzocchi (1994). Ad-
ditional results and/or applications of this theory can be found in the papers
of Canino & Degiovanni (1995), Corvellec, Degiovanni & Marzocchi (1993)
and Degiovanni (1997). Another closely related critical point theory for con-
tinuous functions on a metric space was developed by Ioffe & Schwartzman
(1996).

2.6 The extension of the theory of the previous section to multifunctions with
closed graph is due to Frigon (1991).
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Chapter 3

Ordinary Differential Equations

This chapter is devoted to the study of nonlinear boundary value problems
for ordinary differential equations. We deal with both scalar problems and
problems in RY (N > 1, systems) and in general the right hand side nonlin-
earity is set-valued (differential inclusions). The formulation of some of the
problems is very general and incorporates problems with unilateral constraints
(differential variational inequalities). We present a variety of methods, which
lead to existence results, multiplicity results and to positive solutions. In
Section 3.1, we consider Dirichlet problems in R with a nonhomogeneous,
nonlinear differential operator, which contains the ordinary vector p-Laplacian
as a special case. The presence in the right hand side of a maximal monotone
term (not necessary defined on all of RY) includes in our framework differen-
tial variational inequalities and gradient systems with nonsmooth potential.
The solution method that we develop is based on the theory of nonlinear op-
erator of monotone type and on fixed point arguments (a set-valued version of
the Leray-Schauder alternative principle). In Section 3.2, we conduct a simi-
lar study for periodic systems. Now the right hand side nonlinearity satisfies
certain versions of the Hartman and Nagumo-Hartman conditions. Moreover,
for the scalar problem we allow the differential operator to depend also on = at
the expense of being linear in 2’. In Section 3.3, we pass to a more general level
and allow the boundary conditions to be nonlinear and multivalued. However,
the differential operator is restricted to be the ordinary vector p-Laplacian.
The analysis is general enough to achieve a unified treatment of the classical
Dirichlet, Neumann and periodic problems. The techniques are analogous to
those used in the previous two sections. In Section 3.4 we consider periodic
problems (in R and R”) in variational form with a nonsmooth potential and
we use the nonsmooth critical point theory of Chapter 2 to prove existence
and multiplicity theorems. Section 3.5 considers a general scalar nonlinear
second order differential inclusion with nonlinear multivalued boundary con-
ditions and uses the methods of “upper-lower” solutions to produce a solution
and also “extremal” solutions in the order interval formed by the ordered pair
1 < 1) of the lower and the upper solution respectively. Here the approach
is based on truncation and penalization techniques. In the first half of Sec-
tion 3.6, we deal with a semilinear Sturm-Liouville type system and using
a set-valued extension of the “compression-expansion” fixed point theorem,
we establish the existence of positive solutions (for the usual partial order
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208 Nonsmooth Critical Point Theory and Nonlinear BV Ps

on RY). The hypotheses incorporate a special case, the sublinear and the
superlinear problems. The analysis applies also to the Neumann problem. In
the second half of Section 3.6, we deal with a scalar Neumann problem driven
by a general nonlinear operator, a special case of which is the ordinary scalar
p-Laplacian. The solution method is based on a range theorem for nonlinear
operators of monotone type and the hypotheses involve a Landesman-Lazer
type condition. Finally in Section 3.7 we study Hamiltonian inclusions, i.e.
Hamiltonian systems in which the Hamiltonian function is not C', but only
locally Lipschitz. Without assuming regularity of the locally Lipschitz Hamil-
tonian H, we obtain conservative solutions. The proof relies on a suitable
approximation by smooth functions of the Hamiltonian H.

3.1 Dirichlet Problems

This section is devoted to vector Dirichlet problems driven by nonlinear differ-
ential operators which are not necessarily homogeneous and involve a maximal
monotone term and a multivalued nonlinearity depending also on the deriva-
tive of the unknown function.

3.1.1 Formulation of the Problem

Let T = [0,b]. Let us consider the following strongly nonlinear second order
differential inclusion

e < A ) eancr, g

Here a: RV — R is a suitable monotone homeomorphism, which includes
the ordinary vector p-Laplacian as a special case, A: RN — 28" is a maximal
monotone map and F: T xRN x RN — 28"\ {()} is a set-valued nonlinearity.
Our approach is primarily based on the theory of nonlinear operators of mono-
tone type (see Section 1.4) and our hypotheses on the multivalued nonlinearity
F(t,&,€) are minimal, in the sense that besides the usual Carathéodory and p-
growth conditions, we only have a general nonresonance condition. Moreover,
the presence of the maximal monotone term A incorporates in our framework
differential variational inequalities and gradient systems with a nonsmooth
potential. The hypotheses on the data of (3.1) are the following:

H(A); A:RY D Dom(4) — 28" is a maximal monotone operator with
0 € A(0).

H(a); a: RY — R¥ is a continuous map, such that
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8. Ordinary Differential Equations 209

(i) a has one of the following forms:

(1)1 a(§) = ka ()€, where kq: RY — R is a continuous function;

or
(1)2 a(&) = (k$(&1)ér, .- k% (En)EN), where kf: R — R are
continuous functions for ¢ € {1,..., N};

(it) a is strictly monotone;

(iii) for all £ € RY, we have that

(a(6)€,)py > BlIElRn
with 8> 0, p € (1, +00).

REMARK 3.1.1 If p € (1,+00) and

g [ [lEBN € if € € RN\ {0},
ale) = {0 T ite=o,

then hypotheses H(a); are satisfied (with H(a)1(7)1) and we have the ordinary
vector p-Laplacian. Also if

a(€) = (IaP26, .., [En]P2En) VEeRY,

which is a slightly different version of the ordinary vector p-Laplacian, then
again hypotheses H(a); are satisfied (with H(a)1(7)2). Note that hypotheses
H(a)1 do not impose any growth restrictions on a. So for example, if

df »
9 = ey —Jlepy VEERY,
for some ¢ > 1 and
df »
a@) £ '(x) = (celev —1) g|by VEERY,
we see that a satisfies hypotheses H(a);. Another possibility is to have
a(€) =n(ll€llgx ) RN € ¥ EERY,

with a continuous map n: R¥ — R*, and 8 € (0,n(r)) for all > 0 and
r +—— n(r?)rP~! strongly increasing. For example, we can have

Vr>0,

for some ¢ > 0. I

H(F); F:T xRN xRN — Py, (RN) is a multifunction, such that
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210 Nonsmooth Critical Point Theory and Nonlinear BV Ps

(i) for all £, € € RV, the multifunction
T >t F(t,&E) € P (RY)
is measurable;
(#i) for almost all ¢ € T, the multifunction
RY x RY 3 (€,€) = F(t,£,€) € Prc(RY)
has closed graph;
(iii) for almost all t € T, all £,& € RN and all u € F(t,&,£), we have

lullgn < 1 (& 1€l ) + 72 (8 IElan ) [E ]

with

sup A/l(tﬂr) < nl,k(t) and sup 72(t7r) < 772,k(t)7
ref0,k] re[0,k]

where 1, , € L*(T) and n,, € L>=(T);

(iv) Hghlm inf ( inf "ﬁg‘g 5)) > —91(t) uniformly for almost all t €
gN —+00 \£eRN

T, with ¢; € L*>(T)4, ¥91(t) < BA; for almost all ¢ € T and the
inequality is strict on a set of positive measure. Here

mt, 68 L inf  (w,&py VY (HEE eT xRY xRY
ueF(t,E,E)

and A; > 0 is the first eigenvalue of the ordinary vector p-
Laplacian with Dirichlet boundary conditions, i.e. A; = (52)"

(see Section 1.5) and 8 > 0 is as in hypotheses H(a); (7).

First we are going to consider a system of nonlinear equations associated
to a monotone map such as a. Note that under hypotheses H(a)i, a is a
homeomorphism on RY. Then for u € C’(T; RN ), we define the generalized
mean value map G,: RV — RV, by

s

S| =

b
/a (E+u®)dt  VEeRN.
0

PROPOSITION 3.1.1
If hypotheses H(a)y hold,
then

(a) for any u € C’(T;RN), the system Gy(§) = 0 has a unique solution
€(u) €RY;
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(b) the map &: C(T;RYN) — RY defined in (a) is continuous and bounded
(i.e. sends bounded sets to bounded sets).

PROOF (a) By virtue of the strict monotonicity of a, we have that

(Gu(g)_Gu(Z)ﬂg_g)RN >0 Vé-,EE]RN, g#g

and so the solution of G, (§) = 0 if it exists, it is unique. Evidently G, is
continuous. Also

b

(6u(©&)an = 3 [ @€+ ult) €+ ult))gy dt
01 \
= [ (a7 (E+ult)), ult)) o dt
e

p
b

v

1€+ w(®)llgs (1€ +u®lEn" = lull ) dt

o .

and so it follows that G, is weakly coercive (see Definition 1.4.6(b)). From
Theorem 1.4.4 it follows that the equation G, () = 0 has a solution.

(b) Let B C C(T;RY) be a bounded set. We have

b
/ (7€) + u(). &), dt = 0
0

and so

b
[ (@7 Ew) + u(w). €+ utt)
0

RN

b
_ /(a—l(g(u)+u(t)),u(t)) it VueB.
0

By Holder’s inequality (see Theorem A.3.12)7 we have

BllEw) +ulf? < llull, |Ew) +ul|,  VYueB,

an 11
w1th5—|—?—17so

BllEw) +ul> < Jlull b7 Yue B
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212 Nonsmooth Critical Point Theory and Nonlinear BV Ps

From this it follows that the set fA(B) C R¥ is bounded.

Finally, to show the continuity of £, let {un}n>1 € C(T;RY) be asequence,

such that
Up — U in C’(T;RN),

for some v € C(T;RY). Then from the boundedness of ¢, it follows that

the sequence {g(un)}n>1 C RY is bounded. So, we can find a subsequence

{E(unk)}nk , such that

~

E(un,) — € mRY ask— +oo

for some £ € RY. Because

b
/a‘l(A(unkHunk(t)) dt =0 Vk>1,
0

in the limit as kK — 400, we obtain that

b
/afl (E+ u(t))dt = 0
0

and so £(u) = &. Since every subsequence of {E (un)}, o, has a further subse-

quence converging to g(u), we conclude that g(un) — g(u) in RN hence gis

continuous.

3.1.2 Approximation of the Problem

Now, for every g € L¥’ (T; RY ) (with 1—1) + 1% = 1), we consider an auxiliary

problem. Here for A > 0, Jy 4 (id+XA)~! and Ay 4 +(id — Jy) is the Yosida

approximation of A (see Definition 1.4.7).

{ —(a(a:’(t)))/ + Ax(z(1)) + ||m(t)|\£1_\,2 z(t) =g(t) foraa.teT,

x(0) = z(b) = 0.
PROPOSITION 3.1.2

If hypotheses H(a)1 and H(A); hold,
then problem (3.2) has a solution xo € C*(T;RY).

PROOF First let us note that the problem

{ _(a(x’(t)))l =g(t) foraa.teT,
£(0) = a(b) = 0
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has a unique solution. Indeed, by integrating the equation on [0, t], we obtain
a(d'(t) = €~ H(Q)(t) VieT,

with £ € RN and H: o (T;RN) — C(T;RN) being the integral operator,
defined by

Hh)) < /h(s)ds Vhel” (T;RY), teT.
0

So, we have that

{x’(t) =a ' ((—H(g)(t)) foraa.teT,
x(0) = z(b) = 0.

Integrating on [0, t], we obtain

t

2(t) = /a—l(g—H(g)(s))ds VieT.

0

Since
b

z(b) = [a (= H(g)(t))dt = 0,
/

from Proposition 3.1.1, we infer that this last equation has a unique solution
¢€ = &(— H(g)). Therefore the problem (3.3) has a unique solution z €

W, ?(T;RY), defined by

t
z(t) = /a_l(g(—H(g)) — H(g)(s))ds vVteT.
0
Let K: L¥ (T;RY) — WP (T;RY) be the map, which to each forcing term
geL” (T;RY) assigns the unique solution of (3.3).

Claim 1. The map K: o (T;RN) — Wol’p (T;RN) is completely continu-
ous.

Suppose that {gn},>; C ¥ (T;RY) is a sequence, such that
gn —% g in LP (T;RY),
for some g € L?' (T;RY) and let z, A K(gn) for n > 1. We have that

—(a(2,(t))) = gn(t) foraa.teT,
{xn(w() s (34)
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Taking the inner product with z,(t), integrating over T' = [0, b] and perform-
ing integration by parts, we obtain

Blanlly < lgnlly lzal,  Vn>1,
so by the Poincaré inequality (see Theorem 1.1.6), we have that the sequence
{Zn}ns1 C WOLP(T;RN) is bounded.
Because of (3.4), the sequence {(a(z, (t)))/}n>1 C L” (T;RY) is bounded
too. Moreover, recall that B

o (t) = a Y€~ Hlgn)) — H(ga)(t)) YteT, n>1.

From Proposition 3.1.1(b), we know that E: C(T; RN) — R¥ is continuous
and bounded below, while H € E(Lp, (T;RN),C(T;RN)). In addition, if
Ni: C(T;RN) — C(T;RN) is defined by

Niy)() = a '(y())  VyeC(T:RY), (3.5)

then clearly Np is continuous and bounded (i.e. maps bounded sets into
bounded sets). So we can find ¢; > 0, such that

|z, (&) |gn < 1 Vn>1,teT,
hence for some co > 0, we have that
Ha,(a:;l(t))H < ¢y Yn>1,tel.

Therefore, the sequence {a(x;()) }n>1 c why (T;RN) is bounded and be-

cause the embedding wip' (T;RN) C C(T;RN) is compact, it follows that
the sequence {a(xil()) }n21 - C(T; RN) is relatively compact. Using the con-
tinuity of the map N1, it follows that also the sequence {z},},~; C C(T;R")
is relatively compact. Therefore, we have proved that in fact the sequence
{zn},51 C ok (T; RN) is relatively compact and so, after passing to a subse-
quence if necessary, we may assume that

T, — « in Cl(T;RN),

for some z € C*(T;RY). Clearly in the limit as n — +oo, we obtain that z
is a solution of (3.3) and so x = K(g), which proves the claim.

Note that in fact we have proved something stronger, namely complete
continuity into C! (T; RN).
Next let No: Wy P (T;RY) — LP'(T;RY) be defined by

No@)() £ =Ax(2() = [eO) B 2() +9() ¥V we WP (T;RY).
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Clearly this map is continuous and bounded. Note that problem (3.2) is
equivalent to the following abstract fixed point problem:

x = (K o Nz)(x). (3.6)

We solve (3.6) by means of the Leray-Schauder Alternative Theorem (see
Theorem A.4.1). Let us define

s 4 {a: € Wy (T;RY) ¢ 2 = k(K o Na)(x), for some & € (0, 1)}

Claim 2. The set S is bounded.
To this end let z € S. We have

{ —(a (%x’(t)))l + Ax(z(t)) + [|2(t )HRN x(t) =g(t) foraa.teT,
z(0) = z(b) = 0.

Taking inner product with z(¢), integrating on T = [0,b] and performing
integration by parts and since (A (€),&)gn > 0 for all £ € RY| we obtain

g
"Il

Kkp—1

==t Izl < lgl, ll=l, -

Since & € (0,1), we have
C3 HCC”WI . (T;RN) < ”ng/ )

for some c3 > 0. Thus, finally we conclude that the set S C WOLP (T;RN) is
bounded, which proves the claim.

Claims 1 and 2 permit the application of the Leray-Schauder Alternative
Principle (see Theorem A.4.1), which gives a solution zy € Wy"” (T;RYN) of
the fixed point problem (3.6), hence of (3.2) too. Moreover, in the process of
the proof, we established that zo € C*(T;RY).

Let
L e eWP?(T;RY) : a(2/() e W' (T;RN)}

and for A > 0, let Uy: LP(T;RN) >D, — L¥ (T;RN) be defined by
Ox@)() £ —(a(@'()) + Ax(@)() Ve D,
where A\A(x)() 4 Ax(z(+)). Note that

A\(z) € O(T5RY) Yz e D,
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216 Nonsmooth Critical Point Theory and Nonlinear BV Ps

PROPOSITION 3.1.3
If hypotheses H(a)y and H(A)y hold, then Uy is maximal monotone.

PROOF  Let J: LP(T;RN) — 7 (T;RN) be the continuous, strictly
monotone (hence maximal monotone too; see Corollary 1.4.2) operator, de-
fined by

J@)() Lz 2() Ve LP(T;RY).
From Proposition 3.1.2, it follows that
R(Ux + J) = LF (T;RY),

i.e. Uy + J is surjective. We claim that this surjectivity property of Uy + J
implies the maximal monotonicity of Uy (see Definition 1.4.3(e)). Indeed,
first note that Uy is monotone (hypothesis H(a)1(i7)). Suppose that for some
y € L?(T;RY) and some v € L? (T; R"), we have

(Un(z) —v,2—y), > 0 Vaxe D, (3.7)

(as usual by (), we denote the duality brackets for the pair of spaces

(Lp/ (T;RN),L” (T;RN))). Since Uy + J is surjective, we can find z1 € D,,
such that
Ux(z1) + J(21) = v+ J(y).

We use this in (3.7) with © = 1 € D, and obtain
(Ux(z1) = Ux(21) = J(z1) + J(y), 21 —y), = O,
and so, from the monotonicity of .JJ, we have

0= (J(y) = J(@1),a1—y), = 0,

B (J(y) = J(@1),21 —y), = O.

From the strict monotonicity of J, we deduce that y = z; € D, and v =
Ux(z1). This proves the maximality of Uy.

Next, let us consider the following approximation to problem (3.1):

{ %f t) )’ € Ax(z(t)) + F(t,z(t),2'(t)) for aa.teT, (3.8)

for A > 0. To solve this auxiliary problem, we shall use a multivalued version
of the Leray-Schauder Alternative Principle, which is due to Bader (2001),
where the interested reader can find its proof.
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THEOREM 3.1.1 (Multivalued Leray-Schauder Alternative Theo-
rem)

If X,Y are Banach spaces, G: X — Pwkc(Y) 18 upper semicontinuous
from X into Yy, (by Yo, we denote the Banach space Y equipped with the weak

topology), K:Y — X is completely continuous and ® YKo G is compact
(i.e. it maps bounded sets of X into relatively compact sets),
then one of the following alternatives holds:

either
(a) the set S g {ze€X: € rP(z) for some r € (0,1)} is unbounded;

or
(b) ® has a fized point.

REMARK 3.1.2 We emphasize that the composite multifunction ® need
not have convex values. I

Using this general fixed point principle, we can establish the solvability
of (3.8).

PROPOSITION 3.1.4
If hypotheses H(a)1, H(A): and H(F); hold,
then problem (3.8) has a solution xo € C*(T;RY).

PROOF  Let Vi: LP(T;RN) D D, — L” (T;RY) be the nonlinear op-
erator, defined by
Vi) £ Uy(@)+J(x) VYaeD,.

Because J and Uy are maximal monotone (see Proposition 3.1.3), V) is maxi-
mal monotone too as the sum of two maximal monotone operators (see Theo-
rem 1.4.5). Also we have

(V@) ),

({Ux(2),2), + (J(2), ),
Blla'll, +llzl, Vo€ Da

Y

(note that A,(0) = 0, so by monotonicity, we have <Xx(a:), a:> > 0). Hence
P

Vi is coercive (see Definition 1.4.6(a)). So we can apply Theorem 1.4.4 and
infer that V) is surjective. Moreover, V) is strictly monotone since J is. Thus

Vil LY (T3 RY) — D, € WP (T; RY)
is a well-defined single-valued map.

Claim 1. V, 2 LV (T;RYN) — Wyt (T;RY) is completely continuous.
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Let {gn},>1 C L (T;RY) be a sequence, such that
gn —% g in LP(T;RY),
for some g € o (T; RN) and let us set

Ty il V)fl(gn) Vn>1.

We have that Vi (z,) = g, for n > 1 and so

—(a(a),(®)) + lzn)5x 2 (t) + Ax(2(t)) = gn(t)
fora.a. t €T, (3.9)

2 (0) = 2, (b) = 0.

Taking the inner product with z,(t), integrating over T' = [0, b], performing
integration by parts and recalling that Ay (0) = 0 (hence also (Ax(§),&)gy >0
for all ¢ € RY), we have

Bllanlly + lzally < llgnll, lanll, ,

so the sequence {xn}n21 C VVO1 P (T; RN ) is bounded and it is relatively com-
pact in C(T;RY).
Then from (3.9), it follows that the sequence {(a(gcil(-)))l}n>1 -
L¥ (T;RN) is bounded. Set
B () 2 n@lIE 2a() + Ax(za(t) —galt)  Yn>1,teT.
Evidently E(xn) cLr (T;RY) for n > 1 and we have that

(a(=] (t)))/ = k(z,)(t) foraa.teTandalln>1.

n

Therefore

k(zn)(s)ds Vn>1,teT.

Q
—~
8
3~
—~
~+
~—
~—
|
S
—~
8
3~
—
(=
~—
~—
+
O\”

Thus, similarly as in the proof of Proposition 3.1.2, we obtain
2 () = a Ya(z,(0)) + H(k(z,))(t)) Vn>1,teT.

Let &: C(T;RY) — R" be the continuous and bounded map provided by
b
Proposition 3.1.1. Since f 2! (t)dt = 0, it follows that
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(see Proposition 3.1.1). So, we have
ol (t) = a N (E(H (k(z0))) + H(k(za)) (1))  Yn>1,teT.  (3.10)

Note that

HH(E(ZL‘TL))H < ¢y Vn>1,

o(rry)

for some ¢4 > 0. Let N3: C(T;RY) — C(T;R") be the operator, defined
by
Ns(2)(-) = a™ ' (=(-)) Yz e CO(T;RY)

(see also (3.5) in the proof of Proposition 3.1.2). We know that N3 is also
continuous and bounded. Hence from (3.10), it follows that

) (t)gy <cs  Vn>1,teT,
for some c5 > 0 and
la(z,(®)|[gn <6 Vn>1,teT,

for some ¢g > 0. So the sequence {a(z/,(-)) }n>1 cwir (T;RY) is bounded,
hence relatively compact in C'(T;RY). Thus {a/,(-)},5; € C(T;RY) is also
relatively compact. We have proved that the sequence {x,,},, € C'(T;RN)

is relatively compact and so, passing a subsequence if necessary, we may as-
sume that

T, — T in Cl(T;RN).

For every ¢ € C}((0,b); RY), we have

b
[ (ate Rwdw/nxn (O (an(8),000)) o
0

b b
+ / (Ax(zn (1), (1) pn dt - = /(gn(t),w(t))RN dt Vn>1.
0 0

Passing to the limit as n — +o00, we obtain
b
(a(2'(t), ¢ (1)) pn dt + / ()15 (2(8), (1)) g dt
0
b

+

S O—

(Ax(2(), 0(0)) g dt = / (9(t), (1)) v .
0
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Since ¢ € C}((0,b); RY) was arbitrary, we infer that

{—(a(x (t )) + ||x H]RN z(t) + Ax(z(t)) = g(t) foraa. teT,

so z =V, '(g), which proves the claim.
Next let Ny: Wy P (T;RY) — 9L” (TRY) 1o the multifunction, defined by

df / )
Nu(@) = S i ayariy TJ@) Y@ e WyP(T;RY).

Claim 2. Ny has values in Py, (Lpl (T;RY)) and it is upper semicontinuous
from W, P (T;RY) into L¥ (T;RY)

First, let us show the nonemptiness of the values of N,. Indeed, for a given
e Wyt (T;RY), let {sn},>; and {rn},-; be two sequences of RY-valued
step functions, such that -

sp(t) — z(t) and r,(t) — 2/(t) foraa.teT.
By virtue of hypothesis H(F')1(i), for every n > 1, the function
t — F(t,sn(t), (1)) is measurable

and so by the Yankov-von Neumann-Aumann Selection Theorem (see Theo-
rem 1.2.3), we obtain measurable functions f,,: T — R such that

fa(t) € —F(t,s,(t),r(t)) foraa.teT andall n>1.

By virtue of hypothesis H(F);(iii), the sequence {f,},~, C L” (T;RY) is
bounded and so we may assume that B

fo =5 f in LP(T;RY).
Invoking Proposition 1.2.12, we obtain

f(t) € conv limsup (— F(, s, (t), (1))

n—-+o0o

C —F(t,z(t),2'(t)) foraa.teT,

where the last inclusion is a consequence of hypothesis H(F');(ii). Thus f €
SljF(»@(»)@/(-)) and so Ny has nonempty values. Clearly the values of Ny are
bounded, closed and convex, hence they are elements of P, . (Lp, (T;RM)).
To prove the upper sermcontmulty of the operator Ny going from the
space Wl’p (T RN) into L?' (T RN) first note that because of hypothesis
H (F)l(mz) the operator Ny is bounded Also the relative weak topology on
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bounded sets of L?' (T; RN) is metrizable. So according to Proposition 1.2.5,
to prove the desired upper semicontinuity of Ny, it suffices to show that the
graph Gr Ny C Wol’p (T;RN) x LP' (T RN)w is sequentially closed. To this
end, let us suppose that {(z,, gn)}n>1 C Gr Ny is a sequence, such that

Tp — T in Wol’p(T;RN),
gn — g in LY (T;RN).

We may also assume that

xn(t) — z(t) Yt e T,
xh (t) — 2/(t) for a.a. t € T.

As before, using Proposition 1.2.12 and hypothesis H(F')1(it), we have that

g(t) € conv 1111133-%? (= F(t,2n(t),2),(t) + lzn(t )”]RN zn (1))

C —F(ta(t),2' () + ||lz(t )”]RN x(t) foraa.teT,

s0 g € Ny(x) and thus (z,9) € Gr Ny. Hence Gr Ny is sequentially closed in
Wol’p (T;RN) x L¥ (T RN)w and this proves the claim.

We introduce the set

4 {z e Wy P (T;RY) : z € k(Vy ! o Ny)(z), for some « € (0,1)}.

Claim 3. The set S C WP (T;RY) is bounded.
Let z € S. For some kg € (0,1), we have

VA (%Ox) S N4(33)

_ (a(%gx/(t)))’ + 7 llat B a(t) + Ax (L (1))

= fO)+ e®Z22(t) foraater, (311

with f € Sf/F(V 2(),2())" By virtue of hypothesis H (F');(iv), for a given € > 0,
we can find M; = Mi(g) > 0, such that for almost all ¢ € T', all £, C RN
and all u € —F(t,&,£), we have

(O < (N1(8) +€) [€llgn -

Combining this with hypothesis H(F')1 (iii), we see that for almost all t € T,
all ¢, € RY and all u € —F(t,&,€), we have

(u,E)an < (1(8) +¢) €l + () [Ellon + pa(t), (3.12)

© 2005 by Chapman & Hall/CRC



222 Nonsmooth Critical Point Theory and Nonlinear BV Ps

with py € L%(T), uz € LY(T). Returning to (3.11), taking the inner product
with «(t), integrating over T', performing integration by parts on the first
integral and using (3.12), we obtain that

g p 1 P
x 3.13
o 11+ e (3.13
b
-1
< [ 010 +) le@ de+ il 1157 + il
0

We shall show that there exists c; > 0, such that
p(x) > er 2’|y Yz e WP (T;RY), (3.14)

where
af
plz) £ B ||x’||§ - /191(t) |z(t) || dt Ve Wol’p(T;RN).

Suppose that (3.14) is not true. Exploiting the positive p-homogeneity of p,
we can find a sequence {z,},~, C Wy*(T;RY) with |#7,]|, = 1, such that
p(zn) \, 0 (note that p > 0). By the Poincaré inequality (see Theorem 1.1.6),
we may assume that

T, —5 2 in Wy P (T3 RY),

T, — xin C(T;RN).

From the weak lower semicontinuity of the norm functional, we have

b
3117~ [ 020 [e®ln de < 0,
0

SO

b
8|7 < / 0(®) |2(®)|E dt < By 2]
0

and due to the variational characterization of A; (Rayleigh quotient; see
Proposition 1.5.5), we obtain

2"l = X lllly -

We have
b

pan) = 0= [ O ea®lfn it Y1,

0
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SO
b

g = [0n@laizy a,
O/ :

ie. x #0.

So it follows that © = 4wy (recall that by u; we denote the principal
eigenfunction of ( — A,, Wy (T;RY))). Therefore z(t) # 0 for almost all
t € T. From hypothesis H(F);(iv), we have that

b
Bla'll, = /ﬁl(t)l\x(t)llﬁw dt < By |zl
0

SO
l2"ll; < el

a contradiction to the variational characterization of A\; > 0. This proves
inequality (3.14). Using (3.14) in (3.13) and since ko € (0, 1), we have that

-1
crlla'll, < ellally +cslla’ll; ™ + co,

for some cg,c9 > 0. So by the Poincaré inequality (see Theorem 1.1.6), we
obtain )
cr 2|7 < eoe |2’} +es 2|15 + co,

for some c19 > 0. Let € € (0, <2). We obtain

L7

C10
-1

I2'll; < e llo’ll; ™ + ez,

for some c11,c12 > 0. Thus, we conclude that the set S C WOLP (T;RN) is
bounded. Hence Claim 3 is true.

Claims 1, 2 and 3 permit the application of Theorem 3.1.1, which produces
an element xy € D,, such that xg € VA_1N4({E0). Clearly zp € C! (T;RN)
and so it solves problem (3.8).

Now we shall pass to the limit as A ™\ 0 to obtain a solution of the original
problem (3.1). To this end, first we prove an auxiliary result. Let A be the
lifting (realization) of A on the dual pair (Lp (T; RN) ,LP (T; RN)), namely
the operator defined by

-~

Aw) L {ner?”(T;RY): h(t) € A(z(t)) foraa. t €T} VaeD,

where

D = Dom(A) £ {2 e P(T;RY): 2(t) € Dom (A) for a.a. t € T
and S% ) # 0},
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Clearly D D Dom (4).

PROPOSITION 3.1.5
If hypotheses H(A)1 hold,

then the multivalued operator A Lp (T;RN) ) D — 2L" (TRY) s mazimal
monotone.

PROOF Clearly A is monotone. Let J: LP (T;RN) — (T;RN) be
the operator, defined by

J@)() L ()5l at) Ve L (TiRY)

(see the proof of Proposition 3.1.3). We know that J is continuous, strictly
monotone, thus maximal monotone too (see Corollary 1.4.2). First we show
that R

R(A+J) = L* (T;RY). (3.15)

For this purpose let h € L?’ (T;RY) and consider the multifunction I': T —
QRN, defined by

T(t) L {eeRY: AQ) +9p)3h(t)) VteT,

where ¢: RY — RY is the map, defined by

dr [ ||l€]|BN° € for € € RN\ {0},
(&) = {0 T foré—o.

As ¢ is continuous and monotone, it is maximal monotone (see Corol-
lary 1.4.2). Thus A + ¢ is maximal monotone as the sum of two maximal
monotone maps (see Theorem 1.4.5). Moreover, because 0 € A(0), we have
that

(AQ) +9(8),&)n = (0(€):E)pn = l€lan  VEERY

and so A+ ¢ is weakly coercive. Therefore from Corollary 1.4.5, we infer that
I'(t) # 0 for all t € T. Note that

Gl = {(t,&) e T xRV : (& h(§) —p(t)) € GrA}.
Let k: T x RY — RY x R" be defined by

k(&) £ (&R — ) V(& eT xRN,

Evidently k is a Carathéodory function, thus it is jointly measurable. So

GrT' = k7 Y(GrA) € £x BRY),
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with £ being the Lebesgue o-field of T and B(RY) the Borel o-field of RY
(recall that Gr A C RN x R¥ is closed, see Corollary 1.4.1). So we can apply
the Yankov-von Neumann-Aumann Selection Theorem (see Theorem 1.2.3)
and obtain a measurable function z: 7' — RY, such that

xz(t) € I'(t) foraa.teT.
We have that
h(t) € A(z(t)) + ¢(z(t)) foraa. teT.
Taking the inner product with z(¢) and recalling that 0 € A(0), we obtain
)y < (B(t),z(t)) gy foraa.teT.

So
lz@)|Py" < [|h(t)||gy  for aa. t €T,

which implies that # € LP(T;RY). Therefore h € A(z) + J(z) and we have
proved (3.15).
To show the maximality of A, let y € LP (T; RN) and v e L¥ (T; RN) satisfy

(u—v,z—y), >0 Vxeﬁ,uele\(x).
Because of (3.15), we can find z; € D and u; € 121\(;101)7 such that
v+ J(y) = w+ J(z1).
Then, we have
0 < (v+Jy)—J(1) —va1—y), = (J@y) = J(x1),21—y), <0

and the last inequality is strict if 7 # y (recall that J is strictly monotone).
So we infer that y = x1 € Dandv = uy € A(a:l) which proves the maximality
of A. I

3.1.3 Existence Results

Using the previous result, we can pass to the limit as A \, 0 in (3.8) in
order to produce a solution of problem (3.1).

THEOREM 3.1.2
If hypotheses H(A)1, H(a)1 and H(F); hold,
then problem (3.1) has a solution xo € C*(T;RY).
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PROOF Let A\, \, 0 and let z,, € C! (T;RN) for n > 1 be solutions of
the corresponding auxiliary problems (3.8) with A = A, i.e. for alln > 1, we

have
a x;(t) "— A xn(t)) + fu(t) foraa.teT,
{ 9(cn((0) = ?Jc)n(b) =A07( ) (3.16)

where f,, € S’F( on () ()" Taking inner product with x,,(t), integrating over

T, performing integration by parts using hypothesis H(a);(i7i) and the fact
that Ay, (0) =0 for all n > 1, we obtain

b

glaily < [ (= fulon@)gdt  Vnz1.

0
From (3.12), we have
(_ fn(t)vxn(t))RN
< (91(8) + &) llen(®)lln + pa(0) 2 () [ + pia(t) for aa t € T,

with py € L®(T) and pg € LY(T). So, for all n > 1, we obtain

-1
Bllaglly < /ﬂl(t)l\xn(t)llfw dt + e |lzaly + crz [l Iy + caa,

for some c¢13,c14 > 0. Using the Poincaré inequality (see Theorem 1.1.6), we
have .
cr @b < ecrs ol + s llan )l +ea Vo>1,

for some c15 > 0. Let ¢ € (O, o

L?(T;RY) is bounded, hence so is the sequence {2y },+; C W, P(T;RN) (by
the Poincaré inequality; see Theorem 1.1.6). Thus, passing to a subsequence
if necessary, we may assume that

) to deduce that the sequence {xn}n>1 -

Ty — x in Wol’p(T;RN),
T, — xin C(T;RN).

Now, taking the inner product of (3.16) with Ay, (z(t)) and then integrating
over T, we obtain

(—(a(eh®)) Ax, (wa®) ), dt+]|Ax, @)

< [ @ ley [[Ax, (20 (®) g dt VR > 1. (3.17)

O\@O\&
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Note that the functions A\An (zn)(-) = Ax, (@n(-)) are Lipschitz continuous
for n > 1. By integration by parts and because z,(0) = z,(b) = 0 and
Ay, (0) =0, we have

b
= /(a(x;(t)),%AAn(a:n(t)))Rth Vo>l
0

Since Ay, is Lipschitz continuous (see Proposition 1.4.8(b)), by the Rade-
macher Theorem (see Theorem A.2.4), it is differentiable at every £ € RV \ Sy,
for some S; C RY, such that |S1|y = 0. Due to the monotonicity of Ay, , we
have

(EAA"(HSQ_AA"@) >0 VEERV\S, E€RY s>0
RN

s
and so
(&4, (8w =20 Vn>1 eRV\ S, £eRY.

Moreover, from the Chain Rule for Sobolev Functions (see Proposi-
tion 1.1.13(b)), we know that

4

pr Ay, (zn(t)) = Ay (zn(t))2l,(t) foraa. teT.

Then, using hypotheses H(a)1, we have

(— (@l () An, (#0(0) o

b
/
b
= / (a2, (8)), AL, (wn ()27, (8)) ga dt (3.18)
}
0
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Since sup ||z, ||, < Ma, for some My > 0, from hypothesis H(F')(iii), we
n>1

have

—1
[fa@llx < Yoar O+ Yoar, @) 127, (0)[[g for aa t € T, (3.19)

Because v, ,,, € L*(T), 7,,, € L™(T) and z}, € C(T;RY) (since z,, € 5), it
follows that f, € L*(T;R") for n > 1. So returning to (3.17) and using (3.18)
and the Cauchy-Schwarz inequality (see Theorem A.3.15), we obtain

Vn>1

[An, @lly < 1l [ A, ()]

and so the sequence {A\An (xn)}n>1 C L? (T;RN) is bounded. Passing to a
subsequence if necessary, we may assume that

Ay, (z,) % @ in L2(T;RY),

for some @ € L? (T;RN). Arguing as in Claim 1 in the proof of Proposi-
tion 3.1.4, we obtain that the sequence {z,},~,; € C'(T;RY) is relatively
compact. So, we can say that B

T, — xp In Cl(T;RN),
for some o € C*(T; RY). It follows that

a(z,(t)) — a(z((t)) VieT.

n

From (3.19), we see that also the sequence {f,},~; € L?(T;R") is bounded
and so, passing to a subsequence if necessary, we have

fo =5 f in L*(T;RY).

Invoking Proposition 1.2.12, we obtain that f € Sz( For all test

F(-zo(),25())
functions ¢ € C}((0,b); RY), we have

b
/(—a(xé(t)),w’(t))m dt =
0

(Ax, (zn (1)), (1)) gn dt

|
o .

b
4 [ (GO0t Yz
0

Passing to the limit as n — +o00, we obtain

b b b
[ (= aleb®). 0O dt = [ @000 dt + [ (FO60) g dt
0 0 0

© 2005 by Chapman & Hall/CRC



8. Ordinary Differential Equations 229

and
(a(xH(t ) ﬂ)—|—f(t) for a.a. t €T,
20(0) = x0(b) =0,
with f € S2 We can finish the proof if we show that & € Sp 20())"

F(m0(),25())
To this end note that JAn( Zn (- ) e whr (TJRN) and
d

%JA (zn(t)) = Jy, (zn(t))a),(t) foraa.teT.

Also
|5, () ||gw <1 foraa.teT

(see Proposition 1.4.8(a)). Thus putting jAn (zn)(+) 4 Ir, (2n (), we have
that the sequence {jAn (zn)}, -, € WHP(T;RY) is bounded and, passing to
a subsequence if necessary, we may assume that

‘/]jn (xn) 5 Zin WLP(T;RN),

I, (n) — Zin C(T;RY).
We have
I (@0 (t)) + A An, (20 () = zn(t) Vn>1,teT

and so

Because the sequence {AAH (xn)}
we have that

n>1

~

Ix, (Tn) — =z in C’(T;RN).
Recall that

Ay, (zn(t)) € A(Jx, (za(1)))  Vn=>1,teT,

hence R R
Ay, () € A(Jr, (z0)) Vn>1

An appeal to Proposition 3.1.5 and to Corollary 1.4.1 gives that u € E(zo),
which finishes the proof of the theorem.

We can relax the hypotheses on a at the expense of strengthening the hy-
potheses on A. The new conditions on A preclude differential variational
inequalities.

H(A); A: RN D Dom (4) — 28" is a maximal monotone operator, such
that Dom (A4) = RY.
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H(a); a: RY — R¥ is a continuous map, such that

(1) a is strictly monotone;
(i) we have
(@€, Epn 2 Bllélly Y EERY,
with 8 >0, p € (1,00).

H(F); F: TxRN xRN — Py (R") is a multifunction satisfying hypotheses
H(F)1(i) — (i), but with , , € L' (T) (see hypothesis H (F)(iii)).

THEOREM 3.1.3
If hypotheses H(A)z2, H(a)2 and H(F )2 hold,
then problem (3.1) has a solution xo € C*(T;RY).

PROOF  The extra structure for the function a assumed in hypoth-
esis H(a)1(i), namely that a(§) = k(£)§, was only used in the proof of
Theorem 3.1.2 to establish the L2?-boundedness of the following sequence
{Ax, (;zcn)}n>1 C L?(T;RY). So all the previous results are still valid in
the present setting and we can repeat the first part of the proof of Theo-
rem 3.1.2 to obtain that the sequence {x,},~, € W, ”(T;RY) is bounded,

in particular that {z,}, - is relatively compact in C(T;RN). We can find
M3 > 0, such that B

[ ()]lgy <Mz Vn>1,teT,
for some Ms3 > 0. Because J), is nonexpansive and J, (0) = 0, we have

JAn(a:n(t)) S §M3 Vn>1te.

where By, £ {¢ € RY : ||¢]|aw < M3}. Recall that

Ax, (@n(0) € A, (2a()) € A(Br,) V¥n>1,teT.
But A is upper semicontinuous with compact and convex values (see Propo-
sitions 1.4.5 and 1.4.6). Therefore A(Bys,) € Pi(RY) (see Remark 1.2.1).
Hence, we have

||A>\n (mn(t)) HRN < M, Vn>1,teT,

for some My > 0. The rest of the proof is identical with the corresponding
part of the proof of Theorem 3.1.2.
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3.1.4 Problems with Non-Convex Nonlinearities

We can also prove existence theorems when F' is not necessarily convex-
valued. In this case our hypotheses on the multivalued nonlinearity F' are the
following:

H(F); F:T xRN xRNV — P, (RY) is a multifunction, such that

(1) F is graph measurable;

(#9) for almost all ¢ € T, the multifunction
RY xRV 3 (£,€) — F(t,£,€) € P (RY)
is lower semicontinuous;
(7i7) the same as hypothesis H (F')q(iii);
(iv) the same as hypothesis H(F);(iv).

THEOREM 3.1.4
1If hypotheses H(A)1, H(a)1 and H(F)3 hold,
then problem (3.1) has a solution xo € C*(T;RY).

PROOF  Let N5: Wy ?(Q) — P¢(LY (T;RY)) be the multifunction de-
fined by

af o'
N5(2) = Sp(a()ey
i.e. the multivalued Nemytskii operator corresponding to F. We claim that
Ny is lower semicontinuous. According to Proposition 1.2.6(a), it suffices to

show that for every v € L (T; RN), the function

Ve WyP(Q),

WP (Q) 32— d v, N5(z)) € Ry

Lr' (TRN) (
is upper semicontinuous. But from Theorem 1.2.8, we have that
a1
b o
p/
0, oro, (0 Ns(2) = / A (u(t), F(t,x(t),'(£)))" dt
0
Since the map

RY x RY 5 (€,8) — d_, (v(t), F(t,€,9) € Ry

is upper semicontinuous (see hypothesis H(F')3(i¢) and Proposition 1.2.6(a)),
from Fatou’s lemma (see Proposition A.2.2), we deduce that the function

WP (Q) 32— d (v, N5(z)) € Ry

Lr' (TRN)
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is upper semicontinuous, hence the function
Wy () 3 2+ Ns(z) € Py(L¥ (T;RY))

is lower semicontinuous.
Invoking Theorem 1.2.11, we obtain a continuous map

a: Wyt (T;RY) — LY (T;RY),
such that
i(r) € Ns(z) VaeW,?(T;RY).

For every A > 0, we consider the auxiliary problem

{( a(@' (1)) = Ax(2(t)) +a(x)(t) foraa. teT,
(0) = z(b) = 0.

Reasoning as in the proof of Proposition 3.1.4, we show that this problem has

a solution z) € C'(T;RY). Letting A \, 0 as in the proof of Theorem 3.1.2,
we obtain a solution zg € C*(T;RY) of problem (3.1). 0

As in the “convex” case, we can obtain an existence result with relaxed
hypotheses on a at the expense of strengthening the hypotheses on A. In this
case we need the following hypotheses on the nonlinearity F'.

H(F)y F: TxRN xRN — P (RY) is a multifunction satisfying hypotheses
H(F)3(i) — (iv), but with , , € LP'(T) (see hypothesis H (F),(iii)).

THEOREM 3.1.5
If hypotheses H(A)2, H(a)z and H(F)4 hold,
then problem (3.1) has a solution zo € C*(T;RY).

EXAMPLE 3.1.1 Let
RY £ fe=(&,....&n): & >0forallke{l,...,N}}
and d 0 iféecRY
iny(©) = {+oo 1f§ gﬂ@.
Evidently ipy € Io(RY) (see Definition 1.3.1). We consider

A©) L digy(&) = Ny (9)

] if& >0foral ke{l,...,N},
—RY N {z}* if & = 0 for at least one k € {1,...,N}
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(see Definition 1.3.9). Then problem (3.1) becomes the following multivalued
differential variational inequality:

((a(@'(1)) € F(t,z(t),2' (1))

ae.on {t €T : z(t)>0foral ke {l,...,N}},
(a(2'(t))) € F(t,x(t), ' (t)) — u(t)

a.e. on {t € T: x(t) = 0 for at least one k € {1,...,N}},
u(t) e RY, (u(t),z(t))py =0 VteT,

If F = f is single-valued, then the last problem takes the following more
familiar form (recall that £ < ¢ in RY if and only if £ — £ € RY).

(e (1)) = £ (t,2(0),2/ (1)

a.e. on{tET z(t) > 0 for all k € {1,...,N}},

(a(a’ (t))) < f(t,x(t),2'(t))

a.e. on {tET 2 (t) =0 for at least one k € {1,...,N}},
(f(t,z(t),2' @) — (a(2' (1)), (t)) g =0, for a.a.teT,
z(0) = z(b) =0,

z € CHT;RY).

3.2 Periodic Problems

This section deals with periodic problems. Our approach to the resolution
of these problems involves tools from the theory of nonlinear operators and
from degree theory.

3.2.1 Auxiliary Problems

Let us start with problems that are similar to the ones considered in the
previous section, namely they are driven by p-Laplacian like operators. Again
our formulation involves a maximal monotone map incorporating this way in
our framework second order differential variational inequalities.

Let T = [0, b], with b > 0. We start with the investigation of the following
auxiliary problem

(a(2'(t))) = f(t, z(t),2'(t)) foraa.teT,
{<>=xu #(0) = o' (b). &)
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Here a: RN — RY satisfies some monotonicity and coercivity conditions,
which implies that a is a homeomorphism. This way we cover a broad class
of nonlinear differential operators among which a special case is the ordinary
p-Laplacian. More precisely our hypotheses on the data of (3.1) are the fol-
lowing.

H(a); a: RY — R¥ is a continuous map, strictly monotone and there exists
a function n € C(R4;R,), such that

lim n(r) = +oo

r——4o00

and

1 (lEllen) [€lgy < (al€),€)gn ¥ EERN.

H(f) f: T xRN x RN — R¥ is a function, such that
(i) for all &, € RN, the function
T>tr— f(t.6,§) €RY

is measurable;

(79) for almost all ¢ € T, the function
RY < RY 5 (£,6) — f(t,€,€) €RY

is continuous;

(iii) for every r > 0, there exists v, € L*(T'), such that

|f(t,§,§)| < 7.(t) fora.a.tec T andall &€ € B, CRY.

EXAMPLE 3.2.1 (a) Any homeomorphism a: R — R is either strictly
increasing or strictly decreasing. Then in the first case a satisfies hypotheses
H(a)1, while in the second case —a satisfies H(a);.

(b) For p € (1,+00), let a: RY — RY be defined by

i [II€]EN € if € € RY,
al¢) = {0 T ife=o.

By a well known inequality which, for p € (1, 2], says that

(el + €)™ 16— Eln
< (lelg=*e - Elese-2),,  vEEeRrY,
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and for p > 2, says that
— _ —p—2 — — —
clle=Elan < (I€IB"e— B E€—E) ,  VEEeRY,

for some ¢ > 0, we see that a satisfies hypotheses H(a);. This map corre-
sponds to the ordinary p-Laplacian differential operator.

(c) In general, let a = Vi, where p: RN — R is a C! and strictly convex
function (i.e. a is a potential) and suppose that

N(l1€le) [€llzr < (a(€),&)pn ¥V EERY,

with 1 as in hypotheses H(a);. In particular, let

p€) L ellélin — g2y -1 veeRY.

Then a(¢) = 2el¢Ev ¢ — 2¢ and so

2 2
(a(6) &) = 2 gz — 2 €z = 2(elly 1) l€]l5
and so hypotheses H(a); hold. 1

The next existence result is due to Mandsevich & Mawhin (1998), where the
reader can also find its proof, which is based on degree theoretic arguments.

PROPOSITION 3.2.1
If hypotheses H(a)1, H(f) hold and additionally

(i) there exist 7 € C*(RY;RY) and h € L'(T)4, such that for almost all
te T, we have

0 < (a(®),7(©8)ax -
{HftﬁéH]RN <P BmE) o +h)  SSERT

(ii) there exist functions 11 € C(Ry;Ry) and hy € LY(T)4, such that
i () = e

and

m (IEllgn) = ha(t) < ||f(t,€,8)||gn foraa. t €T andall £,€ € RY;

(i) the Brouwer degree D(]/‘\, Bg,,0) =1, where

feo) ¥

S| =

b
/ (t,£,0)d vV EeRY
0
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df N
and Br, = {£ € RN ¢ ||¢]lgn < Ro},

then problem (3.1) has a solution
zo € C*(T;RY), such that a(zf(-)) € W (T;RY).

Let A: RNV D Dom (4) — 2B" be a maximal monotone map and for
A > 0, let Ay be its Yosida approximation (see Definition 1.4.7(b)). Also let
g € LP (T;RN), with &+ 2, =1 and consider the following auxiliary periodic
problem

{ —(a,(x'(t)))/ + Ax(z(1)) + ||m(t)|\ﬁ1_\,2 x(t) =g(t) fora.a.teT, (3.2)
z(0) = z(b), 2'(0) = 2/ (b).

Using Proposition 3.2.1 we will solve this problem. By a solution of (3.2), we
mean a function zg € C*(T;RY), such that a(zf(-)) € W' (T;RY) and it
satisfies (3.2).

PROPOSITION 3.2.2 N
If hypotheses H(a)y hold, A: RN 2 Dom (A) — 2% is maximal monotone

with 0 € A(0) and g € L¥' (T;RY),
then problem (3.2) has a unique solution

zo € C'(T;RY), such that a(z((")) € whr' (T;RY).

PROOF Let f: T x RN — R be defined by
d _
6,6 L AN+ EIB2e—g(t) V(€ eT xRY

and let 77 € C(RN; RN) be defined by 7() ¥ ¢. From hypotheses H(a)q, we
have

(a@),7(©8)gn = (a(€),E)pn 20 VEEERY.
Since [|Ax(§)[lgy < § [[€]lgw for € € RN and A, (0) = 0, we have that

Hlf(t,é“)llRN < AN llan + EIES" + l9(t)l|rn
< X €llgn + ||§|\§;1 +lg(t)||gw fora.a.teT andall £ € RN

and

(ft,6),8)pn = (ANE),E)pn +IEIEN — (9(8): &) g
> €lEy = l9()|lgn [€llgny  for a.a. t € T and all € € RV,

Let us set

d, _
m(t) L sup ="+ 4 dr b gOlle v+ g lav}  VEET
T
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and consider h € LY(T),, defined by h(t) 4 ki (t). Then

1£(t ) an < (F(£,6),T(E)gn +h(t) for aa. t €T andall £ € RY.

Moreover, note that
€l = 9@ ller < 1f(#E) gy for aa. t € T and all € € RY.

Finally, let us define

b
flo £ %/f(t,f)dt VEeRY
0
1 b
g L5 [
0

H(s,&) = sfO)+(1—s)¢ V(s €0,1] xRV,

Let us take Ry > max {1, |[g]|g~ }. If for some u € Bg,, we have H(s,u) = 0,
then
sAx(u) + sRV 2u+ (1 — s)u = s7,

SO
s (Ax(u), W)y +sRE + (1= 8)RG < sl[gllpn Ro-

Since A, is maximal monotone and Ay (0) = 0, we have
sRE + (1= s)Ro < s|gllg~
and as max {1, [[g]lz~ } < Ro, we have
Ry = sRy+(1—s)Ry < s|[gllgy < sRo < Ry,

a contradiction. Therefore 0 ¢ H(s,0Bpg,) and so from the homotopy invari-
ance of the Brouwer degree, we have that

D(f,Bg,,0) = D(id,,,Bg,,0) = 1.
So we can apply Proposition 3.2.1 and obtain a solution =g € C*(T;R")
of (3.2). Clearly a(x((-)) € Wty (T;RN).

Now, let us show the uniqueness of the solution. For this purpose let zq,Tg €
Ct (T; RN ) be two such solutions. Then after integration by parts, we obtain

b
0 = [ (aleb) — aleh(®). 76(0) ~ 7(0) g
0
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+ [ (Ax(zo(t)) — Ax(To (1)), zo(t) — To(t)) pu dt

+ [ (lzo®lgn" zo(t) — [To () |5 Fo(t), zo(t) — Fo(t)) g dt,

S O

so from hypotheses H(a); and the fact that Ay is monotone, we have
b
[ o152 0(®) [0 )15 To(t), 0(0) — To(t)) gt < 0.
0

Since the map RY 3 € — [|¢]|5x7 € € RY is strictly monotone, from the last
inequality, it follows that z (t) = To(t) for all t € T'. So the solution of (3. 26
is unique.

Let

L {oe ' (T;RY) : a(a/() € W' (T;RY), (3.3)
z(0) = z(b), #'(0) =2’ (b)}.

For A > 0 consider the operator Sy: LP(T;RN) D D — L¥' (T;RY), defined
by

@) L —(a('() + Ar@)() VaeD, (3.4)
where Ay(z)(-) £ Ay (z(-)). Note that
Ax(z() € C(T;RY) VzeD.

Arguing as in the proof of Proposition 3.1.3, using this time Proposition 3.2.2,
we obtain the maximal monotonicity of S}.

PROPOSITION 3.2.3
If hypotheses H(a)1 hold and the map

A:RY D DomA4 — oY

is mazimal monotone with 0 € A(0),
then the operator Sy is mazximal monotone too.

REMARK 3.2.1 Note that if p > 2, then

Ax(z() € LP(T5RN) Ve LP(T;RY).
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Indeed since A (0) = 0, we have
1
| Ax(z(8)) || gn < X |lz(t)||gn foraa.teT

and LP(T;RY) C LY (T;RN) (as 1 < p' <2 < p < +00). Moreover, note
that
Ax(z(-)) e C(T;RY)  VaeC(T;RY).

In what follows, we shall use the space

Whe(T,RY) Lz e WhP(T;RY) : 2(0) = 2(b)}.

per

Since the embedding W'? (T;RY) C C(T;RY) is continuous, the evaluations
at t = 0 and t = b make sense.

3.2.2 Formulation of the Problem

Now we are ready to pass to the study of a multivalued problem, which is
the periodic counterpart of the problem examined in Section 3.1. So consider
the following nonlinear periodic problem:

{ (a(w'(t)))l € A(z(t)) + F(t,x(t),2'(t)) foraa.teT, (3.5)

z(0) = z(b), 2'(0) = 2/ (b).

To solve this problem, we need to strengthen a little our hypotheses con-
cerning a. So now our hypotheses on the data of (3.5) are the following:

H(A); A: RN D Dom (A4) — 28" is a maximal monotone operator with
0 € A(0).

H(a)y a: RY — RY is a monotone map, such that

(i) a has one of the following forms:

(i)1 a(§) = kq(£)€, where k,: RN — R, is a continuous func-

tion; or
(i)2 a(§) = (k$(&1)ér, ... k% (En)En), where k: R — R are
continuous functions for ¢ € {1,..., N};

(#4) we have that

(a(€),E)pn Z o léllzy YV EERY,

for some ¢y > 0 and p € (1,400).
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H(F); F: T xRN xRN — Py, (RN) is a multifunction, such that

(i) for all &€ € RN, the multifunction
T >t F(t,§,€) € Pre(RY)

is graph measurable;

(#9) for almost all ¢ € T', the multifunction
RY x RY 5 (€,€) — F(t,£,€) € Puc(RY)

has closed graph;

(iii) for almost all t € T, all £, € RY and all v € F(t,£,£), we have
that

(0, Opw = —crlléllf — ez 1€l [[E]lzn — ca(®) €]l

with ¢1,e2 > 0,1 <7, s <p, c3 € LY (T);
(iv) there exists Mo > 0, such that if [|£o]lpy = Mo and (£0,8p) pn =
0, we can find § > 0, such that for almost all ¢ € T, we have

inf { (0,&)an + o |[€|[gn : 1€ = Eollan + [[€ = &l
veF(tEE)} > 0

(v) for almost all ¢t € T, all £,§ € RN, ||¢]|zn < My and all v €
F(t,€,¢), we have

olly < ealt) +es [|E|[on

with ¢4 € LZ(T)+, cs > 0.

REMARK 3.2.2 Hypothesis H(F);(iv) is a suitable extension in the
present setting of the so-called “Hartman condition.” Hartman (1960) was the
first to use it in the context of Dirichlet problems for second order systems.
He had a single-valued right hand side nonlinearity F' = f and he assumed
that f(t,¢,€) is continuous in all three variables.

3.2.3 Approximation of the Problem

As in the Dirichlet case (Section 3.1), the study of problem (3.5) depends
on the resolution of the following regular approximation of (3.5):

{ ((Z(;c’ t) ) € Ax(x( )) + F(t,x(t),2'(t)) foraa.teT, (3.6)

= z(b), «'(0) = 2'(b).
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for A > 0. As in Section 3.1, the solution of (3.6) will be obtained using fixed
point arguments. More precisely, we shall use another multivalued nonlin-
ear version of the Leray-Schauder Alternative Principle due to Bader (2001,
Theorem 7), where the interested reader can find its proof.

THEOREM 3.2.1 (Multivalued Nonlinear Leray-Schauder Alter-
native Principle)
If X.,Y are Banach spaces, W is a bounded open subset of X with 0 € W,

G_: W — Py (Y) is upper semicontinuous from W into Yy, and bounded
and K:Y — X is a completely continuous map,
then one of the following alternatives holds:

either
(a) there exist xg € OW and s € (0,1), such that xg € s(K o G)(xg);

or
(b) K oG has a fized point.

REMARK 3.2.3 Note that the composite multifunction K o G need not
have convex values. 1

Now we can prove the existence of solutions for problem (3.6).

PROPOSITION 3.2.4
If hypothesis H(a)2, H(A)1 and H(F)y hold,
then problem (3.6) has a solution
zo € CH(T;RY), such that a(z)(-)) € WL (T;RY).

per

PROOF First we do the proof assuming the following stronger version of
hypothesis H(F)1(iv):

H(F);(iv)’ there exists My > 0, such that if &, &, € RV, [|&|lgxy = Mo and

(€0,€0)gx = 0, we can find §,6" > 0, such that for almost all
t € T, we have

inf { (v, ) + o |[€][gw = 1€ = ol +[|€ = &l <0,
veEF(tEEH > 8 > 0. (3.7)

Let Sx: LP(T;RY) 2 D — L (T;RY) be a map defined as in Proposi-
tion 3.2.3 (see (3.4) and (3.3)). We know that Sy is maximal monotone (see
Proposition 3.2.3). Also let J: LP(T;RY) — L? (T;R") be defined by

J@)() L llz()Z2 () Ve LP(T;RV).
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This is a continuous, strictly monotone (hence maximal monotone) operator.

d . . .
If we set V), & S+ J, then V) is maximal monotone as a sum of two maximal
monotone operators (see Theorem 1.4.5). We have

<VA(3}),3}>p > <U(a:),a:>p + <J(a:),a:>p Ve D,

where U: LP (T; RN) 2 D— ¥ (T; RN) is the nonlinear differential opera-
tor, defined by

U(x) 4 —(a(x'(-)))/ VzeD.
Performing integration by parts and using hypotheses H(a)s, we obtain

(Wa(@),z), > colla’ll, + llzlly > colelfyrman

with ¢g > 0. From the last inequality, it follows that V) is coercive. So,
we can apply Theorem 1.4.4 and infer that R(V)) = L (T;RN), ie. Vyis
surjective. Moreover, due to the strict monotonicity of J, V) is injective. So
we can define

Ky L vt 1Y (TyRY) — D C WhE(T;RY).

per

Claim 1. The operator Ky : ¥ (T; RN) — Wplé’r’ (T; RN) is completely con-
tinuous.
Suppose that {un},~, C L (T;RY) is a sequence, such that

up % @ in LY (T;RY),
for some w € L?' (T; RN). We need to show that
Kx(up) — Kx(@) in Whe(T;RV). (3.8)

Let x,, 4 KA(uAn) for n > 1. Recall that A\)\(xn)() 4 Ax(2,(-)) for n > 1 and
because x,, € D, we have
AN(z,) € O(T;RY)  ¥n>1
We can write that
Sx(@n) + J(xn) = Ulwn) + Ax(@n) + J(20) = tn, (3.9)

SO

~

(U(zn), n) + (Ax(zn), xn>p + (J(xn), zn)

As Ay(0) = 0, we have

= (Un,an), .

p p p

co lanlly + llznlly < llunlly lzall,,
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SO
et leallymizayy < lunly leall, .

with ¢; £ min{co, 1} > 0. Thus the sequence {zy},>; C W2 (T;RY) is

bounded. Passing to a subsequence if necessary, we may assume that

W= 1,p . PN
Tp — T in Wper(TJR ),

T, — T in LP(T;RN),

for some T € WLE(T;RY). Recall that Vj is maximal monotone and so the

graph GrV) is sequentially closed in LP(T;RY) x L (T;RN)_ (see Corol-
lary 1.4.1). Because u,, = Vi(x,) for n > 1, we infer that

T = Va(Z) = S\(Z)+J@) = U®@) + A\(T) + J(T).
As x, € D forn > 1, we have

a(z,(-) € WiE'(T;RY)  Vn>1.

n per

Because
War (T;RY) = RN eV,
with
b
vElee WLy (T;RY) - /x(t)dt:O ,
0
we have

n

b
a(z),(-)) = @n(-) + @y, with /an(t) dt =0, and @, € RY.
0

From (3.9), it follows that the sequence {(a(;zc;l(-)))l}n>1 c (T;RYN) is
bounded, so by the Poincaré-Wirtinger inequality (see Theorem 1.1.7), it fol-
lows that the sequence {an()} cc (T;RN ) is relatively compact. We
have

n>1

a(a),(t)) = an(t)+a@ Vn>1,teT,

SO
a,(t) = a'(@n(t)+a,) Vn>1 teT.

Integrating over 7" and using the fact that x,,(0) = x,(b), we obtain

b
/a*l(an(t)Jran)dt = 0.
0
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Invoking Proposition 3.1.1(b), we have that the sequence {@,},~, C R" is

bounded. Therefore, it follows that the sequence {a(a},(-))}, ., € C(T;RY)

is relatively compact. Hence the sequence {a(z},(-))}, ., € WLt (T;RY) is

bounded and, passing to a subsequence if necessary, we may assume that
a(z,()) % g in WL (T;RY)

n per

for some 3 € Wl}élr)/ (T;RN ) Because U is maximal monotone, we see that
8 =U(Z). Therefore

a(2),(-)) —> a(@'(-)) in W' (T;RY),
a(z,(-)) — a(@'(})) in C(T;RY).

n

Because ag: C(T; RN) — C(T; RN) defined by

a  _
a@)() L al(x() VaeC(T;RY)
is continuous and maps bounded sets to bounded sets, we have that

z, — T in C(T;RY).

n

Therefore, finally we have that

T, — T in W2 (T;RY) and in C'(T;RY).
Since every subsequence of {z,},.; has a further subsequence, which
strongly converges to T = K, (u), we conclude that the whole sequence
{zn = Kx(un)}, >, converges strongly to T = K(u) in WLE(T;RY). This
proves (3.8) and so the claim is true.

Next, let Ny: {z € WiZ(T;RY) : |zfl < Mo} — oL” (T:RY) Pe the

per

multivalued map, defined by

df ’
Ni(2) = SPi.owey Ve eWpR(TiRY), [|lz]l,, < Mo. (3.10)

Similarly to Claim 2 in the proof of Proposition 3.1.4, we can show that N; has
values in Py (Lp (T;RN )) and is upper semicontinuous into LP (T;RN )w
Let

No(2) L —Ny(2) + J(x) V2 e WERR(T;RY), o, < Mo.

Then problem (3.6) is equivalent to the following abstract fixed point problem:

z € (KxoN;)(z). (3.11)
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T

Let M; > 0 be such that M7 > ;L= <01Mpb—|— ref MEbE MO =+ lesll; MO). Then,

we consider the set
T (e e WE(T:RY) : |zl < Mo, and |2/, < My}

Note that W = Wy N Wy, where

per

w, L {x € WLE(T;RY) : ||x||C(T;RN) < MO}

per

W, L {xewlp(T RV : ||x’||p<M1}.

Because the embedding W.1,P (T RN) - C(T; RN) is continuous, we see that

per

W) is open and convex in W2 (T; RY).

Similarly, since the linear map L: WP (T; RN) — LP (T; RN), defined by
L(z) = 2 VzeWhr (T;RY)

is continuous and surjective, we have that the set W5 is open and convex in
W2k (T;RN). Therefore W is open and convex and of course bounded in
WiE(T;RY). Note that

per

W = {z e WE(T;RY) : |z, < Mo, and |||, < My}

per

To use Theorem 3.2.1 with X = W1 2(T;RY), Y = L (T;RY), G = N, and

per

K = K and solve (3.11), we need to prove the following claim.

Claim 2. For every x € OW and x € (0, 1), we have x & k(K o Na)(x).

Let 7 € W and suppose that T € k(K o Na)(T), for some kg € (0,1). In
order to prove the claim, it suffices to show that T € W. We have

Kt (Hiof) =W (,}05) € No(%),
” U (KLOE) + Ay (%OE) +J (KLOE) = —f+J(@), (3.12)
with f € Ny (7). Taking the duality brackets with T, we have
(U (NLOE) JT), + (A (NLOE) T+ (J (NLOE) ),
—(f,7), +{(J(@)T),

and so 1
Co —_ _ - _ _
2 7, + —=r Il < —(F.7), + Il
0 0
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Since kg € (0,1), we have
_ -1/7 = -1 — “1 /% =
cwl@lf < =7 Fa), + (W =1) 3l < -kt (Fow),. (3.13)

Using hypothesis H(F);(iii), we have

b

-1 /7 — —1 — —1 — — -
N (TT), < ol + e [ I IO de

0
—1 —S
5 leslly 117112, - (3.14)
Let . ]
S . R A
r p—r

We have that % 5+ 19, = 1. Using Holder’s inequality (see Theorem A.3.12),

we obtain
b
IOl I 012" de
0

b
/ 2%, de / ELOlSE
0

I

1
97

IN

IN

Izl 1=
So, it follows that
-1 /7 = -1 = —1 =T =t [P~ -1 —
ko (@), < wg el +wg e Izl 1T+ mg esll 1705

Using (3.13), Young’s inequality (see Theorem A.4.2) and since g € (0,1),
we have

col[T7 < e D+ e [zl 11715 + lleslly 175
< aMgb + e Mgb |T 177" + llesll, Mg
P
FMEsE  eolp— 1) |72
< contgp+ AT @Iy
Cop p
S0 .
rco rey MRb*
— G < e MEh+ = 2E el M,
Cop
thus

2o oo,
reg Mybr
Cop

— p s
715 < e <c1M3b+ +||c3||1Mo) <y
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and
—
7N, < M.
In order to show that T € W, it remains to prove the inequality

Z()|an < Mo VteT. (3.15)

Proceeding by contradiction, suppose that we can find ¢y € T, such that
|Z(to)||gy = Mo. Clearly then

(o) lrw = max [Z(t)llg~ -
So, if (1) 4 % |Z(t)||5~ . then ¥ attains its maximum value %Mé’ at the point
to. If to € (0,b), then ¥ (to) = 0 and so

I (to)llBn" (T(to), T (t0))gw = O,

hence (Z(to), @ (to))gy = 0. By virtue of (3.7), for almost all t € T', we have

inf { (v,)pn + o HZHQN 2 1€ = T(to) lpw + [[€ = T/ (o) || <6,
vEF(EE}Y =6 > 0.

Butze D andso 7 € C! (T;RN). Thus we can find d; > 0, such that

T(t) £ 0
U7 Plen + [P0~ o <5 ¥ 1€ o)

So
(f(£),Z(t))gw + o 1T (E)lgn = &' > 0 for a.a. t € (to,to + 61].

From (3.12), we have

~ (o (F70)) + 4 (E30)) + e IO 12270
0
= —f(t)+ |[FO) |5 E(t)  for aa.te T,
70 = (o(27®)) - (E70)

+(1—RO ) IFOIES T foraateT

and

_ (AA (Hiof(t)) ,E(t))RN n ( Kgl_l) IZ(t)[5y  for aa.teT.
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Since kg € (0,1) and (AA (%Of(t)) ,E(t))RN > 0, we obtain

( (o (Hioi’(t)))/ ,E(t))RN
+co [T (#)||gn = 6 > 0 for a.a. t € (to,to + d1).

Integrating this inequality on [to, t] with ¢t € (to,to + d1], we have

t

[((@(576))76),, dsteo [ 1761 ds
> tg’(t—to) >0 Vte(to,to+51]t.0

Performing an integration by parts on the first integral, we obtain

(+(70) 50, ~ (e (7). 5w,

t

- / (a (%OTI(S)) ,E’(s))RN ds

to

t
+c0/||§’(s)||§N ds > §'(t—to) > 0  Vte (to,to+ 0]
to

Since a(§) = kq(€)§ (see hypothesis H(a)2 and note that the argument is
similar if a(§) = (k{(£1)&1, ..., k% (En)En)), we have

(o (57 0) 7)), = o (357 0)) 0 (@ 00h Tt = .

0
So
Lk (570) @O0 - [ (a(276) ), ds
teo [ IF6) [ ds = 8(t=t0) > 0
and 0

to
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Because ko € (0, 1), we have
(@' (), Z(t))px > 0

and

- _ 2 —

V(1) = 70y @ (1), 7F(t)gy > 0,
so the function 9 is increasing on (to,to + d1]. This contradicts the choice of
to. Thus we obtain (3.15), which ends the proof of Claim 2.

Therefore, we can apply Theorem 3.2.1 and obtain a solution zy € D of
the fixed point problem (3.11). Evidently this is a solution of the auxiliary
problem (3.6).

Finally, we remove the stronger hypothesis H(F);(iv)’ (see (3.7)). To this
end let g, \, 0 and set

Fn(t,&Z) ﬁ F(t,f,g)—f—é‘nf v (tafag) eT XRN XRN.

Evidently F, satisfies hypotheses H(F'); with H(F);(iv) replaced by the
stronger condition H(F)i(iv)’. Then, from the previous part of the proof,
the auxiliary problem (3.6), with F replaced by Fl,, has a solution z,, € D,
with

[#nll < Mo and [l2', < M Vn>1. (3.16)

We have
Uzn) + Ax(zn) + J(20) = —fo+ J(z,) Vn>1, (3.17)
with f,, € Ni(x,) for n > 1. We may assume that

w : Lp(p. RN
Ty — To In Wpef(T,R ),

fo =% f in LP'(T;RN).
As in the proof of Claim 1, we can show that
U(wo) + Ax(w0) = f

(recall that €, N\, 0) and by hypothesis H(F); (i) and Proposition 1.2.12, we
have that f € Ny(z). Therefore zo € D N W is a solution of problem (3.6). [I

3.2.4 Existence Results

Now that we have solved problem (3.6), by passing to the limit as A \ 0,
we shall obtain our first existence result for problem (3.5).
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THEOREM 3.2.2
If hypotheses H(a)2, H(A)1 and H(F); hold,
then problem (3.5) has a solution

zo € C'(T;RY), such that a(z((-)) € Wit (T;RY).

PROOF  Let {A\n},5; C (0,+00) be a sequence, such that A, \, 0, and let

{xn},>, € C! (T; RN) be the sequence of the solutions for the corresponding
auxiliary problems (3.6), with A = \,,. Evidently the sequence {x,},~, C
Wgélr) (T RN ) is bounded and so, passing to a subsequence if necessary, we
may assume that

Tn — 1nW1p(T RN)

per
for some g € WiE(T;RY) We have

per

with f,, € N1(z,,), where N is the operator defined in the proof of Proposi-
tion 3.2.4 by (3.10) and

(Ulan), A, (@a),, + || An, @)l
= —(fur A, (2n)), ¥n>1. (3.18)

Let us note that Ay, (z,) € C(T;RN). From integration by parts and since
z,(0) = z,(b) and z/,(0) = z/,(b), we have

~

<U($n)v Ax, (xn)> =

P

(a2 (1)), L Ay, (xa(t))gn dt.

Because Ay, is Lipschitz continuous, by Rademacher’s theorem (see Theo-
rem A.2.4), Ay, is differentiable at every & € RV \ E, for some £ C RY, such
that |E|x = 0. From the monotonicity of Ay, we have

(27 Akn(f-i-kz)\)—A)\n(f))RN > 0 v&- c ]RN\E, Ee RN, A>0

and so
(AN, ey = 0 VEERY\E, £eRY. (3.19)

Moreover, from the Chain Rule for Sobolev Functions (see Theorem 1.1.13(b)),
we have that

EAA (zn(t)) = Ay (n(t))al,(t) foraa. teT.
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So from (3.19), we have

Using this estimate and hypothesis H(F');(v) in (3.18), we obtain

[ Ax, @a)lls < 1711y | Ax, ()l

and so the sequence {A\An (xn)}n>1 CL? (T;RN) is bounded. Passing to a
subsequence if necessary, we may assume that

Ay, (z,) % @ in L2(T;RY),

for some u € L? (T; RN). Note that

~

Ay, (2n) = xn — Jx, (z2) Vn>1,
where Ty, (z0)() £ Jy. (zn(")). So, we infer that
jAn (xn) — =z in LQ(T;RN),
for some g € L? (T; RN). Because
Ay, (zn(t) € A(Jn, (za(t))) Vn>1,teT,
from Corollary 1.4.1, we obtain that
u(t) € A(zo(t)) fora.a.teT.

Moreover, because of (3.16) and from hypothesis H(F')1(v), we have that
the sequence {fn},>; € L*(T;RY) is bounded. Passing to a subsequence if
necessary, we may assume that

fo 5 f in L*(T5RY),

for some f € L? (T;RN). Arguing as in the proof of Proposition 3.2.4 (see
the proof of Claim 1), we obtain that

T, — x in Cl(T;RN)
and so in the limit, we have that f € N1(zo) (see Proposition 1.2.12) and

(a(z)(1))" = At) + f(t) € A(xo(t)) + F(t,zo(t), z)(t))
fora.a.teT,

20(0) = 20(b), 2(0) = (D).
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Therefore 29 € C*(T;RY) is a solution of (3.5) and clearly

a(zh())) € W2 (T;RY).

per

[

If Dom (A) = RY, we can improve the growth conditions on F and permit
multivalued nonlinearities of the Nagumo-Hartman type. The price that we
pay for this is that the differential operator is fixed to be the ordinary vector
p-Laplacian. So the problem under consideration is the following:

(IOl 2'(0)) € A(w(0) + F (6 2(2),2' 1)
fora.a. teT, (3.20)
z(0) = z(b), 2'(0) = 2/ (b),

with p € (1,400). Our assumptions on the data of (3.20) are the following:

H(A); A: RN — 28" is a maximal monotone operator, such that
Dom (A) = RY and 0 € A(0).

H(F); F:T xRY xRN — Py (RY) is a multifunction, such that

(i) for all £, € € RY, the multifunction
T >t F(t,§,€) € Pre(RY)

is graph measurable;

(#i) for almost all ¢ € T, the multifunction
RY X RY 5 (£,8) — F(t,€,€) € Pie(RY)
has closed graph;
(i4i) for almost all t € T, all £,€ € RV, such that ||¢|[py < Mo and

||§||§;1 > My > 0 we have

swp Jollgy < n([E[0)
veF (t,£,6)

with Mo, My > 0 and n: Ry — R \ {0} is a locally bounded

Borel measurable function, such that | I\ZZO f](d:j = +00;

(iv) if [|ollgy = Mo (with My > 0 as in (iii)) and (£0,&)gn = O,
we can find § > 0, such that for almost all ¢t € T', we have

inf{ (v,&)gn + Co ||E||£N €= Gollgn + ||E _ZOHRN <9,
veF(tEE)} > 0
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(v) for all r > 0, there exists v, € L? (T'); (with % + % = 1), such
that for almost all ¢t € T, all £,€ € B, and all v € F(t,&,€), we
have [[oflgy < 7 (2);

(vi) for almost all t € T, all £,& € RY and all v € F(t,£,€), we have
that

(0, py = —clléllfn — 2 € lR [[E][zn — cal®) €]l

with ¢1,c2 > 0,1 <7, s<p, cg € L}T),.

REMARK 3.2.4 Hypothesis H(F)s(ii) is a Bernstein-Nagumo-Hartman
growth condition (see Nagumo (1942) and Hartman (2002)) and as we shall
see in the sequel, it permits the derivation of pointwise a priori bounds for
the derivative of the solution. Note that if for almost all t € T', all £, € RV,

such that ||¢[zn < My and ||Z||§;l > My and all v € F(t,&,€), we have
Iollgr < ar(t) + e fl€]5% Y

for some a; € L>(T), ¢; > 0, then hypothesis H(F)2(#i7) is satisfied. I

THEOREM 3.2.3
If hypotheses H(A)2 and H(F)2 hold,
then problem (3.20) has a solution

zo € C*(T;RY), such that Ha:é(-)”%]_vz z)(-) € Wh?' (T;RY).

PROOF  Because of hypotheses H(A), and Proposition 1.4.5, the set
A(Bu,) € RY is compact and so

df
19 = max A < oo
[€llgn < Mo H (f)”]RN

Without any loss of generality we may assume that for almost all r > 0,
0 < B <nr). Set m(r) =9 +n(r). Then, if v > %4— 1, we have that
n1(r) < yn(r) for all r > 0 and so f;}l nsl—?j) = +o0.

As in the proof of Proposition 3.2.4, we start by assuming first that instead
of hypothesis H(F)a(iv), we have its stronger version (3.7). Let

1 [ p rchbbg o
My > max? br | — ey MEb+ 2"  ||es||, Mg , M
rCo Cop
and take My > 0, such that
ME™ sds

M§71 > M4 and Tds = M4.
My s
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Let

L (TiRY) £ {2 e Y (T;RY) : 2(0) = 2(b), 2/(0) = 2/ (b)}.

per

We introduce the following bounded open subset of C., (T;RY):

w {3: € Clo (T3 RN lw]| oo < Mo, [|2/[| o < Ms}.
Evidently
oW = {2€Clo(T5;RY) + |la(t) gy = Mo, |2/ (t)|lgy = M5 for all t € T}

Let Np: W — Pyre (Lp/ (T;RY)) be the multivalued Nemytskii operator,
defined by

Np(zx) g S VzeW.

z(-),2'(+)
As in the proof of Proposition 3.1.4 (see Claim 2), we can check that the multi-
function Ny is upper semicontinuous from W furnished with the C! (T; RY )-
norm topology into o (T; RN)M. For each g € L (T; RN), we consider the
following periodic problem:

— (I OB 2 @) + ||z@)|ER2 2(t) = g(t) for aa. teT,
{w(%):x(b% x’(O)):x'(b) . g e (3.21)

From Proposition 3.2.2, we know that there exists z € C' (T;RY), a solution
of problem (3.21), which is easily seen to be unique. So we can define the
map K: s (T;RN) — C! (T;RN), which to each function g € v (T;RN)
assigns the unique solution z € C?! (T; RN) of problem (3.21).

Claim 1. The operator K : L¥' (T; RN) — ! (T; RN) is completely contin-
uous.

Let {gn},>1 C L (T;RY) be a sequence, such that
gn — g in LP'(T;RY),

for some g € o (T; RN) and set x,, & K (gy,) for n > 1. Taking inner product
of (3.21) with z,(t) and integrating over T, after integration by parts, we
obtain

lznlly + lzally < lgnlly l2all, .

so the sequence {xy},5; C W, (T;RY) is bounded. By passing to a subse-

quence if necessary, we may assume that

T, — T in WLE(T;RY),

per

T, — T in C(T RN).
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From the formulation of the problem (3.21), we see that the sequence
{ ()1 (- )}n21 C LY (T;RYN) is bounded and so, after passing to a
further subsequence if necessary, we may assume that

(o () = @ in L (T3 RN).

TL

Since the ordinary vector p-Laplacian with periodic boundary conditions is a
maximal monotone map from LP (T; RN ) into LP (T; RYN ), it follows that

. 2
@ =l ()l[n 2'()-
Therefore
2 rw _ 2 ro. ’
(N2 Olex” 2,())" == (1T Oley 7'() in L (T;RY).
As the sequence { [|27,( ||§N2 al (- )}n>l cr” (T;RY) is bounded, we infer
that , - , ,
2, (™ 20, () == IF () llgy" /() in LP (T3 RY).
So finally, we have
2 w _ 2 . /
l, Ollen” 27,() == 7' C)llgv T'() i WHP(T5RY).
Let ¢,: RY — RY be the homeomorphism, defined by

dr [ ||E]|BN° € for € € RN\ {0},
(&) = {0 : for £ =0

and let ¢: C(T;RY) — C(T;RN) be defined by

~ a
b@)() = o, (leO)IE"2() Ve C(T;RY),
Evidently zz is a bounded continuous map. Therefore, we infer that
x

. — o in C(T;RY)

and so finally
a, — T in CY(T;RY),

which proves the claim.

Let J: C'(T;RY) — )i (T;RY) be the bounded continuous map, defined
by
df
J@)() = JlzO)h*2() YV ae ' (T;RY).

Also, let A: Ot (T;RY) — 9L” (TEY) b defined by

A(z) = 5%

Ny ~VaeCHT;RY).
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Note that since by hypotheses H(A)2, Dom (A) = RY | we have that
Dom (A) = C*(T;RM).

Moreover, from Propositions 1.2.12 and 1.4.5, we see that Gr Ais sequentially
closed in C! (T; RN) x LP (T; RN)M. Because A is locally bounded (see Propo-

sition 1.4.5) and bounded sets in L¥' (T;RN) are relatively weakly compact
and the relative weakly topology is metrizable, we conclude that Ais upper
semicontinuous from C'(T;RY) into L¥' (T;RN)_ (see Proposition 1.2.5).
Set
Ny(z) £ “Np(z)+ J(2) - A(x) VazeW.

Clearly Nj: W — Pyie (Lp, (T; RN )) is upper semicontinuous from W with
the C'!(T; RY)-norm topology into L (T; RN)w. Problem (3.20) is equivalent
to the following abstract fixed point problem:

€ (K o N3)(z). (3.22)

Claim 2. For every x € OW and every k € (0,1), We have z & k(K o N3)(x).

Let T € W and suppose that for some g € (0, 1), we have T € ko(KoN3)(T).
Then we have

K1 (H—loz) € N3(7),

SO

o (10 FT0) +AG(0)
o IEOIERT(0) = — 10 + [ [5R 7 () (3.23)
fora.a.teT,

z(0) = z(b), ='(0) == (b),

with f € Sf,l(_ ()7 ()" Using (3.23) and arguing as in the proof of Proposi-
tion 3.2.4 (Claim 2), we obtain that

P py P
e r
rcg Mybs

7P < 2 (e,
1z, < g | 1Mo + o

+ lleslly M5> ,
S0 .
=1
1z, < b_lM4

P

and by Jensen’s inequality (see Theorem A.2.5) and since ijl = 1%, we have

/Hf’(t)Hﬁ}l dt < M. (3.24)
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We claim that
1Z'(#)|lgy < Ms  ViteT. (3.25)

Suppose that this is not the case. Then we can find tg € T, such that
|7’ (to)||gx = M35, hence ||E’(t0)||p_1 > M4 By virtue of (3.24), we see that
there exists ¢; € T, such that ||Z'(t1)|[zy = M4 (take the t; € T which is
closest to tg). Let x: [My, +00) — R4 be defined by

T

x(r) £ /:1—6(28) Vr € [My, +00).

My

Clearly x is continuous, strictly increasing, x(My) = 0 and x(M‘f*l) = Mjy.
By a change of variables (see Theorem 1.1.15), we have

Ma=x(ME™) = [x(I7 ()5 )|

[ o2 [EACOI SV
- /M4 ﬂl—()ds a ‘/W(to)w’—l ﬁl(s)ds
) / (=@l T 17 Ol O,
t m(IF @)
r o (PO z0) FOET0),,
 |Va m(nf'(t)n“) 17 (®)lf3~"
" H [’ p 2_I )/H]RN =/ p—1
< Ty I O de (3.26)
. titmooy iy O

From (3.23) and since kg € (0,1) and [[A(Z(t))||gx < O for all t € T', we have

| ey @)’

A

< d+n(IFO1E") = m(IFOE")
m (17 )15 Z(t)).

Using this and (3.24) in (3.26), we obtain

RN

. max{to,t1}
My < / 17 (t) 15~ dt‘ = / 17 @)~ dt < My,
o min{to,t1}

a contradiction. Therefore ||Z'(t)| gy < Ms for all t € T. To establish the
claim we need to show that ||Z(t)||gx < My for all t € T. But this can be
shown using the same argument as in the proof of Proposition 3.2.4. So it
follows that T € W and this proves the claim.
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Claims 1 and 2 permit the use of Theorem 3.2.1, which gives us a solution
9 € C! (T;RN) to the fixed point problem (3.22). Clearly such a solution
of (3.22) also solves (3.20).

Finally working as in the last part of the proof of Proposition 3.2.4, we can
remove the stronger version of hypothesis H(F')q(iv) and finish the proof of
the theorem.

3.2.5 Problems with Non-Convex Nonlinearities

As for the Dirichlet problem, we can have “nonconvex” versions of the
previous results. Our hypotheses on the multivalued nonlinearities F' are the
following.

H(F); F:TxRN xRN — P (RN) is a multifunction, such that

(1) F is graph measurable;
(#i) for almost all ¢ € T, the multifunction
RY x RY 3 (£,€) — F(1,€,€) € P (RY)
is lower semicontinuous;
(iii)
(iv)
(v)
(vi)
Using the same proof as in Theorem 3.1.4 (with W, ” (T;RY) replaced by

WLE(T;RYN)), we obtain the following existence theorem.

are the same as hypotheses H(F')1(ii1), (iv), (v) and (vi).

THEOREM 3.2.4
If hypotheses H(a)2, H(A)1 and H(F)3 hold,
then problem (3.5) has a solution

zo € C*(T;RY), such that a(z((-)) € Wi (T;RY).
Again if Dom (A) = R, we can improve the growth conditions on F' and

permit multivalued nonlinearities of the Nagumo-Hartman type. In this case
the hypotheses on the multivalued nonlinearities F' are the following;:

H(F)y F:T xRN xRN — P, (RY) is a multifunction, such that

(1) F is graph measurable;
(#i) for almost all ¢ € T, the multifunction
RY x RY 5 (€,€) — F(t,€,€) € Pe(RY)

is lower semicontinuous;
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(i

)
((v; are the same as hypotheses H (F)2(iii), (iv), (v) and (vi).
(vi)

THEOREM 3.2.5
If hypotheses H(A)o and H(F)y hold,
then problem (3.20) has a solution

zo € C'(T;RY), such that ) (YIBn” zh(-) € W' (T;RY).

3.2.6 Scalar Problems

Now, let us study a scalar periodic problem (i.e. with N = 1), in which the
differential operator depends on both z and z’ (nonlinearly in z and linearly
in 2’). More precisely the scalar periodic problem under consideration is the
following:

(a(z(t)2'( ) A(z(t)) + F(t,z(t),2'(t)) foraa.teT,
{ ():x(b) 2'(0) = 2/(b). (3.27)

Our hypotheses on the data of (3.27) are the following:

H(a)s a: R — R satisfies

a(l) > ¢ vV ( €R,
with ¢g > 0 and

|la(¢) — a(Q)|

IN

alC—=C V(. CER,

with oy > 0.

H(A)3; A: R 2 Dom(A) — 2% is a maximal monotone map, such that
0 € A(0).

REMARK 3.2.5 From Remark 1.4.6, we know that A = d¢ with ¢ €
To(R). In this case for every A > 0, we have Ay = Jp,, with ) being the
Moreau-Yosida regularization of ¢ (see Remark 1.4.9).

H(F)5 F:T xR xR — Ps(R) is a multifunction, such that

(i) for all ¢,¢ € R, the multifunction
T>t— F(t,(,() € Pre(R)

is graph measurable;
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(#9) for almost all ¢ € T', the multifunction
RxR3(C.0) — F(t.¢.C) € Pre(R)
has closed graph;
(iii) for almost all t € T, all ¢, € R and all v € F(t,(, (), we have
v¢ = —al(® = e2clic] = es(®)lc]

with ¢1,c0 >0, c3 € Ll(T)+;

(iv) there exists My > 0, such that if |{y| = My, then we can find
6 > 0, such that for almost all ¢ € T', we have

inf {“C+COZQ D¢ =Gl +eolCl <8, veF(t, (0} > 0

(v) for almost all t € T, all (,{ € R, [¢| < My and all v € F(t,¢,(),

we have 3
lv| < ca(t) + eslCl,

with ¢4 € L2(T)+, cs > 0.

REMARK 3.2.6 From hypotheses H(F)5(¢) and (i), it follows that

F(t7CvZ) = [fl(t7<a2)vf2(t7<56)] V(t,C,Z)ETXRXR,

with fi, fo two measurable functions, such that for almost all ¢ € T, the
functions

(CvZ) U _fl(ta<7Z) and (CvZ) — f2(t7<aZ)
are upper semicontinuous. I
As it was the case with problem (3.5), since we do not assume that

Dom (A) = R, our analysis of problem (3.27) passes from the study of the
following auxiliary periodic problem:

{ (()( ()();77(2)( o (t)(ﬂg)fh( x(t)) = g(t) foraa teT, (3.28)

with g € L2(T) and A > 0.
PROPOSITION 3.2.5

If hypotheses H(a)s and H(A)z hold,
then for every g € L2(T) problem (3.28) has a unique solution

zo € CM(T) with a(zo(-))zH(-) € Wa(T).

per
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PROOF  Let V: WL2(T) — (WL2(T))" be defined by

per per

b
(V(z), y>Wgc,f(T) = /a(x(t))x'(t)y’(t) dt Va,yeWhiT).
0

Claim 1. The operator V' is pseudomonotone.

Since V is everywhere defined and bounded (see hypotheses H(a)3), it suf-
fices to show that V' is generalized pseudomonotone (see Definition 1.4.8(b)
and Proposition 1.4.12). To this end assume that

Y T in WLA(T),

per
V(xn) -

in (Wh2(T))" (3.29)

8
3
8

<l

and
limSUP<V($n)7xn_E>W}}é§(T) <0

n—-+4oo

We need to show that

u = V(E) and <V($n)’xn>Wplé,2(T) — <V(E)’E>Wr}é,2(T) (330)
Note that
z, — T inC(T)
and so

a(zn()a, () = a@()T() in LX(T).
For every ¥ € C*(0,b), we have

b b
/ o ()2, (00 (1) dt — / a(Z(0)F ()9 (¢) dt,
0 0

SO
<V($”)”9>W$é§(T) — (@ wazr) v 9 € C=(0,b),

from which it follows that @(-) = — (a(z(-))@())’, hence @ = V(). Moreover,
note that

b
<V(xn)7xn W;cf(T) /a )—fl(t)) dt
0

+/a(xn(t))f’(t)(x;(t) —7'(t)) dt.
0
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Because

b
[ alan®) @i -7 0) ét — o
0

from the choice of the sequence {z},s, Wo2(T), it follows that

-
(V(zp),xn — E>W}}é§(T) — 0 and because of (3.29), we obtain (3.30). This
proves the claim.

Let Ay : L?(T) — L?(T) be the bounded, continuous and monotone (hence
maximal monotone) operator, defined by

AW () = Ax(u()  VYueL*D).
Let us set

‘/i frd V+idwl,2 T +A}\.

per

Clearly Vi: WLE(T) — (W22 (T))* is a pseudomonotone operator (see Pro-

position 1.4.13). Moreover, for every z € W):2(T), we have

2 2 2
Vi(@),2) a2y 2 coll2’ly+lzlly 2 collzlliye
with ¢g = min{co, 1}. So the operator V; is coercive, hence it is surjective (see

Theorem 1.4.6). Therefore, we can find zo € W)2(T'), such that V;(zo) = g.
It follows that

{ —(alzo(®)h(t)) = g(t) — zo(t) — Ax(z0(t)) foraa. te T,

20(0) = 0 (b). (3.31)

SO
a(wo())ah() € W(T)

and it follows that the function ¢ — %)2:)5)@ = z{,(t) is continuous, i.e.
o € Ct (T)
For every y € Wpléf(T), after integration by parts, we have

b
/ (a(zo(®)2h(®) y(t) dt = a(zo())ahB)y(d) — a(zo(0))ah(0)y(0)
0

b
- [ aleo(t)zhit)y 0.
0

Since Vi (zo) = g and because of (3.31), we obtain

a(20(0))z((0)y(0) = a(xo(b))ap(d)y(b) ¥y e W(T),
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a(z0(0))2(0) = a(wo(b))z(b)
and since z(0) = z(b), we have
29(0) = 24(b).

This proves that 2o € C!(T) is a solution of (3.28).
Next let us show the uniqueness of this solution. To this end suppose that
%o, To € C1(T) are two solutions of (3.28). We have

{ —(a(xo(t))x()(t))’ + xo(t) + Ax(zo(t)) = g(t) foraa.teT, (3.32)
20(0) = z0(b), 2(0) = z(b) '

and

{ —(a(fo(t))fé(b‘))/ +Zo(t) + Ax(To(t)) = g(t) foraa.teT, (3.33)
7o(0) = To(b), T(0) = T (b). '

d " ds if r >
776(7"):]0 5042 iur ~ ¢,

0 ifr <e,

with € > 0 and with o, > 0 as in hypothesis H(a)s. From Theorem 1.1.13,
we know that n.((zo — Zo)(")) € WH2(T). Subtracting (3.33) from (3.32),
multiplying with 7. ((zo — Zo)(t)), integrating over T', performing integration
by parts on the first integral and using the periodic boundary conditions, we
obtain

1)~ a(@o(1)T(1) o (20 — Fo) (1)) e

I
O\o_
—

s
—

8

o

+ [ (zo(t) = To(t)) e (w0 — To)(t)) dt

+ [ (Ax(zo(t)) — Ax(To(t)) )ne ((z0 — To)(t)) dt. (3.34)

S O

From the monotonicity of the functions 7. and Ay, we have

b
/ﬁa((xo — fo)(t)) dt = / ’I]E(($Q — fo)(t)) dt > 0
0

{zo—To>¢c}

and

b
/ A)\ {EO A)\(ﬁo( )))’I]E(($Q —fo)(t)) dt 2 0.
0
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Using these inequalities in (3.34), we obtain

b
[ (aaa®)ab) ~ alzo(e))zh(0) - ((z0 ~ To)(e)) e < 0
0

and

b

t/d%@D@Mﬂ—%@D%%«m—fwwﬁﬁ

[}

b
/ —a(Zo(t))) 6(75)%175((950 —To)(t)) dt.  (3.35)
0

First we examine the left hand side of inequality (3.35). From Theorem 1.1.13,
we have

(zo(t) — T (t)
> ¢ dt, (3.36)
/%

where T, ¥ {teT: (w0 —To)(t) > e}. Next we examine the right hand side
of inequality (3.35). We have

b
- / (a(zo(t)) - a@o) Eg(t)%na (20 — To)(2)) dt
0

)T = T (1)
< | aalzo(t) —To(t) [T (1) —> O’ dt 3.37
_Z’\m> “”“%m%m_@@) (3:37)

[y hlt) - .
= [ < ml, (;/'QQ o dt) |

3.36) and (3.37) in (3.35), we obtain

=

Using

R GO 10) B (xh(t) ~To(t)”
OZ a2(x0(t)—fo(t))2 b= ol ZQZ(xO(t)—EO(t))Z e

a a
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SO

/(%m—%@f

a2 (wo(t) — To(t))

€

1 2
t < —= |7
= C% HxOH2

and by Jensen’s inequality (see Theorem A.2.5), we have

N|=

o (t) — To(t) 1o
T/aa(xo(t)_fo(t)) dt| < 2 Zoll -

Performing a change of variables, we obtain

[
e U

1
3
—r 2

< er [Tl

. d
with c7 ¥ c% > 0 and so
0

(Inr —ln£)2 < er |ma.

Letting € \, 0, we have a contradiction. From this we infer that |T.|; = 0 for
all € > 0. Hence zyp < Ty. In a similar fashion by interchanging the roles of
ro and Tp, we obtain that Top < xg. Therefore xy = Tp and this proves the
uniqueness of the solution of (3.28).

Now let

Set
Vs £ Uvid, + Ay LA(T) 2 D — LX(T).

By virtue of Proposition 3.2.5, V, is bijective. So the operator

Ky =V L3(T) — D C WA(T)

per

is well defined.

PROPOSITION 3.2.6
If hypotheses H(A)z and H(A)z hold
then the operator Ky is completely continuous.
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PROOF  Suppose that {un},; C L3(T) is a sequence, such that
up, — @ in L*(T),

for some u € L?(T). We need to show that

Ka(up) — Kx(@) in Wp(T). (3.38)

Set z, 4 Kx(up) forn>1and T 4 K (u). We have
U(zn) + xn + g)\(xn) = u, n>1
and since (Ex(xn), xn)z > 0, we have

(U(@n),zn)y + l2ally < (unszn)y V1 (3.39)

(here as usual by (-,-), we denote the inner product for the Hilbert space
L?(T)). Performing an integration by parts and using the periodic boundary
conditions (see the definition of D), we have

b b
(U(zn),2n)y = / L) @ (t) dt = / a(a (b)) (2, (1)) dt
0 0
= (V(zn),xn)y > co ||xn||2 Vn>1, (3.40)

where V is as in the proof of Proposition 3.2.5. Using (3.40) in (3.39), we
obtain
eollplly + lzally < llunlly lznllyrzry ¥ >1,
&)
€8 ||xn||W1’2(T) < ”unHQ < B Vn>1,

for some 5 > 0 and cg 4 min{co, 1}. Thus the sequence {z,},; C WL2(T)

per
is bounded. After passing to a subsequence if necessary, we may assume that

T, — 7 in Wo2(T),

x, — T in C(T).

Clearly we have (2,2, — ), — 0 and (A\A(xn), Tn —T)

Therefore, we have

— 0 asn > +oo.

2 2

0= lim (Ua)an =)y = (V(@a),tn = Typraeq) -

n—-+4oo

But from the proof of Proposition 3.2.5, we know that V' is pseudomonotone.
So

<V($n), x">W1’2(T) — <V(§), T

per >W;C’f (T) ?
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hence

Because

it follows that
(@) () — (@(F))*T () i L2(T).

Then, we have

b
/ (a(en () F24(0) — (a(F(6)) 1T (1)) dt
/ () 2
_ = a xn(t) ’ ! —i/
_ 0/ o (7) <a =0 ) (@ ()~ ()| dt
o2 ‘ ! —7F ’
= Oﬁl n 27

with 81 = ||a (Z)||.. So
a) — T in L*(T),

hence

n — T in Wp(T).

We have

a(zn ()2l () —> a(@())T () in L}(T)
and directly from the formulation of the problem (3.28), it follows that the se-
quence {(a (az:n())a:;l())/}n>1 C L%(T) is bounded. Passing to a subsequence
if necessary, we can say that

(a(za())ah()) % T in LX(T),

n

for some T € L(T) and as before, we can verify that 7(-) = (a (Z(-)) T (-)) .
Therefore in the limit as n — +oo, we have

{ D)F(0) +7(0) + Ay (F(0) =T(1) for a1 €T,
T(0) = T(b), T (0) =T (b).

It follows that T = K (u) = T and we have (3.38), which completes the proof
of the proposition. I
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Now we consider the following regular approximation of problem (3.27):

(a())T' ()" € Ax(T(t)) + F(t,7(t), T (1))
fora.a. t €T, (3.41)
z(0) =z(b), T(0) =T'(b),

for A > 0.

PROPOSITION 3.2.7
If hypotheses H(a)z, H(A)z and H(F)s hold,
then problem (3.41) has a solution

zo € C'(T), such that a(zo(-))z(-) € Waz2(T).

per

PROOF The proof of this proposition is similar to the proof of Proposi-
tion 3.2.4, if we take p =2, r =1 and s = 1. We omit the details.

Finally, we pass to the limit as A ™\, 0 and arguing as in the proof of
Theorem 3.2.2, we obtain the following existence result for problem (3.27).

THEOREM 3.2.6
If hypotheses H(a)z, H(A)z and H(F)s hold,
then problem (3.27) has a solution

zo € C'(T),such that a(zo(-))zH(-) € Wo2(T).

3.3 Nonlinear Boundary Conditions

We study nonlinear second order differential inclusions in RY driven by
the p-Laplacian, with nonlinear multivalued boundary conditions. This for-
mulation unifies the basic vector boundary value problems (namely Dirichlet,
Neumann and periodic) and goes beyond them. As before the presence of the
maximal monotone map A, with its domain Dom (A) not necessarily equal to
RY, incorporates in this framework nonlinear differential variational inequal-
ities as well as second order systems with a nonsmooth convex potential. The
right hand side nonlinearity is multivalued and of the Nagumo-Hartman type.

The problem under consideration is the following:

(IOl 2'(1)) € A(w(0) + F(t2(2),2' 1)
foraa.teT, (3.42)
(¢p(2(0)), —pp(2'(b))) € E(x(0), (b)),
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where T' = [0, ], with b > 0 and p € (1, +00).

Here A: RY D Dom (4) — 28" is a maximal monotone map, F: T x
RN x RN — 28" is a multivalued nonlinearity, ¢p: RY — RY is the
homeomorphism (analytic diffeomorphism on RY \ {()}), defined by

g [|€)BN € if € € RV \ {0},
pp(§) = {0 R if&=0

and Z: RY x RN D Dom (2) — 2RY*E™ i5 a maximal monotone map.
The analysis of problem (3.42) starts with the examination of the following
auxiliary problem:

g(t) foraa.teT,

{— (1205 0) + (e >HRN wlt (3.43)
(@p

) =
(#(0)), —ep(2'(0)) € E(2(0), z(b)).

Here g € L¥' (T;RY), p € (1,400) and %4— 1% = 1. By a solution of (3.43), we

mean a function z € C(T;RY), such that ||2/(-)[|5x" 2'(-) € W' (T;RN)
and satisfies equation (3.43). In the next proposition, we show that prob-
lem (3.43) has a solution.

PROPOSITION 3.3.1

If Z:RY xRN D Dom (2) — 2RV XRY o o mazimal monotone map with
(0,0) € £(0,0),
then problem (8.43) has a unique solution xo € C* (T;RN).

PROOF For given v,w € RY, we consider the following nonlinear two-
point boundary value problem:

{z(g|)|ar_ ) %;Eb)a:/ tu? + [|2(t) |pn >z(t) = g(t) foraa.teT, (3.44)

Let us set v(t) £ (1— %) v+ tw. Then v(0) = v and y(b) = w. We consider
) —

the function y(t) = 4 x(t) — v(t) and rewrite problem (3.44) as a homogeneous

Dirichlet problem for y:

~ (Iy + 2 O (+7) (1))

Iy + @B (v +7)(t) = g(t) foraa. t T,
y(0) =0, y(b) = 0.

(3.45)

We solve (3.45) for y € C! (T;RN) and then z = y + v is a solution
of (3.44). To obtain a solution of (3.45), we proceed as follows. Let
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Vi: Wyt (T;RY) — WL (T;RY) be the nonlinear operator, defined by
b
<WWL@0£‘/Hu+7 IR (7Y (1), 2/(8)) o
0
b

+ [+ DO (w0, 2(0) g e
0
Yo,z € Wy (T;RY).

Here by (-,-), we denote the duality brackets for the following pair of spaces
(Wo? (T; RN), W= (T; RN)). For u,z € Wy P (T; RY), we have

<V1(u)—V1(z),u—z>0
b
— [l @ (20, (0= 2 (@) o

0
b

+ / 1+ ) O 72 (0 + ) B, (1 — 2)(8)) o
0
b

- / 1G9 72 (2 + 7Y (@), (0 — 2 () g dit

0
b
= [l DO (€ + ), (0= 2)O)g .
0
Note that
b
[ (2 @2 270, 0 2 0)
0

[z + Y Ol (4 7Y (@), (0= 2) (1) )

(w4 Ollgr =1+ @) |ew)

%
o—_ ..

x (a2 @l = [+ @[ ) e

Y

%/|||(U+7)’(t)||RN — |Gz + ) @®)|| g |” it (3.46)
0
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for some 7, > 0. Similarly, we obtain

b
J (Il DO (@, = 2)(O) g
0
— [N (e + 1)), (1w — 2)(0) g )

> 1, / G+ 1Ol = 1+ 1)l | (3.47)
0

with 7, > 0. From (3.46) and (3.47), it follows that
<V1 (u) = Vi(2),u — z>0 > 0,

i.e. V7 is maximal monotone. In fact Vi is strictly monotone. Indeed, if
(Vi(u) = Vi(z),u — z>0 = 0, then we have

U+ Ollgn = 1+ @)t
0

+ [+ Ol = 1+ O] =
0
H(u—i_wl(t)HRN = ||(z+7)/(t)||RN = ki(t) foraa.teT

and

||(u—|—7)(t)HRN = H(z—l—’y)(t)HRN = ko(t) foraa.teT.

So, we obtain

b b
/kl(t)HH (-2 dt+/kz(t)HH(u_z)(t)H;N dt = 0,
0 0

i.e. w = z. This proves the strict monotonicity of V3. Moreover, us-
ing the Extended Dominated Convergence Theorem (Vitali’s theorem; see
Theorem A.2.1), we can check that V; is demicontinuous. Finally, for any
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u € WOLP(T;RN), we have

b

(Vi(u),u), = /||(u+7 ) (t ||§;2( w+7) (8),u () g dt

/|| w O (0 +2) 0, 0(0)) g
> '+ 0= [l A I,
Hlw+ A = A2 I,

Z ||u+7||W1p T]RN) 73 ||u+7||€{;11,p(T;]RN) )

for some v, > 0. From the last inequality, we have that Vi is coercive.
Invoking Corollary 1.4.5, we infer that there exists y € W, ?(T;R"), such
that V1 (y) = ¢g. In addition, by virtue of the strict monotonicity of V4, this y
is in fact unique.

Let ¢ € C2°((0,b); RY) and as before by (-, -),, we denote the duality brack-

ets for the pair (Lp (T; RN),LP/ (T; RN)). We have
<V1 (y)v 1Z)>O = <gv 1Z)>p s

SO

b

S+ Q227 () 0. 1) g
0
b

b
+ / 1+ 1O (5 + D)@ p(0)) oo it = / (9(8), (1)) v
0

0

and so by Green’s identity, we obtain
/ p—2 / !
~ (I -+ Ol w+2'0) v
0
+ (I + DO G+N0v), = (9.9),
Note that
/ ’
(g + 2 OUE" (0 +7)0)) € W' (T3 RY)
(see Theorem 1.1.8). Because of the density of the embedding
C2((0,0);RY) C WP (T RY),
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we conclude that
~ (I + O 4+ ®)
T+ DO W +)(#) = g(t) foraa teT,

hence ||(y + 7)’(-)||ﬁ}2 (y+7) () e whe' (T;RY). Then, if we set z = y++ €
C'(T;RY), we have that ||;1c'(-)||§N2 () e Whv' (T;RN) and is the unique
solution of (3.44).

Now, let s: RN x RV — (1 (T;RN) be the map, which to each pair
(v,w) € RY x RV assigns the unique solution of the two-point boundary
value problem (3.44), i.e. z = s(v,w) € C*(T;RY) is the unique solution
of (3.44) established above Let o: RY x RNV — x RY be defined by

d

ow,w) L (= lls(,w) ()5 s(v, w) (0), ls(v, w) (B[ s(v,w)'(8))

First, we show that o is monotone. Let 1 = s(a1,81) and z2 = s(aq, [2).
Using Green’s identity, we have

(Q(Oﬂ,ﬂl) = o(az, f2), (%i _ gj))R”’

= (I OIE"250) = e Ol"w0), 61— 52)
= (IO 0) = [ O) "5 0). 1 = aa)
b

= [ (I @) - @l 0, a0 - a30)
0

/b< %N%i t) — [Jaa(t HP 2 2 ) : 1(t)—x2(t)>
0
((H 2y ( ||§N295/1 )/ - (H To ||§N2x’2 ) 1(t) — xg(t)>

4), we obtain

RN

vV
—

RN

)J;O

From (3.

((Hxl L #10) ~ (ll74) ||”Nx2<t>)',x1<t>—x2<t>)

RN

(@[3 21(0) = a2 22 (B, 21 (1) = 220)_ > 0.

O\® O\&

SO

(9(01751)_9(0‘2’52)’ <%1:g§)>uw =0
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i.e. o is monotone.
Next, we show that p is continuous. For this purpose let us assume that
{an} 1 {Bn}ns1 © RY are two sequences, such that

a, — a and B, — [ inRY,

for some a, 3 € RN and let x, g s(an,Bn) for n > 1 and x ¥ s(a, B). As
before, we introduce

) L (1= an+16, Vn>1

and

daf

1) = (1-3)a+ip

and set y, = x, — v, for n > 1. We have

b
—/ ((H(yn + ) (O)|[on (yn + ’yn)’(t))/ ,yn(t)) dt
0
b

RN

[ (1 + 9O + )O3 0)
0

b
— [ (60)n(ear .
0

so using Green’s identity, we have

(II Y +9) )| (g + ) ()v%(’f))w dt

o —

[ ([ + )O3 @+ )@, (D))t

RN

o .

<

(9(t), yn () g dt,

o .

hence

g+ 7ally = 2l + 0l + e+ 3ll} = el + 3l

> ||g||p Hyn + ’Yan + Y

© 2005 by Chapman & Hall/CRC



8. Ordinary Differential Equations 275

for some 7,,7,,7, > 0 and thus we obtain the boundedness of the sequence
{#n = yn +m} 50 € WH(TIRY).

It follows that both the sequences { ||z (-) ”]RN zn()}, o, C L (T;RY)
and { ||/, ()[|Px7 2ty (- )} o, € WEP(T;RN) are bounded. So, passing to a

subsequence if necessary, we may assume that

Tn — u in WhP (T;RY),
I (Y lgn” 2a () = w in L (T;RY),

for some u € WP (T;RY) and w € L” (T;R"N). We have that
Tp — u in C(T;RN)
and so w(+) = ||u(- )”]RN u(+). Also, we may assume that

[ty ()P @, () = v in W' (T;RN),
ety ()P @t () = v in C(T;RN).

The map ¥ C(T;RY) — C(T;RY), defined by

2O L o w() = ep(y()  VyeCO(T;RY)

(since ¢, V= ¢y, 1+ 1 = 1), is continuous and maps bounded sets into
bounded sets. Therefore

x, — 1}(1}) in C(T;RY)

and so v/ = 1b(v). We have v = ¢, (u/(-)) = [[o/(-)|’x" @/(-) and so in the limit
as n — +00, we obtain

{— (I 8" (5) + )|z u(t) = gt) foraa t €T,
u(0) = e, u(b) = 5,

so u = s(a, ) = x. We infer that s: RV x RN — C*? (T;RN) is continuous.

From the continuity of s, we deduce at once the continuity of p.

Finally, we show that p is coercive. Let x = s(a, §). Using (3.44), Green’s
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identity and the Holder’s inequality (see Theorem A.3.12), we have

(o, 8), (5))gon

(3|
I )2 @ 0): B — 2O ((0). )
(5|

b p—2 ! |P

(o) s0) | ag
[

I+ 112l

B (3|

Note that
«
(g) < 2l gy < e l2lhwrgreny

for some v, > 0 (here we have used the compactness of the following embed-
ding WH?(T;RY) C C(T;R"); see Theorem 1.1.11(b)). Thus, we have

(g(a,ﬁ% (g))RzN ||xH€V1,p(T;RN) - ||9pr ||x||W1,p(T;RN)

I165)

( H]RN B V7 ||x||W1vT—'(T;RN)

)

i.e. o is coercive as claimed.

Let 0 = o+ Z: RV xRV — RV xRN Evidently ¢ is maximal mono-
tone (see Theorem 1.4.5), while from the coercivity of g and the fact that
(E(mﬁ),(g)) oy = 0 (since (0,0) € E2(0,0)), we have that o is coer-

R
cive. Applying Theorem 1.4.4, we get that o is surjective and we can find
(o, B) € RY x R¥ | such that (0,0) € o(a,3). Let 29 = s(, 3). Evidently
this is the desired solution of problem (3.43). It is easy to see that this solution
is in fact unique.

Let us still assume that Z: RY x RY D Dom (2) — 28" *B" ig 4 maximal
monotone map with (0,0) € Z(0,0) and A: RN O Dom (4) — 22" is a
maximal monotone map with 0 € A(0). We define

T {ze CHTRY) : |l ()E2 /() € W (T3 RY),
(0p(2(0)), —p (2’ (b)) € E(2(0),2(b)) }

and for every A > 0, let S : LP (T; RN) OD — LV (T; RN) be the operator,
defined by

S\ @00 L~ (IO 7)) + @) YeeD,
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where A\A(x)() = Ax(z(-)). We have
A\(z) € C(T;RY)  VazeD.

Arguing as in the proof of Proposition 3.1.3, using now Proposition 3.2.2, we
obtain the following result.

PROPOSITION 3.3.2
1If
=: RY x RN D Dom (Z) —» 28" *E"
and N
A: RY D Dom (A) — 2F

are mazimal monotone maps with (0,0) € =(0,0) and 0 € A(0),
then for every A > 0, the operator Sy: LP(T;RN) DD — L? (T;RN) 1S
maximal monotone.

Now we are ready to introduce the precise hypotheses on the data
of (3.42).

H(A); A: RN D Dom(A) — 28" is a maximal monotone map, such that
0 € A(0).

H(F); F:T xRY xRN — Py (RY) is a multifunction, such that

(i) for all £, € € RV, the multifunction
T>t— F(t,£6) eRY
is graph measurable;
(#9) for almost all ¢ € T', the multifunction
RY x RN 5 (§,€) — F(t,£,€) € RY
has closed graph;
(iii) for almost all t € T, all £, € RN and all v € F(t,£,£), we have

r ||P-r s
(0, gy 2 —c1lléllpw — 2 €llpn [[€][zn — (@) 1€]R
with ¢1,¢0 > 0, 7,5 € [1,p), c5 € L (T)4;

(iv) there exists My > 0, such that, if || ||gx = Mo and (ﬁo,go)RN =
0, we can find § > 0, such that for almost all ¢ € T, we have

mf{ (0, E)an + [Els : v € Flt.y),

1€~ Eollgn + |IE — Eollu <5} > 0,
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(v) for almost all ¢ € T, all £, € RY with [|[px < Mo and all
v e F(t,& &), we have

ol < calt) +es |[€]5x

with ¢4 € L"(T)4, where n g max{2,p'}, ¢c5 > 0.

- = - Ny RN .
H(Z) Z: RV xRN D Dom (Z) — 28 *R" is a maximal monotone map, such

that (0,0) € Z(0,0) and one of the following statements holds:

(¢) for every (da’,d’) € Z(a,d), we have (a’,a)gn > 0 and (d',d)py >
0; or

(i) Dom (Z) = {(a,d) e RN xRN : a =d}.

We shall also need a “compatibility” condition between the boundary map
= and the map A.

Hy For all (a,d) € Dom (2) and all (¢’,d’) € Z(a,d), we have
(Ax(a),a gy + (Ax(d),d)gn > 0 VA >0.
REMARK 3.3.1 Let ¢: RN x RN — R be convex (thus locally Lips-

chitz) and = = 9. If by 0;4, for i = 1,2, we denote the partial subdifferential
of ¥(a, d) with respect to a and d respectively, then

5¢(a7d) c 8l¢(a7d) X 82w(a7 d)
In this setting the conditions

{ (Ax(a),a’)gn

(Ax(d), d ) VY (a,d) € Dom (E), (d’,d") € Z(a,d)

0
0

IV IV

are equivalent to saying that
P(JIx(a),d) < ¢Y(a,d) and (a, r(d)) < 9¥(a,d) respectively.
[

Since we do not assume that Dom (A4) = R”, first we consider the following
regular approximation to problem (3.42):

(IOl /(1)) € Ax(a(0) + F (2, 2(0),2'(1)
foraa.teT, (3.48)
(¢p(2(0)), —pp(2'(b))) € E(x(0), (b)),
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with A > 0 and p € (1,+00). With some minor, obvious modifications in
the proof of Proposition 3.2.4, we establish the following existence result for
problem (3.48).

PROPOSITION 3.3.3
If hypotheses H(A)1, H(F)1 and H(Z) hold,
then problem (3.48) has a solution

zg € CHT;RY)  with ||z () |5 () € WH' (T; RY).

REMARK 3.3.2 Hypothesis H(Z)(¢) is needed when we examine the
case tg = 0 and ¢y = b (check the proof of Proposition 3.2.4). Hypothesis
H(Z)(i) concerns the periodic problem of Section 3.2.

As before, passing to the limit as A \, 0, we obtain a solution for prob-
lem (3.42). The proof follows the steps of the Theorem 3.2.2, with minor
modifications. We omit the details.

THEOREM 3.3.1
If hypotheses H(A)1, H(F)1, H(Z) and Hy hold,
then problem (3.42) has a solution

w0 € CHTIRY), with [lah()][52 ah() € W' (T;RY).

REMARK 3.3.3 If we check the proof of Theorem 3.2.2, we see that in
the current setting, we have (keeping the notation of the proof):

(U@, A, @)

b

- / (02 20) A ew)

RN
= —lh @) 5" (20), An, @)®))

+ 12, Ol (24,0, Ar, (2)(0))

b
9 d ~
+ [ 2L, O)llpn (25 (t), —Ax, (za)(#) ] dt >0.
0/ R < dt )RN

Here, we have used hypotheses Hy and the fact that

EA)‘ (zn(t)) = Ay (zn(t))zn(t) foraa.teT,
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with (2], (¢), A, (zn (1)) (t))RN > 0 for almost all ¢ € T. So it is at this

n

point that the compatibility hypothesis Hy is needed. I
When Dom (4) = RY, we can improve our hypotheses on the multivalued
nonlinearity F' and allow for Nagumo-Hartman type conditions. Specifically

our hypotheses on the elements of problem (3.42) are the following:

H(A); A: RY — 28" ig a maximal monotone map, such that

Dom (A) =RY and 0 € A(0).

H(F); F:T xRN xRN — Py (RY) is a multifunction, such that

(i) for all £ € € RY, the multifunction
T>t— F(t,£,6) e RY

is graph measurable;

(#i) for almost all ¢ € T, the multifunction
RY x RY 3 (€,€) — F(t,£,€) € RY

has closed graph;

(iii) for almost all t € T', all £, € € RN, with ||¢||px < Mo, |]Z||§;1 >
My > 0, we have

supJoles < (JIEN).
vEF(t,€,£)

with My, M7 > 0 and a locally bounded Borel measurable func-

tion n: Ry — Ry \ {0}, such that | ;({f) = +00;
My

(i) if ||€ollgn = Mo (with Mo > 0 as in (iii)) and (£o,&0)qn = 0,
we can find § > 0, such that for almost all ¢t € T', we have

0 < inf{ (v, )z + [[€]zn = vEF(t2.y),
1€ = &ollgn +||€ = Eol[gw <8} > 0

(v) for all 7 > 0, there exists v, € L' (T, (with 1—1) + 1% = 1), such
that for almost all ¢ € T, all £,€ € RN, with ||¢gn , ||E||RN <r
and all v € F(t,&,€), we have [[v]|py < 7 (2).
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(vi) for almost all t € T, all £,& € RN and all v € F(t,&,€), we have

(0, s = —e1 €llfw — 2 €l [[E]lan" — es() l€lIRa

with ¢1,¢0 > 0, 7,5 € [1,p), c5 € L' (T

Minor modifications in the proof of Theorem 3.2.3 give the following exis-
tence theorem for problem (3.42).

THEOREM 3.3.2
If hypotheses H(A)2, H(F)2 and H(Z) hold
then problem (3.42) has a solution

o€ CHTIRY) with  [|eh( )5 wh() € W' (T5RV).

REMARK 3.3.4 Since Dom (4) = RY, the analysis of the problem (3.42)
does not require the study of the auxiliary problem (3.48) (see Section 3.26
and for this reason we do not need the compatibility condition Hy.

Now we show how the general nonlinear multivalued boundary conditions
used in this section unify the classical Dirichlet, Neumann and periodic prob-
lems.

EXAMPLE 3.3.1 (a) Let K1, K3 € Ps.(RY) be such that 0 € K1 N K.
Let dx, xkx, be the indicator function of the closed, convex set K; x Ky C
RN x RV, i.e.

0 if (ff)eKl x Ko,
+o00 otherwise.

- 4
Srcyx s (6,8) 2 {
We have that dx, xx, € [o(RY x RY) (see Definition 1.3.1). Let

_ df
E = 00k, xk, = Nrkixk, = Ng, X Ng,

(see Definition 1.3.9). Then problem (3.42) becomes:

(I’ @12 1)) € A(a(®) + F(t2(),2' (1))
fora.a.teT,

2(0) € K1, x(b) € Ko, (3.49)

(2'(0),2(0)) gy = 7, (+/(0), K1),

(=2 (b),2(0)) g = 0, (= 2'(0), K)

(for o, see Definition 1.2.3). Note that since 0 € K1 N K, we have (0,0) €
=(0,0). Moreover, if (a/,d’) € E(a,d) = Nk, (a) X Ng,(d), then from the
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definition of the normal cone to a convex set (see Remark 1.3.8), we have that
(a/,a)gn >0 and (d',d)gn > 0 and so we have satisfied hypothesis H(Z)(¢).

Assume further that K1, Ko C Rf, Y = 5R£ and for x = (z1,...,2N)
define

Aw) £ 0p(x) = Npy (@)

Ao} ifxp>0forall ke {l,...,N}
- -RYN{z}* if wp =0 for some k € {1,...,N}.

Evidently A is maximal monotone with Dom (4) =R, 0 € A(0) and

Ax(z) = % <x — proj_, {x}) YA>0
+

and so

A)\($):O Ve KiUKos.
Hence the compatibility hypothesis Hy is satisfied. Then problem (3.49) be-
comes the following differential variational inclusion:

(' Ol 2'(9)" € F(t,a(t), ' (1)),

foraa.t€{seT: au(s) >0forall ke {1,...,N}},
(12" @)l 2" (1) € F(t2(t),' (£) — u(t),

foraa.t € {seT: x(s) =0 for some k € {1,...,N}},
z(t) eRY  ViteT,
x(0) € Ky, z(b) € Ko,
uwe L¥ (T;RY), (x(t),u(t))RN =0 foraa.teT,
(a:/(O),x(O))RN = O,nN (JJ/(O),Kl),
(= '(0),2(0)) g = o (= 27(b), K1)

(b) If in the previous example K1 = Ky = {0}, then Ng, (0) = Nk, (0) = RY
and so there are no constraints on z'(0) and «'(b). Hence in this case we
recover the Dirichlet problem. Moreover, in this case no matter what is A,
Ax(0) = 0 and so Hy holds.

(c) If in example (a), K1 = K> = R”, then for every £ € RN, Nk, (z) =
Ng,(z) = {0} and so there are no constraints on x(0) and z(b), while z'(0) =
2'(b) = 0. Therefore the resulting problem is the Neumann problem.

(d) Let

KL{eDerRY xRY: ¢=7)
and set
=€ 00k = K = {€5 RV xRV :£= —F}.

Note that for this example hypothesis H(Z)(4¢) holds, while for all (a’,d') €
=(a,d), no matter what is the operator A, we have

(Ax(a),d )gn + (Ax(d),d)gn > 0.
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So hypothesis Hy holds. In this case the resulting problem is the periodic
problem.

(e) Let Z: RV x RY — RY x R¥ be defined by

= df 1 1 _
:‘(575) = (—19017(5)7 —1(0010(5)) :
¥’ -1 nr’ -1
Evidently = is monotone, continuous, thus maximal monotone and we have
(0,0) = Z(0,0). Note that no matter what is A, we have

(46— 00l0))

p/—1

> 0 and (AA(& - @p(f)) >0
U RN

RN

and so hypothesis Hy holds. In this case the resulting problem is a Sturm-
Liouville type problem with boundary conditions

z(0) —92'(0) =0 and z(b) + na'(b) = 0.

(f) More generally let Z(¢,€) £ (2(¢),25(9)) with 5,25 : RY — RV
monotone, continuous maps, such that Z;1(0) = E3(0) = 0. Then clearly
E is monotone, continuous, hence maximal monotone, (0,0) = Z(0,0) and
hypothesis H(Z)(7) holds. In this case the resulting problem has the nonlinear
boundary conditions given by

2'(0) = ¢p (E1(x(0))) and —a'(b) = ¢y (B2(x(b))).

3.4 Variational Methods

The purpose of this section is to study nonlinear periodic systems driven
by the ordinary vector p-Laplacian and having a nonsmooth potential. The
energy functional corresponding to the problem is not C! but only locally Lip-
schitz. So the variational methods cannot be based on the classical smooth
critical point theory and instead we use the nonsmooth critical point theory
which we developed in Chapter 2. First we prove some existence theorems
under different growth conditions on the nonsmooth potential. Then using
one of these existence results, we prove the existence of nontrivial homoclinic
to zero solutions. Afterwards, we pass to the scalar problem and introduce a
Landesman-Lazer type condition, which is more general than the ones used
thus far in the literature. We obtain solutions for both the nonlinear and semi-
linear problems and, moreover, in the semilinear problem we allow resonance
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at an eigenvalue of arbitrary order. Then we return to nonlinear periodic sys-
tems and look for multiple nontrivial periodic solutions. Continuing in this
direction, we study a nonlinear periodic eigenvalue problem and we establish
the existence of at least three solutions for all values of the parameter near
resonance. In the next subsection, moving beyond periodic systems, we ex-
amine problems with multivalued nonlinear boundary conditions, similar to
the ones used in the previous section. Our formulation is quite general and
produces as special cases the Neumann and periodic problems. Finally, we
conclude this section with a multiplicity result for scalar and smooth periodic
problems, based on the so-called “Second Deformation Theorem” (see Theo-
rem 3.4.15). It is an open problem, whether we can have a nonsmooth version
of this result. Such an extension requires a nonsmooth formulation of Second
Deformation Theorem, which, to our knowledge, does not exist and appears
to be a highly nontrivial task.

3.4.1 Existence Theorems

Let us start the study of the following nonlinear periodic problem:

— (I’ ®)|[pn" 2'(t)) € 0j(t,z(t)) foraa.teT,
{z(%) —:z:(bR, x’(O)) (g)(, ) foraa (3.50)

with T = [0,b], b > 0 and p € (1,400). Here j(¢,€) is a time-dependent
potential function which is only locally Lipschitz in the {-variable and 975(¢, €)
denotes the generalized (Clarke) subdifferential of j(¢, ) (see Definition 1.3.7).
Our hypotheses on the nonsmooth potential j(¢, ) are minimal:

H() j: T x RN — R is a function, such that
(i) for all £ € RY, the function
Totr— j(t,&) eR
is measurable and j(-,0) € LY(T);
(#i) for almost all ¢ € T, the function
RY 5 ¢ j(t,6) €R
is locally Lipschitz;
(iii) for almost all t € T, all £ € RY and all u € 95(t, &), we have
luller < a(t) + () €]z »

with a,c € L*°(T)4, ¥ € [0,p — 1);
b

1
(iv) lim —,/j(t,{)dt = +oo0.
el —+oc €[5
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As in Section 3.2, we put

whe(TiRY) L {2 e Whe(T;RY) : 2(0) = 2(b)}

per

and consider the energy functional ¢: WLE(T;RY) — RY, defined by

per
1 b

o) L ol - / i(ta)d Ve WLR(T:RY).
0

From Theorem 1.3.10, we know that ¢ is locally Lipschitz.

PROPOSITION 3.4.1
If hypotheses H(j)1 hold,
then ¢ satisfies the nonsmooth (PS)-condition.

PROOF  According to Definition 2.1.1(a), let {zy,},~, C Wp2 (T;RY) be
a sequence, such that B
’cp(xn)‘ < M Vn>1 and m?(z,) — 0 asn — +oo,

for some M; > 0, where

{ ||ZIJ || 105' T;RN)) AN S 8(,0(33,1)}

Because 0p(z,) C (WI}éIr’ (T RN ))* is weakly compact for n > 1 and the norm

functional is weakly lower semicontinuous, we can find z}, € dp(z,) forn > 1,
such that

m?(zn) = |zl wiz@myy- Ynz1
Let A: WEE(T;RY) — (W2 (T;RY))" be the nonlinear operator, defined
by
(A@). g ran) 2 /n (O (2'(0), /(1) o
Va,y € WL (T;RY).  (3.51)

We know that A is monotone, continuous, hence maximal monotone. More-
over, we have
xy = Alxn) — up Vn>1,

n

with u, € S5, ) (see Theorem 1.3.10 and Proposition 1.3.17).
We claim that the sequence {z,}, 5, € W (T;R") is bounded. To this
end note that B
wle(T;RY) = RN gV,

per
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with
b
1% 4 {UGWplcf(T RN)' / v(t)dt:()}.
0

For every x € Wl’p(T RN), we have t =T+ 7, with T € RN and z € V.

per
From the choice of the sequence {z,},~,, we have

per

b
(Aea). B wggrany — [ (n @1 FaO)s dt] < enlBallen (352
0

with €, \, 0. From hypothesis H(j)1(#47), we have that

(n(t),Ea()gn < (alt) +c(t) [T + 2 ()l ) 1B (1)l
a(®) 1@ (®)llex + 27 e(t) [ ()| 120 () g

+29 7 Le(t) |Zn (t )||19Jr1 fora.a. t €T,

IN

IN

so, for any € > 0, using Young’s inequality (see Theorem A.4.2), we have
b
9— ~ 9+1
[ )20 ] < lall [Fall +2" el 132" (353)
0

9—1 €a | T
2 |w|1(5nxnm;+-5;namR%)-
Recall that
1
ol < B,  Voev

(see Remark 1.1.11). Using this in (3.53) and applying the Poincaré-Wirtinger
inequality (see Theorem 1.1.7), we obtain

b
/ (i (£), B (1)) .

0
||19+1

~ ~ £ 1
< @], + ez 171, +63];||w§1||p+64 [N (3.54)

for some ¢y, ¢a, ¢3, ¢4 > 0. Using this inequality in (3.52), we have
~ N — O0+1 € a — 0p ~
1Z115 = et 1211, — 2 [Tl — ea= 1201l — ca |Tullgh < Mo |[Znllgy

for some My > 0 and all n > 1. So

~ ~ 9+1 —_ 9p
Q—%Jw%ﬁ—@+Mmmm—@mmp < TN, (355)
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for some M3 > 0 and all n > 1. Choose € > 0 small so that c3£ < 1. A new
application of Young’s inequality with € > 0 on the second term in the left
hand side in (3.55) gives

— — 19+1 _ /

1205 = es @0, < col@algh o7 Yn>1,

for some cs, cg,c7 > 0. Recall that ¥ + 1 < p. Again Young’s inequality (see

Theorem A.4.2) on the term c¢s ||Z], ||19+1 with € > 0 small enough gives
op’
1Z,1l, < esTnllypimpeny +c0  Yn>1, (3.56)
W1p (T;RN)

for some cg,c9 > 0. Via an easy measurable selection argument and using
Proposition 1.3.14, we obtain two measurable functions u,: T — R and
An: T — (0,1), such that

J(Tn +Tn(t) —j (6,Tn) = (un(t),Zn(t))py foraa teT

and
un(t) € 0j(t,Tn + An(t)Tn(t)) foraa.teT.

So, for all n > 1, we can write that

b

1 .
plen) = 7 el - / J(t (D)) dt
0
1 b b
= Iz - / (1 (8, B (1)) vt — / (LT dt > My,
0 0

Using (3.54) with € = 1, we have

~ ~ ~ 119+1 — 19p
c10 [|ZL1l, + er 1251, + e 11Z00, 7 + ca 1 Znllws (rmw)
b
— /j(t,fn)dt > —M; Vn>1,
0

for some c¢19 > 0. Because of (3.56), we can say that

o’ 9(D+1) 2
C11 ||xn||W1 P (T;RN) + c12 ||1'n||W1 2 (TRN) + ci13 ||xn||W1 (T, ]RN)

b
/]txn Ydt+c1a > —M; Vn>1,
0

for some ci1,c12,¢13,¢14 > 0. Note that 19% < ¥p’ and (9 + 1)% < vp’
(recall that ¥ < p —1). Suppose that the sequence {ZT,},~, C RY was
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unbounded. By passing to a subsequence if necessary, we may assume that
|Zn||gy — 400 and [|Zy ||y > 1 for n > 1. Thus, for all n > 1, we have

b
_ ’ c
all2% |1 — g [t @)t + i —— | = -
E nnwlp a4 -
for some c15,c16 > 0 and so

b

1 M
c15 — —/j(tafn)dt"’_ ‘16 > — !
||33n||W1 2 (TRN) ||33n||W1 . (T;RN) ||33n||W1 P (T, ]RN)

Passing to the limit as n — +o0o, we obtain a contradiction to hypothesis
H(j)1(iv). This proves the boundedness of the sequence {Z,},., € RY
and then from (3.56), using also the Poincaré-Wirtinger inequality (see Theo-
rem 1.1.7), we infer the boundedness of the sequence {Z,.},~; € WiZ (T3 RY).

So, it follows that the sequence {zn}, 5, C WLE(T;RYN) is bounded and, by

passing to a subsequence if necessary, we may assume that

T, % xin WI}élr’(T RN)

T, — xin C(T RN),

for some z € W 2(T;R"Y). From the choice of the sequence {z,},, C

Wie(T;RY), we have

per
b
(Alea).2n = 2w, — [ unBlzn =)0 dt < 2l = alhraram,
0

with €, N\, 0. By virtue of hypothesis H(j)1(ii¢), we have that

b
/ v (8) (0 — 2) (1) dE — O
0

and so
limsup (A(xy,), Tn _$>W;y;(T;RN) < 0.
n—-+o0o
Because A is maximal monotone, it is also generalized pseudomonotone (see
Proposition 1.4.10) and so
(A <A(x")’x">wéé’ﬁ(T;RN) — <A($)’x>wéé€(T;RN) = [l

Recall that 2/, — 2’ in L?(T;R"). Because the latter space is uniformly
convex, from the Kadec-Klee property, we conclude that

z, — ' in LP(T;RY),
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hence
T, — x in WLP(T;RN).

[

Using this proposition and the nonsmooth Saddle Point Theorem (see Theo-
rem 2.2.3), we can have the first existence theorem for problem (3.50).

THEOREM 3.4.1
If hypotheses H(j)1 hold,
then problem (3.50) has a solution

z0 € CHTIRY)  with ||lap()]|5n" () € Wa' (T;RY).

per

PROOF Recall that
Wik (T;RY) = RN @V,

per
with
b
v 4 {v € WS&f(T;RN) : / v(t)dt = O}.
0

Let v € V. We can find u € L?' (T; RN) and a Lebesgue measurable function
A: T — (0,1), such that

u(t) € 9j(t,A(t)v(t)) foraa.teT

and
i(to(t) = (u(t),v(t))RN +4(t,0) foraa.teT.
Then, using hypothesis H(j)1(i74) and the fact that |Jv]| < b’ [[v"]],, for all

v € V, we have

b

1 me _ - v
o) = 2 I / it () di
1 b b
= Wl - / (u(t), 0(t)) g dt — / J(t.0)dt
0 0

b

1 ,
SRl el — [ e 0)de

vV

v

0
b
L = ean 1o/ 12 = [ 4t,0)
p p — C17 p I, ‘
0
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Since ¥ < p — 1, from the last inequality and because [|v'[|, is a norm equiv-
alent to the Sobolev norm on V' (by the Poincaré-Wirtinger inequality; see
Theorem 1.1.7), we can conclude that ¢ is coercive on V.

Let ¢ € RN, Then

b

p(§) = —/j(t,ﬁ)dt — —oo0 as |[|¢|[gpy — +o0.
0

So ¢ is anticoercive on RY. These two properties of ¢ and Proposition 3.4.1
permit the use of Theorem 2.2.3, which produces an z¢ € W, p(T RY), such

per
that 0 € dp(xg). So we have that A(xg) = u, for some u € ng(_ o)) We
have
b
(A0): k) i ey = / Dew df ¥ he C2((0,b;RY),
0
SO
b
—2
J (Ol o). (0) e e
0
b
/ ))gn dt Y he C2°((0,b); RY)
0

and noting that ( ||x6(-)||§1\,2 xg (- ))/ e w12 (T;RY) (see Theorem 1.1.8), we
have

1 NP=2 /
(= I OIE Z600) 1)y
b
/ Jpn dt Y h e CX((0,b);RY).
0
Since the embedding C°((0,b);RY) C Wy P(T;RN) is dense (note that

Wy (T; RN) is predual of W12 (T;RV)), it follows that

{—( |z () |5n 2h(1) = u(t) for a.a. t €T,
x0(0) = xo(D),

S0 ||x6(-)||ﬁN2x6() € WLP/(T;RN) and o € C'(T;RY). For every v €
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WiE(T;RY), using Green’s identity (see Theorem 1.1.9), we have

per

b
[ (Qptonie wo0) oo
0
- I ? (w(8). 00)) g — 6(O) 157 ((0),0(0))
= {A(@0),v)y, Wik (T:RN)?
b
/ w o+ {A0). V) i)

0
= (b BB (2h(0), 0(5)) gr — llh(O)]an” ((0), 0(0))

and recalling that A(z¢) = u, we have

l25(0) 5 (5(0), 0(0)) g = llz(®)lfn” (2(8), v(b)) -

Because v € W2 (T;RY) was arbitrary, we conclude that z{,(0) = x{(b),
Le. zy € C'(T;RN) is a solution of problem (3.50) and [[zj(-)||h~" 2 (-)

S
W' (T;RN). 1

We can have another existence result by changing the asymptotic condition
in hypothesis H(j)1 (iv). Namely the new set of hypotheses on the nonsmooth
potential j is the following:

H(j)2 j: T x RN — R is a function, such that

(2)
(i4) p are the same as hypotheses H(j)1(2), (¢¢) and (i4i);
(ii4)

b

1
i) lim —/t dt = —co.
) e oo T / i:8)

PROPOSITION 3.4.2
If hypotheses H(j)2 hold, then ¢ satisfies the nonsmooth PS-condition.

PROOF  Let us consider a sequence {x,},, € Wy (T;RY), such that

per

|<p(xn)‘ < My Vn>1 and m?(z,) — 0 asn — +oo,
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for some My > 0. From the proof of Proposition 3.4.1 (see (3.54)), we have
that

/ ”:D

1
= ||, o
p

—allzl, — el

b

€ 1~ —_ / L=
—er (3~ ea P — [ttm)de < M
0

and so

1 N - ~ 9+1
5 (1 — c3¢) ||x;l|\§ —ci @, — 2 111,

b

e 2l —/j(tjn)dt < M,
0

Choosing ¢ € (0 ) we have

—~ ~ ~ 19+1
as @05 — e @0, — ca @1,

b

— 9P 1 o
—HanRZ])\, C4+_7W/j(t,xn)dt < My,
Il |

for some c13 > 0. If the sequence {Z,},~; € LP(T;RY) is unbounded, then,
passing to a subsequence if necessary, we may assume that ||z7, [, — +o0
and by virtue of (3.56) this implies that ||Z,| gy — +00. Since ¥ < p — 1,
if we pass to the limit in the last inequality and we use hypothesis H(j)2(iv),
we reach a contradiction. So the sequence {2}, € LP(T;RY) is bounded.
If the sequence {Z,},~; C RY is unbounded, passing to a subsequence if
necessary, we may assume that ||Z, ||z — +00 and then using once again the
last inequality and hypothesis H(j)2(iv), we reach a contradiction. Therefore
the sequence {Zy},~,; C RY is bounded, hence so is the sequence {zn},>1 C
W (T;RN).

The rest of the proof goes as the corresponding part of the proof of Propo-
sition 3.4.1.

We are ready for the second existence result concerning problem (3.50).

THEOREM 3.4.2
If hypotheses H(j)2 hold,
then problem (3.50) has a solution

2o € CH(T;RY)  with ||z (-)||5n” 2h(-) € W' (T; RY).

per
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PROOF  As before (see the proof of Proposition 3.4.1), using (3.54), for
every x € WLp (T; RN), we have

per

b

1 g :
o) = 1l - / J(tx(0)) dt

0
b b

L P u(t), T — i(t, T
Sl / (0(0):20)) gt — [ G007

0

b

Y

1. . 1941 €\~ 90’ Ly =
Ellx'llﬁ—q 121, — c2 12"1l, —os 17|, = cal[Ellph — [ 5t T)dt
0
b

1 N 9+ 9P 1 o
~(L—cse) [Tl — e |2, = [Tk | ca+ —7 [t TR)dt ],
p [zl

for some u € Sg;.(ﬁ%\(_ﬁ(v)). Let ¢ € (0, %) Then, from the last inequality,

because ¥ < p—1 and due to hypothesis H(j)2(iv), we have that ¢ is coercive
(recall the Poincaré-Wirtinger inequality; see Theorem 1.1.7). Then, by virtue
of Theorem 2.1.5, we can find zg € WP (T;RY), such that 0 € dp(zg). As

per

in the proof of Theorem 3.4.1, we can check that

2o € CHT;RY)  with  [lzh()||on” xp(-) € WL (T;RY)

per
and it solves problem (3.50). I

By strengthening the growth condition on 9j(t,:), we can weaken the
asymptotic condition on the integral of the potential function. More precisely,
our hypotheses on j are the following.

H(j)3 j: T x RN — R is a function, such that

(53 } the same as hypotheses H(j)1 (i) and (ii);

(iii) for almost all t € T, all £ € RY and all u € 95(t, &), we have

[ullpe < al?),

with a € LP(T) (where 2 + L = 1);
b

(iv) lim /j(t,é) dt = +oo.

1€ ]Iy —+o00
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REMARK 3.4.1 By Proposition 1.3.14 and hypothesis H(j)s(ii1), we
see that

7, = j(t, )| < a(t)||¢ —€||gn  foraa.teT andall &€ eRY,

hence for almost all ¢ € T, j(t, -) is globally Lipschitz with an L?'(T')-Lipschitz
constant.

EXAMPLE 3.4.1 A typical nonsmooth potential satisfying hypotheses
H(j)s is

i

56,6 L sinlélgn —h(t) €llgy Y (1,€) € xRN,

with h € LP (T). Then

(cos [[§llpn — h(t))lﬂﬁ if £ #0,

9j(t,§) = {(cos||§||RN —h(t)B, ifE=0,

with By £ (¢ e RV : [|¢]|n < 1). Note that

b

/ J(t€)dt = bsin[€]gn — €l 1A,

0
< b= ||Ally [I€llg~ V (t,€) € T xRN,

SO
b

/ (6 dt — —00 as [[€]an — +oo.
0

On the other hand, a simple nonsmooth potential satisfying H(j); is given by

. daf . 1
i€ = llélzysin—  VEERN
1€l
and one satisfying H(j)2 is given by
. df . 1
§(€) = —|l¢lgnsin——  VEeRN.
19/

Another possibility is the function j: R2 — R defined by
. a 1 2 1 2 _ 2
J€) = |§1—€2|—§(§1+1) —§(§2+1) V&= (1,8) €RY

In this case ¥ = 1 and if p > 2, we see that hypotheses H(j)q2 are satisfied. I
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PROPOSITION 3.4.3
If hypotheses H(j)s hold, then ¢ satisfies the nonsmooth PS-condition.

PROOF  We consider a sequence {z,}, 5, € W (T;RY), such that

per
|<p(xn)‘ < Ms; Vn>1 and m¥(x,) — 0 asn — 4oo,

for some M5 > 0. Let } € 9p(x,,) be such that m¥(x,,) = ||z
for n > 1. We have

nllowie myy)-

xy = Alxn) — up Vn>1,

n

with u, € Sf(,_ en())" Then, keeping the notation introduced in the proof of
Proposition 3.4.1, we have

b
<A(£L’n), xn per (T RN) / ]RN dt < En ||$n||W1 p(T ]RN) )
0

with €, \, 0. So
1Zally < enll@allwrmrmny + lall [1Zall o

and
I1Znll, < ell@nll,  Vna>1,
for some ¢; > 0 (see Remark 1.1.11). Thus, by the Poincaré-Wirtinger inequal-

ity (see Theorem 1.1.7), the sequence {En}n>1 C WiE(T;RYN) is bounded.
As in the previous proofs, we have

b b
1, . ~ L,
~Ms < glon) = SIRIE - / (i (8), B (1)) ot — / J(t ) dt
0 0
b
1., . R o
< S UEIE+ lal 13l — [ 3(t.7a)dt
0

with u, € S@]( FndAn (Y ()" So, by the Poincaré-Wirtinger inequality, we
have

b
/j(t,fn)dt < Mg Vn>1,
0

for some Mg > 0.
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If the sequence {xn}n21 c whe (T RN ) is unbounded, then necessarily

per

[Zn[l1.0(;ravy — +o0 and so by hypothesis H(j)3(iv), we obtain

b
/]txn )dt — 400 asn — 4oo,
0

a contradiction. Therefore the sequence {,,},~,; C W12 (T RN ) is bounded

per

and we continue the proof as before. I

PROPOSITION 3.4.4
If hypotheses H(j)3 hold,
then |y is weakly coercive (see Definition A.4.2(a)).

PROOF Suppose that the proposition is not true. We can find a sequence
{vn},,>; €V, such that

||vn||W1,p(T;RN) — 4oo and p(v,) < My Vn>1,

for some M7 > 0. Let us set

ynﬁ Un Vn>l1.

”UnHWl,p(T;]RN)
Passing to a subsequence if necessary, we may assume that

Yn — y in W22 (T;RY),

per

Yn — Y in C’(T RN).

Then
1

p =

i) o M: (3.57)

” TLHWlp T]RN ”UanVl,P(T;]RN)

By virtue of hypothesis H(j)g(m) and Proposition 1.3.14, we have that
l5(t,9)] < a1(t) +c2(t) [[€]lgn  fora.a. t €T and all £ € RY,

with a; € LY(T)4, c; € L (T),. Using this in (3.57) and passing to the limit
as n — +00, we obtain that [|y'[|, =0, hence y = ¢ € RY. Because y € V, it
follows that & = 0. Therefore

y, — 0 in LP(T;RY),

hence
Yo — 0 in Wl’p(T RN)

per
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a contradiction to the fact that ”y”HWLP(T-]RN) =1forn>1. I

THEOREM 3.4.3
If hypotheses H(j)3 hold,
then problem (3.50) has a solution

zg € CHT;RY)  with ||z (-) |5 h(-) € Wh' (T; RY).

PROOF By virtue of hypothesis H(j)s(iv), we have that
p(€) — —oo as ||¢gy — o0 with £ € RV,

This combined with Propositions 3.4.3 and 3.4.4 permit the use of the non-
smooth Saddle Point Theorem (see Theorem 2.1.4), which gives us a solution
for problem (3.50).

In the existence theorems proved thus far, the subdifferential of the non-
smooth potential exhibited a growth which is strictly less then p — 1 (so in
semilinear case, i.e. if p = 2, the growth of the superpotential is strictly sub-
quadratic). Now we shall remove this restriction and allow for general growth
of the subdifferential. The hypotheses on j are the following.

H(j)s j: T x RYN — R is a function, such that

(53 } the same as hypotheses H (j)1(i)—(ii) with j(-,0) € L1(T)4;

(ii) for almost all t € T, all £ € RY and all u € 95(t,£), we have
lulgr < a(®) + () l€llpn"
with a,c € L(T), where r € [1,400);

(tv) there exist p > p and My > 0, such that for almost all t € T' and
all € € RN with [|€]|px > Mo

0 < pj(t,&) < —j°t, & —¢€);

(v) for almost all t € T and all £ € RV, with [|¢][zy < 1, we have

1

REMARK 3.4.2 Suppose that j(t,-) € C*(RY). Then

—3°(t,& =€) = Je(t, (€  VEeRN
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So hypothesis H (j)4(iv) is the well known Ambrosetti-Rabinowitz condition
(see Ambrosetti & Rabinowitz (1973)), which was introduced in the context
of semilinear (i.e. p = 2) elliptic problems. It was observed that in the
smooth semilinear case this condition implies that the potential is strictly
superquadratic. We shall see that the same is true in the present nonsmooth
and nonlinear context.

PROPOSITION 3.4.5
If hypotheses H(j)s hold, then ¢ satisfies the nonsmooth PS-condition.

PROOF First we show that
J(t,8) > cs(t) |€llgn —az(t) foraa.teT andall n>1, (3.58)

with c3,a2 € LY(T);. To this end let Ly € RY be the Lebesgue-null set
outside of which hypotheses H(j)4(ii) — (v) hold. We set

vt L jEN) VteT\ Loy, A>0, E€RY, [E]pn > M.

Evidently (¢, -) is locally Lipschitz. Moreover, denoting by Jx and O, the
generalized subdifferential with respect to A and & respectively, from Propo-
sition 1.3.15, we have that

61#(@)\) c (8€j(t7 /\f),f)RN )

SO
_/\aw(tv )‘) - (afj(ta /\5)7 _/\g)RN

and using hypothesis H(j)4(iv) and the fact that (¢,-) being locally Lip-
schitz is differentiable almost everywhere and the derivative belongs in the
generalized subdifferential, we have

pb(t,A) < A(EN).
From hypothesis H (j)4(iv), we know that (¢, A) > 0, and so

Pt A)

I
o< VA>1.
AT (A -
Integrating this inequality from A =1 to A = Ay > 1, we obtain
w(ta )‘0)
In\) < In
T )

and
At 1) < (t, Ao)-
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So, we have proved that
NG(,€) < J(t,AE)  VEeT\ Lo, £€RY, [[€]lgn > Mo, A>1.

Using this fact, we see that for all ¢ € T\ Lo and all £ € RN, with ||¢||zy > Mo,
we have

. . # .
it,6) = 5 (6 ) = (M) (n et ). (3.59)
By virtue of Proposition 1.3.14, we have
i) = (t.0)| = [(u(t),)gn|  VEET\ Lo, £ €RY, [|€]pn = Mo,

with u(t) € 95 (t,n(t)€) and n(t) € (0,1), so, from hypothesis H (j)4(iii), we
have

i€ < B(), (3.60)
with 8 € LY(T)4. So, from (3.59), we obtain

it,8) = (%)“ﬂ(ﬂ VteT\ Ly, £€RY, ||€|lgn > M.

On the other hand for all t € T'\ Lo, j(t,) is bounded on Bj,. Therefore,
we conclude that (3.58) holds.
To check the nonsmooth PS-condition, let us consider a sequence {2}, C

WLE(T;RY), such that
|<p($n)‘ < Mg Vn>1 and m¥(z,) — 0 asn — 4oo,

for some Mg > 0. Let z, € dp(zy,) be such that m?(z,,) = ||$:<1||(W}}é§’(T-RN))*

for n > 1. We have

xy = Alxn) —up Vn>1,

n

with u,, € Sg;(_ 2n()) for n > 1 and A the same nonlinear operator as in the
proof of Proposition 3.4.1 (see (3.51)). We have

b
1 .
Bl [ witan(©) dt < ub (3.61)
0
and
<CL':“ _xn>W;é€(T;RN) < ep ||xn||W1,p(T;]RN) ) (3.62)

with €, \, 0. Adding (3.61) and (3.62), we obtain

(% - 1) (B +O/b {(un(t),a:n(t))RN g (tan(0)) | dt

< uMs +enllznllworryy
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SO

b
(L1}l + [ [ =m0 =20(0) = pi(t.000) | a
0
< pMs +en ||$n||wl,p(T;RN) . (3.63)

We analyze the integral in the left hand side of the last inequality. Using
hypothesis H(j)4(iv) and (3.60), we have

/b [ O, zn(t); —an(t)) — uj(t,xn(t))} dt (3.64)
0

> / [ 3O (t zn(); —zn(t)) —uj(t,xn(t))} dt > —cy,

{llznllzgn <Mo}

for some ¢4 > 0. Returning to (3.63) and using (3.64), we obtain

(4-1)1etls < cotenllonlonany  Yu2L (365

for some ¢5 > 0. Suppose that the sequence {x},.,; C WLE(T;RY) is
unbounded. Passing to a subsequence if necessary, we may assume that
[@nlyr.p(rmny — +oo. Let

df T

Yp = T————— Vn>1.
||xn||wl,p(T;RN)
We have
Yn —— y in W (T;RY) (3.66)
Yn — y in C(T;RY). (3.67)
Dividing (3.65) by [|za[I7y1,(r), We obtain
R R —— Yn>1
p Hx"HWlP T;RN) ||$n||W1 P (T;RN)

so passing to the limit as n — +o00, we get

1% P
(5—1) e <

Thus ' = 0 (since p > p) and so y = £ € RV,
If £ =0, then
Yo — 0 in Wl’p(T RN)

per
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a contradiction to the fact that Hyn||W1,p(T;RN) = 1forn > 1. Therefore £ # 0
and from this we infer that

|lzn(t)|gn — 400 asn— +oco  ViteT.
In fact, we shall show that this convergence is uniform in ¢ € T, i.e.

lim m1n||xn( Mgy = +oo. (3.68)

n—-+oo te

From (3.66), for a given € € (0 ), we can find ng > 1, such that

Hyn(t)—ZHRN < e Vn>ng teT,

hence B
0 < ||§HRN —& < Hyn(t)H]RN Vn>ng, teT.

Since ||xn||W1vP(T.]RN) — +OO, for a given n > 0, we can find ni 2 no, such
that
0 <n < H‘T’l’LHWl,p(T;RN) Vn>n.

Therefore
loa@llgs - lea(®les
- - = = ||yn(t)||]RN
n ||$"||W1’P(T;]RN)
[]lgn =6 > 0 Va>m, tel,
SO

lea@®ligs > 0 ([Ellgs —€) > 0.

Since n > 0 was arbitrary, it follows that (3.68) holds. So, without any loss
of generality, we may assume that

lzn(t)||[gy > O Vn>1 teT.

From the choice of the sequence {z,},~, C WiE(T;RY), we have

per
b .
 pMy < Il - pi(ten(®)
||$n||%/1,p(T;RN) - || nHWlp (T;RN) ’
SO
M, F pi(t2a(®)
pivig 7P pI\L, Tp P
i <l — | 5o e @)llp~ dt
||xn||W1p (T;RN) np ”xn(t)”%N " R
and
b
pM8 /pc3 Hxn ||RN pCLQ(t) ||y (t)”p dt
el © len (Ol ()
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Passing to the limit as n — 400 and since p > p, we obtain a contradiction.
This proves the boundedness of the sequence {xn}n21 c Wpléf (T;RN). So,
passing to a subsequence if necessary, we may assume that

Tn — z in Wl’p(T;RN)

per

and arguing as in the last part of the proof of Proposition 3.4.1, we obtain
that
T, — x in Wl’p(T;RN).

per

[

Let h € V'\ {0} and suppose that [[h/[|, =1 (recall that by Theorem 1.1.7,
[A']|,, is equivalent to the Sobolev norm on V). For arbitrary R > 0, we define
the cylinder set

Crn L {oeWSP(T;RY): a(t) =+ Mh(t), teT,
5 € RN? H5||RN S R7 A€ [O,R]}.

PROPOSITION 3.4.6
If hypotheses H(j)s hold and R > 0 is large enough, then ¢locy, < 0.

PROOF  First, we check the lower base of the cylinder Cr (i.e. A =0).
In this case * = £ € RN and so, from hypothesis H(j)4(iv), we get

b
o@) = o@ = - / 8 dt < o.
0

Next let
b
v < {veLP(T;RN): / v(t)dt:O}.
0

Evidently L? (T; RN) =RYN @V, i.e. for every x € LP (T; RN), we have
b
r=T+v, with == /x(t) dt and v(:)=uz(:)—-T.
0

So, we can find ¢; > 0, such that
cr([[Ellan + X R15) < flzl- (3.69)

Because of (3.58), for every « € Cg, we have

1 / AP
o) = 2 Il - / (ta0) de < = calalf oy
0
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for some cg, cg > 0. So, from (3.69), we get

AP W W
p(z) < ?—010|\0Hp—011/\“|\h||p7

for some cqg,c11 > 0. If x € Cg is on the lateral surface of the cylinder, we
have HfHRN = R and so

AP p
plx) < " —cpoR" < % —cioR"

and so
elx) < 0 VY R> Ry

(recall that p < p).
On the other hand, if x € Cp is on the upper base of the cylinder, then
A = R and we have

RP T
p(z) < o —cu R [|R[] -
Since [|h||, # 0 and p > p, we can find Ry > Ry, such that
olz) < 0 VY R> R;.

So, we have proved the proposition. I

REMARK 3.4.3 A natural choice for A would be
d _
) L @)z w)  VieT,

with u; € ! (T; RN ) being a normalized eigenfunction corresponding to Ay,
the first nonzero eigenvalue of (— A,, WLE(T;RY)) (see problem (1.1.16)). I

per

Next let )
df
E = {UEV! ||’U/|p:bp—_1}.

PROPOSITION 3.4.7
If hypotheses H(j)a hold, then iIElf(p >0.
PROOF From Remark 1.1.11, we know that
follf, < PRy YeeV

So
o’ <1 VwveeE.
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Note that by hypothesis H(j)4(v), we have

1
it () < o YveE, teT

and so
1 1

o(v) > ZW_ZW = 0.
1

These auxiliary results lead to the following existence theorem for prob-
lem (3.50).

THEOREM 3.4.4

If hypotheses H(j)s hold,

then problem (3.50) has a nontrivial solution
(TiRY) with  [|z() 5" 2() € Wit (T:RY).

per

xOECl

per

PROOF  Propositions 3.4.5, 3.4.6 and 3.4.7 permit the use of Theo-
rem 2.1.5, which implies the existence of zo € WLP(T;RY), such that

per

0 € dp(x0) and @(zo) > 0. Evidently zo € W2 (T;RY) is nontrivial since

©(0) < 0 (see Theorem 2.1.5). Since 0 € dp(xp), as in the proof of Theo-
rem 3.4.2, we show that zg € CL. (T;R"), it solves problem (3.50) and of

per

course [/ ()|[237 @' (-) € Wka' (T;RN). 1

per

REMARK 3.4.4 Note that if additionally
b
[itta >0 veerN\ (o),
0

then the solution zg is nonconstant. I

EXAMPLE 3.4.2 A typical function satisfying hypotheses H(j)4 is the
function j: R? — R, defined by

i€,6) L { c(€h - &) — VaEG if &1,6 >0,

e -8) otherwise,

Where0<c<wandu>p. I

The next existence result will be used in the study of homoclinic (to zero)
solutions, which is conducted in Subsection 3.4.2. It concerns the following
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nonlinear and nonsmooth periodic system:

— (Il O ' (1) + g(t) [lx()I5" 2(2) € 05 (£, 2(1))
fora.a.t €T, (3.70)
z(0) = z(b), 2'(0) = 2'(b),

with p € (1,400). For this problem our hypotheses are the following:

H(g)y g€ C(T), g(0) = g(b) and there exists ¢ > 0, such that

g(t) > ¢ Vtel.

H(j)s j: T x RN — R is a function, such that

(i) for all ¢ € RN, the function

Totr—j(t,€& eR
b
is measurable, j(-,0) € L'(T') and [ j(t,0)dt > 0;
0

(#9) for almost all ¢t € T', the function
RY 5 ¢—j(t,6) €R
is locally Lipschitz;
(iii) for almost all t € T, all £ € RY and all u € 95(t, &), we have
luller < a(t) + e(t) lEllg
with a,c € L*(T), r € [1, +00);

(tv) there exist u > p and M > 0, such that for almost all ¢ € T and
all £ € RN with [|{]|gn > M, we have

pi(t, &) < —50t, & —€);

) pi(t,€)

lim < 0 uniformly for almost all ¢ € T
lellan—0 [I€lIp~

b
(vi) there exists & € RY, [|€*||gv > M, such that [ (¢, &) dt > 0.
0

THEOREM 3.4.5
If hypotheses H(g)1 and H(j)s hold,
then problem (3.70) has a nontrivial solution

zo € CHTIRYN) with || () |3 26(-) € Wye® (T3 RY).

per
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PROOF In this case the energy functional ¢: W 1P (T; RN) — R is given

per
by
1 1 b b
daf )
o) LI+ / o(t) [x(t) B dt — / J(t2(t)) dt.
0 0

Of course ¢ is locally Lipschitz. We show that ¢ satisfies the nonsmooth
PS-condition. So let {zn}, 5, C W22 (T;RY) be such that

per
|<p(xn)‘ < My Vn>1 and m?(z,) — 0 asn — +oo,

for some Mg > 0. As in the proof of Proposition 3.4.5, we obtain

b
1
(4-1) (et + [ o len(®l dt | < bt sy +on
0
for some c¢12 > 0 and €, \, 0, so

i
<; — 1> (HI;Hg +c ||xn||g> S ,UMg + En ||xn||W1*P(T;]RN) + C12

and
||xn||€‘/1,p(T;RN) < ci13+ E:Z ||$n||W1,p(T;]RN) )
for some ¢13 > 0 and &/, \, 0. From this inequality, it follows that the sequence

{Zn}ns1 C W (T;RY) is bounded and then as before we conclude that ¢

satisfies the nonsmooth PS-condition.
By virtue of hypothesis H(j)5(v), for a given € > 0, we can find § > 0, such
that

j(t,€) < ]f? I€IEy  for aa. t €T and all € € RV, [|€]zn < 6.

On the other hand from hypothesis H(j)s(4ii) and Proposition 1.3.14, we
know that

i€ < callélhn  foraa.teT andall £ € RY, [|€|pn > 6,

for some c14 > 0. So finally, we can say that

j(t,€) < % €28 + c15 |€]Gn  for aa. t € T and all £ € RN,

for some s > max{r,p} and some c¢;5 > 0. Then for all z € WLE(T;RY), we
have

b b
1 1 .
o) = I+ / g(t) lle(t)| B dt — / J(t () dt
0 0
1, ,» c p € » s
> I+ S el = 2 el = eao e
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for some c16 > 0. Recall that the embedding Wg;}r’ (T;RY) C C(T;RY) is
continuous (in fact compact). So

1 s
p(@) = —(ll2'll; + (c—e) l2lly) — ea [2ll5pn(rmm)

hs!

for some ¢17 > 0. Taking ¢ < ¢, we conclude that for all z € W) 2(T;RY),

we have
p(r) > cis ||x||€{/1,p(T;RN) —C17 ||$||f/{/1,p(T;RN) , (3.71)

for some ¢15 > 0. Since p < s, from (3.71), we see that we can find g > 0
small enough so that

inf plx) = v > 0.

”1”w1,p(7*;]RN):Q

On the other hand from the proof of Proposition 3.4.5, because of hypothesis
H(j)5(iv), we have that

MG(t,€) < j(t,\E) foraa. t €T and all € € RY, ||¢]jgn > M, A > 1.

Let &, € RY be as postulated by hypothesis H(j)s(vi). Then for A > 1, we
have

b

JECIRA* dt—/ (8,06, dt

0

P " .
19l 16l &= A% [5(,€0)
0

p(Ax) =

K=

IN

so from hypothesis H(j)s(vi) and recalling that u > p, we have
(M) — —o0 as A — +oo.

Hence, we can find A > 0 large enough, so that ||[A&.|[gx > 0 and p(XE) <0
Moreover, note that

b
0(0) = — [ j(t,0)dt < 0.
/

All these facts permit the use of the nonsmooth Mountain Pass Theorem (see
Theorem 2.1.3), which gives zg € W22 (T;R"), such that

per
p(xo) > v > 0 = ¢(0)

(hence zg # 0) and 0 € dp(zo). This is a nontrivial solution of (3.70) belong-

ing in C1(T;RN) with ||z ()|[23" 25(-) € Wk (T; RN). 1

per
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EXAMPLE 3.4.3 The nonsmooth potential

](é—) ﬁ {: ||§||]RN 41 if ||€||RN < ]‘7
2 1€y = €lles In [Ellgn — £ i [€]lpy > 1,

with g > p, satisfies the hypotheses H(j)5. Evidently this j does not satisfy
hypotheses H(j)1, H(j)2 and H(j)s.

These existence theorems are our main tools in the study of homoclinic
solutions which follows.

3.4.2 Homoclinic Solutions

In this subsection we investigate the question of existence of homoclinic (to
zero) solutions for the homoclinic problem on R¥ corresponding to (3.70).
Namely, we examine the following problem:

—(l' @l ' () + g(8) llz () [52" 2(t) € 95 (t, 2(2)
for a.a. t € R, (3.72)
lz(®) gy — 0, 2" (B)llgy — 0, as [t] — +oo,

for p € (1,400). In this situation our hypotheses on g and j are the follow-
ing:

H(g)2 g € C(R™), g is 2b-periodic and there exists ¢ > 0, such that

g(t) >c YVt e[-b,bl.

H(j)6 j: RxRY — R is a function, such that

(i) for all £ € RN, the function
Tt j(t,¢) eRY

is measurable, 2b-periodic and j(t,0) = 0;

(7i) for almost all ¢ € T, the function
RY 5 ¢ — j(t,6) e RY

is locally Lipschitz;
(iii) for almost all t € T, all £ € RY and all u € 95(t, &), we have

lullax < ao(t)(1+ [€155"),

with ag € L>=(T)4;
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(iv) there exists y > p, such that for almost all t € T and all £ € R,
& # 0, we have

pi(t, &) < —50t, & —€);

(v) we have
lim sup M <
lelgn—0  NElRa

uniformly for almost all ¢ € T and all u(§) € 9j(¢, €);

b
(vi) there exists & € RY, such that [ j(t,&)dt > 0.
0

REMARK 3.4.5 Hypothesis H(j)g(v) implies that

i pj(t,§)
im sup >
el —0 N€lRn

< 0 uniformly for almost all t € T

Indeed from Proposition 1.3.14, we know that

Jt8) =it 5) = (u(t,&),5)gn foraa.teT andall & RN\ {0},

with u(t, &) € 95 (t, )\g) and A € (1,2) (in general A depends on ¢t € T'). So

i8 _ 3t5) A (A
e 2v)|5]5n 22 (XS IEw
I
Let us set )
J(t, &)

~(t) 4 limsup T—77=.
el —0 NElRn

Passing to the limit as ||£]|gy — 0 (note that A\, 1), we obtain
1 W1 (u, A5
<1 - —p) v(t) < limsup —p%a
2 lelew—0 2 [ A5l

uniformly for almost all t € T'.

THEOREM 3.4.6

If hypotheses H(g)2 and H(j)e hold,

then problem (3.72) has a montrivial homoclinic solution xo € C(R;R”) N
We(R;RN).

© 2005 by Chapman & Hall/CRC
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PROOF We consider the following auxiliary periodic problem:

—(lI7' O~ 2" ()" + g(t) |2t [a~" (t) € D5 (¢, 2(1))
for a.a. t € T,, (3.73)

x(—nb) = x(nb), x'(—nb) = 2'(nb),

for p € (1,+00), where T, il [-nb,nb]. From Theorem 3.4.5, we know
that problem (3.73) has a nontrivial solution z, € Cl.(T;R"Y). Let
Wgé:? (TH;RN ) — R be the nonsmooth locally Lipschitz energy func-

tlonal corresponding to the problem (3.73), i.e

nb nb

daf 1 1 .
o) L2115+ 5 [ o) latolln dt = [ 5(eate) de

—nb —nb

Vo € Wok (T RY).
Recall that because of hypotheses H(j)g(iv), we have
Pi(t,€) < j(t,\6) fora.a.teR, all ¢ € RY and all A >1

(see the proof of Proposition 3.4.5).
Consider the integral functional ¢: LP(Ty; RY) — R, defined by

j(t, x(t)) dt N R= Lp(Tl;RN),

<
—~
=
~—
&
|
0'\@‘

By virtue of hypothesis H(j)¢(vi), we have that (&) > 0. Because % is
continuous and the embedding WO1 P (Tl; RN ) CLp (Tl; RYN ) is dense, we can

find 7 € Wy"? (T;RY), such that

b
(@) = [ jt,T(t)dt > 0.
/

Then for A > 1, we have

b b

= AP =P AP 7 p : -
r®) = I+ / o(t) [F@)|E dt - / J(t, NE(1)) dt

—b —-b

b
& —/|P —=||P " . —
(1 2l 1, ) ¥ [ ae)
—b

IN
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b
Because p > p and ¢(T) = [ j(¢,Z(t)) dt > 0, we can find A\g > 1, such that
b

for all A > )\, we have ¢;(A\T) < 0. Let Z € Wol’p(Tn;]RN) be defined as
follows

~ df f(t) if t € T,

20 = {0 itteT,\ T

From hypothesis H(j)g(i), we have that
Pen(AT) = @1(AT) VA= Ao,

From the proof of Theorem 3.4.5, we know that the solution z, €
Cl (T; RN) of problem (3.72) is obtained via the nonsmooth Mountain Pass

per

Theorem (see Theorem 2.1.3). So

d, . .
Cn & inf sup <pn('y(t)) = pn(z,) > inf on(x) = & > 0,
~ET,, te[0,1] 2l 1,0 () =€n

where
T £ {y e ([0, 1 W (T, RY)) + 4(0) =0, 4(1) = AF},  with A> )

and 0 € 9y, (z,) for n > 1.
Extending by constant, we see that

W (T, RY) € WHP(T,,;RY) and T, C T, Vni<n

and consequently

/C\’n,z S /C\nl v nl S nQ'

This way we have produced a decreasing sequence {¢,}, -, of critical values.
For every n > 1, we have

nb

-~ _ _ 1 /P ]‘ p
G = onlon) = Sl oy + 3 [ 9O IOl
—nb
nb
- /j(t,xn(t)) dt < . (3.74)
—nb
Because 0 € d¢y, (), we have that
A(xy) +g||xn||ﬁ;2 Ln = Un,
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with w, € S§§(~,rn(~))' Taking the duality brackets for the pair
(WL (T RY), (WP (T, RY)) ") with —a,,, we obtain

nb
1, )~ 3 [ IO IOl
nb o nb
= /(un(t),—xn(t))Rth < /jo(t,xn(t);—xn(t))dt. (3.75)
—nb —nb

Multiplying (3.74) with p and adding it to (3.75), we obtain

(g = 1) 1l () T (% = 1) 7bg(t) n (8) |2 dt
b

nb
+/b (=3 (nl0): ~20(0) = pisa(0) ) dt < g

Using hypotheses H(j)g(ii¢) and (iv), we see that

nb

[ /P m p

(p 1) ||xn||Lp(Tn;RN)+<p 1) [ s lanolizn < e
b

— N
for some c19 > 0 independent of n > 1 and so

(2N c0  Yn>1, (3.76)

Wi (T, RN ) <

for some cog > 0 independent of n > 1. Moreover,

/ L (s)ds

Integrating over [t — 3,¢+ 3], we obtain

YV t,7 € [-nb,nb].

len®llzy < lea(®llar +\
]RN

dr
]RN

2ot
/ x, (s)ds

A
)
T
-
— 7
N[
—~
EX
s~
@
-
RS
2
+
E)
3
—~
)
=
]
z
SN—
o
)
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from which it follows that
lznll, . (7,87 < e Vn2>l, (3.77)

for some c; > 0 not dependent on n > 1. We extend by periodicity x,, and u,,
to all of R. From (3.76) and since the embedding W' (T,,; RY) C C(T,,; RY)
is compact, we may assume the

T, — z  in Cioe(R;RY), (3.78)

hence z € C(R;R™). Also because of hypothesis H(j)g (i) and (3.77), we
have

un)llgy < llaolly, (1+ ||xn(t)||&7\;1) < ¢ foraa.t€Randalln>1,

with ca9 4 llao|l., (1 +c57"). Note that a2 > 0 is independent of n > 1. So
by the Alaoglu Theorem (see Theorem A.3.1), we may assume that

tn 5 win L2 (R;RY),
Uy — win LY (T; RY),  ¥m > 1,

where % + ﬁ = 1. Evidently v € L*® (R;RN) N Lﬁ;c (R;RN), while by using
Proposition 1.2.12, we have that
u(t) € 0j(t,x(t)) foraa.te T, andallm>1

and so
u(t) € 9j(t,x(t)) foraa.teR

(recall that Grdj(t,-) is closed; see Proposition 1.3.9). For every 7 > 0, we
have that

/ e (t) — 2(0)|B dt — 0,
SO

n—-+oo

lim /||xn(t)||§;N dt = /le(t)llﬁzv dt.

We can find ng > 1, such that for all n > ng, we have [—7, 7] C T, and then
using (3.76), we have

T TLob
Jlen®lln de < [ el <

—’n,gb
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and so

/ lo(®)|Br dt < .

Because 7 > 0 was arbitrary, we infer that z € LP(R;RY).
Next let ¢ € C§° (R; RY ) Then supp ¥ C T, for some n > 1. Performing
an integration by parts, we have

[ 0,0 ]| =

hence we have

nb

[ @00 O) gt = | [ (00.00) s i

nb

< ||$;||LP(TH;]RN) ||19||Lp/(Tn;RN) < ¢ Hﬂ”LF’/(Tn;RN)'

Note that
(zn(t),9'(t)) g — (x(t),9'(t))pn uniformly on compact sets,
i.e. we have convergence in Cloc (R;RY) and
a7 @)l = ol (g ) 19Ol
< o1 || (8)||gn for a.a. t € T,

Let us set

n(t)

df [ co1 ||’ (t)||gn for t € suppd,
— 10 otherwise.

Evidently n € L*(R) and we have
|(zn(t), 9" (1)) | < nt) foraa. teR.

So from the dominated convergence theorem, we have

/ (n(8), (1)) oy dt — / (2(), 0 (£)) o .
R R

hence

IR dt\ < ean 1900 ey

from which it follows that « € WP (R; RY) (see Proposition 1.1.1).
Also since

w . p
Up — u in Ly,

(R;RY),
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/ CORORI0) I - / (u(t), 0()) . dt,
R R

while from (3.78), we infer that

we have that

/g(t) ()l (2 () 9(0) g dt — / ) (Ol (2(2), 0(t)) gy dt.
R

Moreover, by integration by parts, we show that
/R (Nl (D17 2y (£), 0 (1)) g
= — [ (oo o) o) e Vo1

RN
Because z,, € C'(T,,; R") is a solution of (3.70), we see that
(Il OE~" 20 () € L (T RY) - Va1,
So ||x;1()||§N2 z () e whe' (T; RY) for n > 1. Thus we may assume that
len ("2 () = 0 in WE (RRY),
for some v € W17 (R; RN), hence

a7, () IER2 24, () — v in L, (RsRY),

||;1c;1(-)||RN2 x, () — v in Clec (R;RN).
As in previous proofs (see Section 3.2), in the limit as n — 400, we obtain
— (Il (O)l5x" 2 (1)) + g(t) [lx() |27 2(t) = u(t) for aa. t €R,

with v € L>(R; RY) ﬂLfOC (R;RY) and u(t) € 9j(t,z(t)) for almost all ¢ € R.

Next, we show that z(+00) = 2/(+00) = 0. Recall that z € Wh? (R;RY).
So from Remark 1.1.8, we have that ||z(t)||gzx — 0 as [t| — +oo and so
x(£o00) = 0. Since u(t) € 9j(t, x(t)) for almost all ¢ € R, from hypothesis
H(j)6(ii1), we have that

[u(®) gy < aot)(1+ |z(®)|2x) for aa. teT.

Because © € WP (R; RY), we have that [|lz(-)[|5~ «(-) € L (R; RN) and so
we deduce that u € L’ (R;RY). Therefore, it follows that ||z/(- )”]RN () €
wir' (R;RN) and so

2’ (t)|5x' — 0 as |t — +oo
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(see Remark 1.1.8), hence 2/(+00) = 0.
It remains to show that x is nontrivial. We have

Alay) + gllzalbx’zn = un YV >1,

hence
nb
Clall, g gy < (020
“nb
Set
ha(t) £ _(un”(il’(j;n%l)w ifza(t) #0,
0 it x,(t) =0.
We have
nb
c”x"”ir’(Tn;RN) : / (18 20 (8] o
nb -
— / B (t) || 2n (8) || dt < esssnuphn ||xn||’;p(Tn;RN) i
“nb

By virtue of hypothesis H(j)s(v), for a given € > 0 we can find § > 0, such
that

(ﬁéﬁ’)’RN < e foraa teR, all £ € RY, ||¢]lgn <0 and all u € 9j(t,£).
RN
If x = 0 then

T, — 0 in Cloc(R;RY)
and so we can find ng > 1, such that
lzn () |lgny <6 VteT,, n>no.
Thus for all n > ng and almost all ¢ € T;,, we have h, (t) < e and so

¢ < esssuph,, = esssuph, < € ¥V n>ng
R

n

(recall that x,, and u, were extended by periodicity to all of R). Let ¢ \, 0
to reach a contradiction since 0 < ¢. This proves that « # 0.

Sox € C(R;R")nW'(R; RY) is a nontrivial, homoclinic (to zero) solution
of (3.72). 0
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3.4.3 Scalar Problems

We turn our attention to scalar problems (i.e. N = 1). We start with the
following problem:

' (t) P 2x’ t)) € 9j(t,z(t)) — h(t) foraa.teT,
{ (0‘ = |( b), x(o)): /(15)7 ) (3.79)

with p € (1,+00) and h € LY(T). We solve (3.79) using a generalized
Landesman-Lazer condition, which as we show generalizes all previous such
conditions existing in the literature.

The hypotheses on the nonsmooth potential are the following:

H(j)7 j: T xR — R is a function, such that
(1) for all ¢ € R, the function

Tstr— j(t,¢) eR
is measurable and j(-,0) € L(T);
(79) for almost all ¢t € T', the function
R>¢r—jt,¢) eR
is locally Lipschitz;
(#497) for almost all t € T', all ¢ € R and all u € 94(¢, (), we have
ul < a(t) + )¢,

with r € [1,400), 1 + L =1, a,c € L>(T)4;

(iv) we have
u()

=0
[Cl=too €
uniformly for almost all t € T and all u(¢) € 95(¢,¢);

(v) there exist functions j,,j_ € L'(T), such that

J+(8) = hmmf@ and j_(t) = limsup L2¢)

{—+oo (——o0

uniformly for almost all t € T and

b

b b
O/ jo(dt < 0/ ht)dt < / J (b dt.

0
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REMARK 3.4.6 Hypothesis H(j)7(v) is the Landesman-Lazer type con-
dition, which we shall see later it generalizes previous ones of this type. I

We introduce the nonsmooth, locally Lipschitz functional corresponding to
problem (3.79). So let p: W1P(T) — R be defined by

per

b

b
o@) L e - [ ew) e+ [ noad
- iconace |

0

PROPOSITION 3.4.8
If hypotheses H(j)7 hold,
then ¢ satisfies the nonsmooth PS-condition.

PROOF  We consider a Palais-Smale sequence {z,},~; € W2(T). We
have
‘(p(l‘n)| < M; and m¥(z,) — 0 asn— +oo,

for some M7 > 0.
Let a7, € 0p(xn) be such that m®(zn) = |27y, whe(ry)- for n > 1. We have

xy = A(xn) —un +h,

with u, € S5, o).
We shall show that the sequence {xy,},~, € Wp2(T) is bounded. Suppose
that this is not the case. We may assume that lznllwrp(rmyy — +o0. Let

us set
df Tn

Yn = Vn>l1.

||xn||wl,p(T;RN)
We may assume that

Yn — y in WR(T),
Yn — Y iIl Cper( )

We have
|<,0 x”)| _ 1., p j(t xn(t))
T —— = |~ llvall, — dt
ol |P A
/ yn(t) dt|. (3.80)
Hanwlp T;RN)
Note that ’
](tvxn(t))

——p—— — 0 asn— +o0
||33n||wl,p(T;]RN)
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(see hypothesis H(j)7(v)). So %||y’||§ <0,hencey =C € R. If { =0, we
have y,, — 0 in W, 2(T'), a contradiction to the fact that lynllwprgyy = 1.

Therefore ¢ # 0. Without any loss of generality, we may assume that (>0
(the analysis is similar if ¢ < 0). We know that

b
Tp = Tp+Tn, withT, €R and /fn(t) dt = 0.
0

Then _
Un = Tp+ 00 withy, L — T yp>1
||xn||W1,p(T;]RN)
and R
Un 4 In Vn>1.

B ||9Cn||wl,p(T;RN)

From the choice of the sequence {zn},-; C W,2(T), we have

b

b
|%ﬁ—/%m@@ﬁ+/ﬁ@@mﬁ < e,
0

0

1
—En S - 969>
||$n||W1,p(T;RN)

(3.81)
with £, \, 0. Note that
Tp(t) — +00 VteT

(since we have assumed that ¢ > 0). As in the proof of Proposition 3.4.5, we
can show that
n}}n Tyn — +o00. (3.82)

We have

b
/%@@@ﬁ: / %ﬁ%m@mm
0 {z,#0}

Evidently |{z,, # 0}|; — basn — 400 (recall that |-|; denotes the Lebesgue
measure on R). Also by virtue of hypothesis H(j)7(iv), for a given £ > 0 we
can find ng > 1, such that

Unp (t)

Zn(t)

‘<5 for a.a. t € T and all n > nyg.

So

Up (T ~ —~ ~
/ (t§ ()T, (t)dt] < € ||wn||§ < eco3 ||xn||%/vl,p(T;RN) Vn>1,

© 2005 by Chapman & Hall/CRC



320 Nonsmooth Critical Point Theory and Nonlinear BV Ps

for some co3 > 0. Using this and the Poincaré-Wirtinger inequality (see
Theorem 1.1.7) in (3.81), we obtain

1

T TR — [024 ||ZC\TL||;€‘/1,I)(T.RN)_EC23 ||/fn||€vlp(TRN)] < én Vn>1,
||$n||wl,p(T;RN) ’ ’

for some coq > 0. So

[N A——
(024 - 5023) TR E—

S En.

||33n||wl,p(T;RN)

. Znll? _ .
We choose € € (O, %) We obtain that ”Wlw — 0 and so again
23 mn”wl,p(T:RN)

from the Poincaré-Wirtinger inequality (see Theorem 1.1.7), we have

I,
— — 0 asn— +oo. (3.83)
||xn||W1,p(T;]RN)
For every n > 1, we have
b b
1 xl [P i (¢, 0 (t
— Izl - it zn(®) dt+/h(t)yn(t) dt
p ||9Cn||W1,p(T;RN) ] ||9Cn||W1,p(T;]RN) J
M
! (3.84)

B ”xnnwl,p(T;RN)

(vecall that [|zn|yy1.p (g vy — +00). Note that

j(ta Tn (t))

) ||33n||wl,p(T;RN)

_ /der / IO u (35

Znllw sy zn s T;RN
( ) ) ( )

dt

{z,#0 z,=0
Note that 0
/ Ldtﬁo as n — —+oo.
(o0} ||$n||W1,p(T;]RN)

Also from hypothesis H(j)7(iv), we know that for a given ¢ > 0, we can find
My > 0, such that

(¢, ¢)
¢

Moreover, because mjin T, — +00, we can find ni > 1, such that

> jy(t) —e foraa.teT and all ¢ > M.

j(t7 xn(t))

for a.a. t € T and all n > ny.
o (t)

J+(t) —e <
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We can assume that y,, () > 0 for all ¢ € T and so

S J(tzn(t))
{ éo} (j+(t) = €)yn(t) dt <{ éo} BT Yn (1) dt.

Since € > 0 was arbitrary, we have

b .
/ j+@®Cdt < liminf / Myn(t) dt.
0

n—-+4oo

{zn7#0}
Now from (3.85), we obtain

b

b
- i(, 20 (t
0/ Jr(Cdt < gggggo J(Q::—(t()))yna)dt-

Returning to (3.84), using this inequality and (3.83), we obtain

b b
J+t)dt < [ h(t)dt,
[rom=]

a contradiction to hypothesis H(j)7(v). So the sequence {z,},~; € W)2(T)
is bounded and as before we conclude that ¢ satisfies the nonsmooth Palais-

Smale condition.

PROPOSITION 3.4.9
If hypotheses H(j)7 hold,

then lim () = —o0, i.e. @|r is anticoercive.
[
CeER

PROOF Suppose that the proposition is not true. We can find a sequence
{¢n},>1 € R, such that |¢,| — 400 and v < ¢((,) for some v € R and all

n > 1. First suppose that ,, — 400. We may assume that ¢, > 0 for all
n > 1. We have

and so
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from which, via Fatou’s lemma, we obtain that

b b
jedt < [ h(t)dt,
[rom=]

a contradiction to hypothesis H(j)7(v). Similarly, we treat the case (,, —
—00.

Let us recall that

_ v 1,p bv _
1% _{ EWpCr(T)./O (t)dt—O}.

PROPOSITION 3.4.10
If hypotheses H(j)7 hold, then o|yv is coercive.

PROOF We have

b

b
1 /1P .
p(v) = ];Hv Hp—/](t,v(t)) dt+0/h(t)v(t)dt VoeV

0

and so, by the Poincaré-Wirtinger inequality (see Theorem 1.1.7), we have

o(v)
”U”]{.;Vl »(T;RN)
t
= C25 — / dt +/ U( ) dt,
||”HW1P T;RN) ||U|W1p (T:RN) ”U”WLP(T;]RN)

for some ca5 > 0. If [[v]|yy1. (prvy — +00, We obtain that

lim inf #(v)

- > Cos > 0
ol e zmny=+00 1VII510 (ppy)

and so
p(v) — 400 as H”HWl,p(T;RN) — +00,

i.e. |y is coercive. 1

Combining Propositions 3.4.8, 3.4.9 and 3.4.10, we see that we can apply the
nonsmooth Saddle Point Theorem (see Theorem 2.1.4) and have the following
existence theorem for problem (3.79).
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THEOREM 3.4.7

If hypotheses H(j)7 hold,

then problem (3.79) has a solution
() with [l ()llga” #5() € Wit (7).

per

1‘0601

per

In the literature, we can find the following two versions of the Landesman-
Lazer-type condition:

(LL)l Let
91(t, ¢) A min{u: uij(t,C)},
92(t, Q) 4 max {u: u € dj(t,¢)}
and let
a | EED g (t.Q) if ¢ £ 0,
ar RO —g(t,¢)if ¢ #0,
Let also

Gr(t) € lmsupGi(,0) and G5 (1) £ liminf Ga(t.)

(——o0

uniformly for almost all ¢ € T, with G} ,G§ € L'(T). We assume that

b b b
Grt)dt < (p—1) [ h(t)dt < [ GF(t)dt.
/ [rom=]

9= (1) L {liminfun D up € 04(t,Cn), Cn — —|—oo}

{u"}n>1 n—-+4o0o

95 (1) & sup {hmsupun: Up € 0j(t, Cn), G — —oo}

{un}, >, {n—Fo0

uniformly for almost all ¢ € T', with ¢>°, g3° € L'(T). We assume that

b b b
g )dt < [ h(t)dt < [ g(¢)dt.
o< o< [
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Also by (LL) we denote hypothesis H(j)s(v).

PROPOSITION 3.4.11
If hypotheses H(F')7(i), (#1) and (v) hold,
then
J-(t) < ¢g=(t), ¢g(@) < je(t) foraa.teT.

PROOF Let N C T be the Lebesgue-null set, such that j(¢,-) is locally
Lipschitz for all T\ N (see hypothesis H(j)7(i7)). For all t € T'\ N, the
function j(t, ) is differentiable at every ¢ € R\ N(t), with |N(¢)|; = 0 and we
have

Jc(t,¢) € 0j(t.¢)  VYCER\N().
From the definition of g$° given in (LL)2, we know that for a given ¢ > 0, we
can find M3 > 0, such that

gX(t) e < Ut V(=M >0,

We have
O -t 1] P ]
J, Q) — I, _ 2 ’ _ ./ L ./
TR IS - ¢ / tr)dr = ¢ / i)+ / it r)dr
0 0 M3
M3

Passing to the limit as ( — +o00, we obtain that
97 (t) —e < ju(t) foraa.teT\N.
Let € \ 0, to obtain
g7 () < jy(t) foraa. tcT\N.
Similarly we show that

j-(t) < g>(t) foraa.teT\N.

PROPOSITION 3.4.12
If hypotheses H(j)7(i), (ii) and (v) hold,
then

—GL (1) and ——G5 () < ji(t) foraa.teT.
p
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PROOF Let N be as in the proof of Proposition 3.4.11. Let t € T\ N,
€ > 0 and let us set

kH) L) —e.

€

From the definition of G in (LL);, we know that we can find My > 0, such
that
Gf(t)—e = kX (t) < Ga(t,r) VY7 >Ms>0.

€

So
K@ _ 1 od (K
P p—1dt\ P!
< GQ (t, 7") < pJ (tv T) _ i Y u e 8.](tv 'r) (386)
rp rP TP

(see (LL)1). From Corollary 1.3.7, we have

j(t (¢ —pj(t
a<3_(”“)) c r9itr) —pithr) S s, (3.87)
rP rpl
Since the function r — 27 is locally Lipschitz on (Mg, +00), it is differen-

tiable for all ¢ € R\ N(¢), with N(t) C T, |N(t)]; = 0. Let

d (jtr)Y .
Do(t,r) L 5( » )lfTG(M4a+OO)\N(t)7
0 if r € N(t).

From (3.86) and (3.87), it follows that
1 d (_ kX (t)

p—1ldr rp—1

) < —do(t,r) VteT\N, re (Ms+oo)\N(t).

Let ¢1,¢ € (My,+00) with ¢; < (2 and integrate the last inequality over
[C1,C2]. We obtain

1 k2(t) | k(1) it ¢) it G)
p—1 <_ 5—1 + f_1> < - ng + C;fl .

Let (o — +o00. Since j(tq—p@’) — 0 (see hypothesis H(j)7(v)), we obtain
2

1 j(tv<1)
mk:(t) < o

Let (§ — +00 and then € \ 0, to conclude that
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Similarly we show the second inequality. I

As an immediate consequence of the last two propositions, we have the
following result establishing the generality of the (LL)-condition.

PROPOSITION 3.4.13
If hypotheses H(j)z7(i), (i3) and (v) hold,
then conditions (LL)1 and (LL)y imply (LL).

EXAMPLE 3.4.4 The following nonsmooth potential function satisfies
the (LL)-condition, but neither of the (LL); and (LL)2 (as before for sim-
plicity, we drop the t-dependence):

30) & max {¢3, 1¢I5} +n(1 +[c]) +cos¢ +C.

A simple calculation reveals that j; =1, j_ = —1, but g3° = ¢ = G| =
Gy =o.
The same can be checked for the potential:
In(1 + [¢]) for [¢] <1,
j(¢) = ¢ ¢—14cos¢(+n2—-Inl for ¢ > 1,

—(+14+cos(+1In2—cosl—2for ¢ <1.
1

In the semilinear case (i.e. p = 2), exploiting the Hilbert space features of
the problem, we can consider equations resonant at any eigenvalue. So the
problem under consideration is the following:

{ —a""(t) — m*w?x(t) € 9j(t, x(t)) — h(t) foraa.teT,

z(0) = z(b), 2'(0) = 2'(b), (3.88)

where h € LY(T), w = 22, m € Ny Y'Nu {0}. Our hypotheses for j are
similar to those in H(j)7.

H(j)s j: T xR — R is a function such that

(4)
(EZ; are the same as H(F)7(i), (i9), (i74) and (iv);
(iv)
(v) there exist functions j,,j_ € L(T), such that
(t,¢) i@, ¢)

g+ (t) = liminij and j_(t) = limsup

{—+oo (——o0
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uniformly for almost all t € T and for all ¥ € R we have

h(t) sin(mwt + ¢) dt

< [j+(t) sin(mwt + 9)* — j_(t) sin(mwt +9)~ | dt.

S o —

In the variational analysis of problem (3.88), we shall use the following
subspace of WL2(T):

per

7Y span {sin kwt, coskwt: k€ {0,1,...,m —1}}

1S

Np, span {sinmwt, cosmwt}

and
~ df 1 .
H = (H ® N,)~ = span {sinkwt, coskwt : k>m+1}.

REMARK 3.4.7 From Remark 1.5.1, we know that {(%%)°} _are

the eigenvalues of the negative ordinary Laplacian with periodic boundary
conditions and N,, is the eigenspace corresponding to the m-th eigenvalue.
Also, we have

m—1 +00
i=1 1=m-+1

Moreover, we have
WIAT) = HoN, ®H YmeN
and if € W,2(T), we have

r =T+2°+7 withze H, a:OENmandEEﬁ

and this decomposition is unique. I

LEMMA 3.4.1
There exists ¢ > 0, such that

~ 2 2 2 Iy
Clelipregy < 12l = Amllzlly  Vael.
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PROOF Let

df 2 2 Iy
(@) = ll2'lly = Am el VaeH.

-~

Suppose that the lemma is not true. We can find a sequence {z,},~, C H,
such that ¢ (z,) \, 0. Let us set -

daf Tn

Yn = Vn>1.

||33n||W1,2(T)
We may assume that

Yn —— y in WEA(T),

per

Yo — y in LX(T).
So in the limit we obtain
2 2
1512 < Amllylly-
Since y € I;f, it follows that y = 0 and so

Yyn — 0 in WLE(T),

per

a contradiction to the fact that [|yn|ly1.2() =1 for n > 1. 0

In a similar fashion, we can have a corresponding inequality for the space
H.

LEMMA 3.4.2
There exists ¢ > 0, such that

2 2 2 -
clzllpregy < =2l + Amllzly  VaeH.
The nonsmooth, locally Lipschitz energy functional ¢: W:2(T) — R for
problem (3.88) is given by
b

b

d 1 m2w?

o) L 31155 el [ (o) dt+ [ ottt Vo e WiAT)
0 0

PROPOSITION 3.4.14
If hypotheses H(j)s hold, then ¢ satisfies the nonsmooth PS-condition.

PROOF  We consider a Palais-Smale sequence {z,},~, € W,:2(T) for .
So we have a

|<p(xn)‘ < Ms Vn>1 and m?(z,) — 0 asn — +oo,
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for some M5 > 0. For each n > 1, there exists x € Jp(x,), such that
m?(x,) = ||xfl||(W;é,r)(T))*. We know that

ot = Az,) —mPoiz, —u, +h Vn>1,

with u, € S5, and A € LWRHT), (W2(T))") being defined by

IS

b
(A(z), y>W}}é§(T) /x’(t)y’(t) dt  Va,yeWhi(T).
0

We show that the sequence {xn}n21 - Wgéf(T) is bounded. Suppose that

this is not true. Passing to a subsequence if necessary, we may assume that
[#nll w12y — +oo. Let us set

Yn & In Vn>1.

B ”xn”le?(T)

Passing to a further subsequence if necessary, we have

Yn —y in WaH(T) (3.89)
Yn — Y in Cper(T)~ (390)

We have

‘<'T’:7,7yn - ?J>W}}é§(T)‘ < én ||y2 - ?J||W1,2(T) s

with £, \, 0 and so

b b
/ U () (n(t) — y(0) dt — A / () (9 (t) — (1)) dt
0 0
b b

Un ()

) ||33n||W1,2(T)

(1nl0) —y(0)) | # () — (1)) dt
) nllwi.2(T)

En ||yn - y||W1,2(T)

) (3.91)
||$n||wl,2(T)

with \,, = m2w?. By virtue of hypothesis H(j)s(iv), for a given € > 0, we

can find Mg > 0, such that

u

c < e foraa. teT, all( €R, || > Mg and all u € 9j(¢, ().
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From hypothesis H (j)s(iii), it follows that

b
U (t)

, Hanwlﬂ(T)

(yn(t) — y(t)) dt

_ / ) (0 (ga(t) — y(t)) dt

a(t) (1 + M”l)

Hanwlﬂ(T)

IN

—~

& lynllo llym — yll; + yn(t) — y(t)) dt,
(< Mg}

SO

|
e

lim /Ixn|W12 yn(t) —y(t)) dt

n—-+o0o

Also, we have that

b
im 7h(t) — =
1 / HJJnHW1,z(T) (yn(t) y(t)) « .

n—-+o0o

Thus from (3.91), we obtain

b b
tim | [y () = y(0) dE = A [ () (ya() —y(1) dt| = 0.
i /
Using (3.90), we have
b
im0 (1) —y(®) dt = 0
0

and so
lyplls — 1Yl

Because 3/, — ' in L*(T), it follows that y/, — ¢ in L?(T) and so finally
Yp — y in WHE(T).
Let
Yn =Tp + Y0 + 00 withy, € H, y2 € Ny, G € H, Vn>1.
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We use as our test function v = —7,, + y% + 7,,. We have

‘<$:w U>W112(T)}

b b
/x;(t)( — G Y2+ T0) () dt — A, /xn(t)( — T + Y0+ Tn) (t) dt
0 0
b

b
— /un(t)(—yn+y2+§n)(t)dt+/h(t)(—yn+y2+§n)(t)dt
0 0

S En ||_yn + yg + @\nHWl’?(T) S 35117
with €, \, 0. So

b
[ H /x (=%, + (20) + ) (t)dt
n W12 >
_ ,\m/xn(t)(—fn+x2+£n)(t)dt
‘/Ix ” (=Zp +20 +3) (t)dt| < 3e,.  (3.92)
n W12

0
Because x;, € N,,, we have

ISz = Am 25

Also, using as test function z¥ and exploiting the orthogonality relations
among the component subspaces, we obtain

/ 2 0112
T
T (1= 2

b
Un(t)

b
h(t
— g0 t)dt+/¢x%(i)dt < en,
; ||$n||W112(T) 2.2

SO

b
un(t) — h(t)

20 (t)dt — 0 asn — +oo. (3.93)
||33n||W1,2(T)

Because of the orthogonality relations, we have

b
[ttt (i @y + 8 e = ~ Il + ]+ 2
0
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and

b

—/\m/xn(t) (< + 22 +30) (O dt = Ao [Tl = A 2212 = A [Z2
0

From these equations and Lemmata 3.4.1 and 3.4.2, we obtain

b
/a:’ O (=T, + (@D) + @) () dt — A | 2n(t)( —Tp + 20 + ) (2) dt
0

= Am ||33n||2 Hxl ”2

IV e

~ 112 ~/ 12
Am 120l + 127,112

cz6 wnll3 (3.94)
for some c36 > 0 and with w, = -7, + Z, for n > 1. Moreover, from
hypotheses H(j)s(iii) and (iv) as before, for all n > 1, we obtain

~ € ”wn”%VIZ(T) Ca7 ||wn||W12( )
/ (—Tn+Tn) (1) dt < , (3.95)
”xn”Wl 2( ”xn”Wlﬂ(T) ||$n||wl,2(T)
for some co7 > 0. Finally, we have
) - a N
[ (= + 2)(Odt < [, -7, +
||33n||W1,2(T)
0
Wn, .
< cQSH lwroery > 1, (3.96)
||$n||W1,2(T)
for some cog > 0. Using (3.93), (3.94), (3.95) and (3.96) in (3.92), for all
n > 1, we obtain

(c26 — ) [l

_ C29 ||w"||W12(T)
||$n||W112(T)

/
||xn||W112(T)

for some cog > 0, with g, \, 0. Let us take £ € (0, ca6). We can write
1

2
(]| (C?’O ln .2y = c20 ”wn”vvl’z(T)) Sen Ynzl
nllwi.2(T)

for some ¢3¢ > 0 and so

2
w i)

fmsap Ll (0 e )
n—-+00 Hx”HWl’?(T) Hw””Wl’z(T)

Passing to a subsequence if necessary, we have that

2
||wn||wly2(T)

||xn||W112(T)
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Assuming without any loss of generality that ||z, [ly12¢;) > 1 (recall that
HCCnHWl,z(T) — +00), we may have that

2 2
||wn||W1,2(T) ||wn||W1,2(T)

= = ||yn||?/[/1v2(T) + H/y\nH%/Vl?(T)
||$"||W1’2(T) ||xn||W1,2(T)

and so
¥, — 0 and 7, — 0 in WH*(T)

hence y = y° € N,,. This means that
y(t) = ( sinmwt + (o coswt,
for some (1,(> € R. We can write
y(t) = rsin (mwt +9),
with 7 = (2 4 ¢2)2 and ¥ = 2—; Recall that for all n > 1, we have

b

b

1 2 Am 2

felen] = |5 Il = 25 loally = [ 3t ante) e+ [ he)wate)dt] < Mo,
0 0

Since H(;UO )'Hz =A\n Hx%”i and exploiting the orthogonality relations among

the component spaces, we obtain

‘@(mn”
||33n||W1,2(T)
b
2 2
I L A A O Y S A CE )N dH/h it
2||9Cn||W1,2(T) 2 ||xn||W1,2( T) ”xn”Wl 2(T)
Mg
= znllwrzry
" 2 2 7112
Since Jom .2 ry — 0, it follows that lwnlly , L, —0asn—
”1n”W1,2(T) ”1n”W1,2(T) ”1n”W1,2(T)

+00. Moreover, we have

bij(t’x"(t)) dt = / ]%(t’x”(t))yn(t)dtjt / S IGL) N

||$"||W12(T) an(t) ||xn||W12(T)
{z,#0} {z,=0

Note that on {y > 0}, we have z,(t) — 400 and on {y < 0}, we have
Zn(t) — —oo. In addition

/ ﬂdt 0.
||$n||wl,2(T)

{In:o}
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Hence via Fatou’s lemma (see Proposition A.2.2), we obtain

b b
G(t @n(
lim inf / T ¢ > / ey (@) dt — / J_(t)y~ () dt.
n—-+oo ”x"”Wl 2(T) , .

Recall that y € N,,, so

lim inf b 7j(t Zn ))

dt

b b
> / Jo (&) sin(muwt + 9)* dt — / Jo(t)rsin(mat +9)" dt,  (3.97)
0 0

with ¢ € R. Returning to (3.92), passing to the limit as n — 400 and using
hypothesis H(j)s(v), we obtain

b b
J(t, zn(
lim mf/ ’ = /h(t)y(t) dt = /h(t)r sin(mwt + 9) dt
n—+too Hanww
0 0
b
<r /j+ (t) sin(mwt + )T dt —/j, () sin(mwt + )" dt | . (3.98)
0 0

Comparing (3.97) and (3.98), we reach a contradiction. So the sequence
{Zn},s1 C WL2(T) is bounded and from this it follows that ¢ satisfies the

per

nonsmooth PS-condition. I
Let

H, £ H®N,, = span{sinkwt, cos kwt : ke{O,l,...m}}

H, £ H

PROPOSITION 3.4.15
If hypotheses H(j)s hold,
then p(z) — —o0 as ||z||y1.2(p) — +00, with x € H.

PROOF  Suppose that the proposition is not true. Then we can find a
sequence {z,},~,; € H; and a constant cg; > 0, such that

lzallyr2qry — 400 and —c31 < o(ay) Vn>1.
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We have
\ b b
1 2 m
3 i ll5 — -5 ||$n||§ —/] t T (t dt+/h t)dt > —cs1.
0 0
Let .
Yn g __ In Vn>1.
||33n||W1,2(T)

Passing to a subsequence if necessary, we may assume that

Yn — y in WL 2(T),

per

Yn — y in Cper(T).
Because y, € Hy for n > 1 and H; is finite dimensional, we have

yn — y in W2(T).

We also have
b '(t
1 2 m J
3 I3 = 22l - / Tt d
||xn||W1 2(T) Tnllwi.2(T)

i Vn>1.

Han?/Vm(T)
Note that, from hypothesis H(j)s(v), we have

b

HanW12 (T)

dt — 0

and

b
h(t
[t @i — o
, Hxnnwlﬂ(T)

So in the limit as n — +00, we obtain
A 2 1 2
2l < 513

hence ||y'||§ = Am ||y|\§ (since y € Hy). Therefore y € N,,. From Lemma
(3.4.2), we have

b

b
—/j(t,xn dt+/h tydt > o(x,) > —cs1,
0 0
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SO
b

i (t, 20 (t
Sttt g /h Yt
; an”m/m(:r) HCCnHWw

As in the proof of Proposition 3.4.14, in the limit as n — +o00, we have
b b
g (t) sin(mwt + 9)* dt — /j, (t) sin(mwt +9)~ dt
0

< [ h(t)sin(mwt 4+ 9) dt

S O —

(recall that y € N,,,), which contradicts hypothesis H(j)s(v). Therefore the
proposition is true.

PROPOSITION 3.4.16
If hypotheses H(j)s hold,
then p(z) — +00 as ||z|[y1.2(p) — +o0 with x € H.

PROOF Using Lemma 3.4.1, we see that
b

b
o(r) > /C\||:C||‘2/V1,2(T) —/j(t,a:(t)) dt—|—/h(t)x(t) dt YV x € Hy,
0

0
0
b
_o@) o [Ita®) / y(t)dt Ve H
HxHWL?(T) ||$HW12 HxHWl 2(T)
and
) LG50 veem,
Izl 1.2y =+00 (|22 )
i.e. @|m, is coercive. 1

Propositions 3.4.14, 3.4.15 and 3.4.16 allow the use of the nonsmooth Sad-
dle Point Theorem (see Theorem 2.1.4), which produces a solution for prob-
lem (3.88).

THEOREM 3.4.8
If hypotheses H(j)s hold,
then problem (3.88) has a solution
(T) with x((-) € Wi (T).

X € C per

per
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Next we return to the scalar periodic problems driven by the p-Laplacian.
Specifically, we study the following problem:

{ _ (}$/(t)‘p2xll(t))/ c Bj(t,x(t)) fora.a. t €T, (3.99)

2(0) = z(b), 2/(0) = 2(b),

with p € (1,400). Let \p = 0 and A; > 0 be the first two eigenvalues of
the negative scalar p-Laplacian with periodic boundary conditions (see Sec-
tion 1.5). Our aim is to achieve the solvability of problem (3.99) with the
nonsmooth potential j interacting with A¢ from the right and staying (in some
sense) between A\g = 0 and A; > 0. We permit full interaction (resonance)
with Ag = 0, but only partial interaction with A; > 0 (see hypotheses H(j)o).
In this context the space W2(T) has no orthogonal decomposition using the
relevant eigenspaces and the variational characterization of A; is with respect
to a cone, not a subspace as in the semilinear case (see Proposition 1.5.4 and
Remark 1.5.2). This precludes the use of the nonsmooth Mountain Pass, Sad-
dle Point and Linking Theorems (see Theorems 2.1.3, 2.1.4 and 2.1.5 respec-
tively) and leads to a use of the general minimax principle in Theorem 2.1.2,
which requires linking sets. So our task is to produce two suitable linking sets
for problem (3.99). For this purpose we introduce the following hypotheses
on j. Recall that A; > 0 denotes the first nonzero eigenvalue of the negative
ordinary scalar p-Laplacian with periodic boundary conditions.

H(j)o j: T xR — R is a function, such that

(i)

(#i7) we have

(?) } the same as hypotheses H(j)7(i) and (ii);

lu] < a.(t) foraa.teT, all |{| <r andall u e dj(t,()

with a, € L>®(T)4;
(iv) we have
lim u(C) — pj(t, = —00
i (Gu(O) - pi(t.0)
uniformly for almost all ¢ € T" and all u(¢) € 95(t, ¢);

(v) we have

0 < liminf pi(t,¢) < limsup pj(t, )

[Cl—=too  [C]P Ic|—+o0  1CIP

< I(t),

uniformly for almost all ¢ € T', with ¢ € L>(T)4, 9¥(t) < A\ for
almost all ¢ € T' and the inequality is strict on a set of positive
measure.
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REMARK 3.4.8 Note that hypothesis H(j)9(v) allows full interaction
(resonance) of j with the eigenvalue Ao = 0, but only partial interaction with
the eigenvalue A; > 0 (nonuniform nonresonance).

The nonsmooth, locally Lipschitz energy functional ¢: WlE(T) — R
of (3.99) is defined by

b

o@) L 11— [t ) dt
/

S op

PROPOSITION 3.4.17
If hypotheses H(j)o hold, then ¢ satisfies the nonsmooth C-condition.

PROOF  Let {z,},~; C WJE(T) be a Cerami sequence for ¢. So, we
have -

p(n) — ez and (14 [[zallyprepy )m(zn) — 0 asn — +oo,

for some c32 > 0. Let z € dp(x,,) be such that m?(z,) = ||9CZH(W;£(T))* for
n > 1. We have
xy = Alxn) — up Vn>1,

n

. p/
with u, € S’j(_)wn(_)). Hence

’<CE:;, xn>wgéf(:r) — pp(an) + P032‘

< Mznllowie oy lenllwz () + [pp(n) — pesa|
< (1 + ||xn ‘Wl’z(T) )m@@n) + ‘pQO(xn) —ngg‘ — 0,
o
b
/ (un(t)@n (t) — pj(t, z0(t))) dt — pesa. (3.100)
0
We shall show that the sequence {zy},~; C W)2(T) is bounded. Suppose

that this is not the case. Passing to a subsequence if necessary, we may assume
that

Znllwre @y — +00.
Let us set

df Tn

a Hanwl,p(T)

Passing to a subsequence if necessary, we may assume that

yn 2y in WLE(T),

per

yn — y in C(T).
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By virtue of hypotheses H(j)9(i4i) and (v) and because of Proposition 1.3.14,
we have

l7(t, Q)] < a1(t) +es3/¢P for a.a. t € T and all ¢ € R,

with a; € L*°(T)4 and c33 > 0. So

iten®)] _  a(®)
||33n||W1p T) B ||$n||€vl,p(T>

+ (333|yn(t)|p fora.a.t € T and all n > 1.

By the Dunford-Pettis Theorem (see Theorem A.3.14), we may assume that
||$n||wl,p(T)
for some g € L!(T) and because of hypothesis H (j)o(v), we have that
0 < g(t) < ﬁ(t)‘y(t)‘p for a.a. t € T.

Recall that
o(zn) < My

< Vn>1,
||$n||%1,p(T) ||xn||%1,p(T)

for some M7 > 0. So in the limit as n — 400, we have

b
Sl < [ sl ar
0

Note that y # 0, or otherwise since

Yn — 0 in WI}e’r’(T)
we obtain a contradiction to the fact that |yn |y =1 for n = 1. So if
Ty 4 {y # 0}, then |71 > 0. We have

|zn(t)] — 400 asn — 400 ViteTy.

Also
(un(t)ﬁn (t) —pJj (t, Tn (t))) dt

(un()zn (t) — pj(t, za(t))) dt + / (wn (t)@n (t) — pj (t, 0 (1)) dt.

Y
T\TY

Il
E— o —

© 2005 by Chapman & Hall/CRC



340 Nonsmooth Critical Point Theory and Nonlinear BV Ps

By virtue of hypothesis H(j)g(iv), we can find Mg > 0, such that
Cv—pjt,¢) < —1 foraa.teT, all( €R, |(| > Ms and all v € 9j(t, ).
On the other hand, hypothesis H (j)o(ii¢) implies that
Cv—rpjt,¢) < My foraa.teT, all ( €R, |¢| < Mg and all v € 95(¢, ().
So finally, we have that

Cv—pjt,¢) < My foraa.teT, all ( €R and all v € 95(t, (),

for some Mg > 0. Therefore

ngrilm (un(t)@n (t) — pj (t, 0 (t))) dt = —o0
2
and
nEToo (un(t)@n (t) — pj(t, xn(t))) dt < Migb,
T\TY
o
b
/ (un(t)n(t) — pi(t,zn(t))) dt — —oo asn — +oo. (3.101)
0

Comparing (3.100) and (3.101), we reach a contradiction. This proves that

the sequence {z, },; C W (T is bounded and then as before, we can verify

the nonsmooth PS-condition. I

PROPOSITION 3.4.18
If hypotheses H(j)g hold, then ¢(¢) — —oc as [(| — 400, with { € R.

PROOF From the proof of Proposition 3.4.12, we know that
¢IP [Slans

Also, from hypothesis H(j)g(iv), for a given 8 > 0, we can find My, > 0, such
that

for a.a. t € T and all { > 0.

Cv—pj(t,) < —p fora.a.teT, all ( > My; and all v € 9j(¢, ().

So it follows that

fora.a.t €T, all ( > M;; and all w € 8(j\(<t\7g)

).
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For t € T\ N, with |N|; = 0, the function ¢ — ](é—po is locally Lipschitz on
[M11,+00) and thus differentiable on [Mi1, +00) \ N1(¢), |N1(¢)]1 = 0. Let us
set

d (M if r € [Mi1, +00) \ N1(t),

ﬂO(taT) i % rP
0 ifre Ny (t)

We have that

i, Q)
So 3 4 /18

o(t,¢) < _<p+1 =7 <§<—p>
Integrating this inequality on the interval [(1, (2] C [Mi1,+0) ((1 < (2), we
obtain _ )

¢ Ga T r\G
Let (o — 400 and use hypothesis H(j)o(v) to obtain
j(tvpcl) > éip
G PG

Hence, we have

gﬁj(t,cl) VieT\N, G > My
and thus ,
o(0) = —/j(t,Odt <Dy vz

0
Because g > 0 was arbitrary, we conclude that

o(() — —oco as{ — +oo.

We introduce the closed cone

K4 {U € Wo(T) : /b |o(8) | 2u(t) dt = o} :
0

PROPOSITION 3.4.19
If hypotheses H(j)o hold,
then p(v) — 400 as [|v|lyrp(p) — 00, withv € K.
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PROOF Let us define vv: K — R, by

b
v(w) L | - / IO dt Vvek.
0

We claim that there exists ¢y > 0, such that
P
PY(v) = ey V'l VoveK.

Suppose that this is not true. Since ¥ > 0 (see Corollary 1.5.1), we can find
a sequence {zn}, 5, C WLP(T), with [27]l, = 1, such that ¢(z,) \, 0. Note

= per

that the sequence {zn},5; C WLP(T) is bounded (see Corollary 1.5.1) and

per
so, after passing to a subsequence if necessary, we may assume that

T, — 2 in Wak(T),

Ty, — 2 in Cper(T).
Hence

b
|17 < / Ao dt < M [loll”
0

and so v is a normalized eigenfunction corresponding to the eigenvalue Ay > 0
(see Proposition 1.5.3). Hence v(t) # 0 for almost all t € T' and so

b
I < / I dt < M o],
0

a contradiction to the extended Poincaré-Wirtinger inequality (see Corol-
lary 1.5.1). This proves the claim.

Let € € (0, cyA1p). By virtue of hypotheses H (j)o(4i¢) and (v), we can find
k. € LY(T), such that

jt,¢) < %(19@) +¢)[¢|P + k(t) fora.a.teT andall ¢ €R.

So, from the claim and Corollary 1.5.1, we have

b

Lo 1/ b €
) > — ||V, — = [ 9@)|v(t)|" dt — = ||v]|; — c34
(v) pll I, iy (t)|o(t)| pll I,
€
> eI~ 3 I~ Vvek.

for some ¢34 > 0. From the choice of € > 0 and from the last inequality, it
follows that 1|k is coercive.
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Now we are ready for the existence theorem for problem (3.99).

THEOREM 3.4.9
If hypotheses H(j)g hold,
then problem (3.99) has a solution

2o € CLop(T) with  [[ah(-)|on” wh(-) € WLL(T).

per

PROOF By virtue of Propositions 3.4.18 and 3.4.19, we can find ¢ > 0,
such that p(£() < i?(f o. Let

EL[—¢¢ = {eeWRT): —¢<az(t)< foralteT}

per
B L (¢

Evidently C; N K = (. Moreover, if v € C(E; WaE(T)) with y(£() = £(¢

per

and x: W)2(T) — R is the continuous map defined by

b
x(@) & / ()" 2(t) dt,
0

then
X(7(=¢)) = x(=¢) < 0 < x(¢) = x(7(©)

and so by the intermediate value theorem, we have that

YyEYNK # 0.
Hence the sets F7 and K link (see Definition 2.1.4 and Remark 2.1.4). We
can apply Theorem 2.1.2 and obtain a solution of (3.99). I

EXAMPLE 3.4.5 A typical example of a nonsmooth potential satisfying
hypotheses H(j)g is given by the following function

ito) & 19()

ICIP +In (|¢] + 1) —max{¢,0}  V (t,{) €T xR,
with 9 € L>(T), as in hypothesis H(j)q(v). I
3.4.4 Multiple Periodic Solutions

Thus far we have obtained one solution for the periodic problem. Now
our aim is to produce more than one solution (multiple periodic solutions).
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The problem under consideration remains the following scalar problem (see
also (3.99)):

{ _ (|$/(t)|p_2$l(t))/ c a] (t,ZII(t)) for a.a. t € T, (3102)
a'(0) = 2(b),

for p € (1,400). In the first multiplicity result we do not allow interaction
of the nonsmooth potential j with the beginning Ay = 0 of the spectrum of
the negative ordinary scalar p-Laplacian with periodic boundary conditions.
More precisely our hypotheses on j are the following:

H(j)10 j: T x R — R is a function, such that
(7) for all ¢ € R, the function
To>t—j(t,¢) eR

is measurable;

(79) for almost all ¢t € T, the function
R>¢r—j(t,¢) eR

is locally Lipschitz and j(¢,0) = 0;
(éi7) for almost all t € T, all ¢ € R and all u € 9j(t, (), we have
lul < alt) + )¢,
4o0), L+ L =1,a,c€ L®(T)4;
9

where r €

(1,
i
() Jim H

< 0 uniformly for almost all ¢t € T
(v) there exist o, >0 and p € (0, &), such that

0 < pj(t,¢) < pl¢fP foraa.teT andall ( €R, (| < os1.

THEOREM 3.4.10
If hypotheses H(j)10 hold,
then problem (3.102) has at least two distinct solutions.

PROOF  From hypotheses H(j)10(i¢) and (iv), we have

it Q) < —%|C|p+a1(t) for a.a. t € T and all ¢ € R,
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with ¢; > 0 and a3 € LY(T)4. Let p: W1P(T) — R be the locally Lipschitz

per

energy functional for problem (3.102), defined by

b
a1 .
o) L ol - / (ta@)d Ve WhnD).
0

We have

1o ,p, @ p
p(z) > §||$ ||p+§||x||p—c2

Y

1
503 ||x||€vm<T> — ¢ Yz € WELE(T),

per

d . . .
for some co > 0 and c3 & {1,c1} > 0. So ¢ is coercive. Therefore ¢ is
bounded from below and satisfies the nonsmooth PS-condition. Consider the
direct sum decomposition

Wok(T) = RaV,

per

where
b
v 4 {veWI}g;(T):/ v(t)dt:O}.
0

Note that, from hypothesis H(j)10(v), we have

b
o(() = —/j(t,<>dt <0 V(ER | <a.
0

From the continuity of the embedding W):2(T) C Cper(T), we can find oo €
(0, 01], such that

)] < o VEeT, veV, vy < oo

So, from hypothesis H(j)10(v), we have

b

1 me (t :lvxp_ (v
e(v) = ];Ilv Il O/J(tv (t)) dt pH Il ) </ }J(t, (t)) dt

1 %
- ||U/||§ - ; ||U||§ Vove Va ”UHWl,p(T) < 02.

V

From Remark 1.1.11, we have that

p p 1P
loll; < bllvlls < 07 [V,
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So, from hypothesis H(j)10(v), we have
1
P = (=@} 20 VueV.

Finally note that by virtue of hypothesis H(j)10(iv), we have

inf  px) < 0,
TEWRE(T)
while ¢(0) = 0. Therefore, we can apply Theorem 2.4.1 and obtain two

distinct nontrivial critical points of ¢. These are two distinct solutions of
problem (3.102).

We can permit interaction of the nonsmooth potential j with the eigenvalue
Ao = 0 at the expense of introducing a new condition for j. Specifically the
hypotheses on j are now the following:

H(j)11 j: T x R — R is a function, such that

(1)
(i) p are the same as H(j)10(2) — (4i7);
(iid)
(tv) = lim pi(t ) = 0 uniformly for almost all ¢t € T';

[¢l=+oc|CIP
(v) we have

lim  (Cu(¢) — pi(t, () = +o0

I¢l—+o0
uniformly for almost all ¢ € T and all u(¢) € 95(¢, ¢);

(vi) there exist o1 > 0 and p € (0, blp), such that

0 < pj(t,¢) < p|¢P fora.a.teT andall ( €R, (] < o1,

b
and for some (y € R, we have /j(t, o) dt > 0.
0

THEOREM 3.4.11
If hypotheses H(j)11 hold,
then problem (3.102) has at least two distinct nontrivial solutions.

PROOF  Arguing as in the proof of Proposition 3.4.18, we see that for a
given 3 > 0, we can find M; > 0, such that

J(t,¢) < —g for a.a. t € T and all ¢ > M;.

© 2005 by Chapman & Hall/CRC



8. Ordinary Differential Equations 347

So
](t7C) - =X a'SC_)+007

uniformly for almost all £ € T'. In a similar fashion, we show that
J(t,¢) — —oo as ( — —oo,
uniformly for almost all ¢ € T'. Thus finally
jt,¢) — —oco as || — oo, (3.103)

uniformly for almost all t € T'.
We shall show that the locally Lipschitz functional ¢: W 2(T) — R,
defined by

b

a1 .
o) L ol - / J(ta)d ¥ axe WhT),
0

is coercive. Suppose that this is not the case. Then we can find a sequence
{xn}n>1 c Wl’p(T), such that

per
o(xn) < My Vn>1 and ||a:n||W1,p(T) — 400, (3.104)
for some My > 0. Let us set
g LI yp>1
||xn||W1,p(T)

Passing to a subsequence if necessary, we may assume that

Yn —— y in WEE(T),

per

Yn — Y in Cper(T).

We have

b

P(zn) Lo J(t za(t))

”107 = _”yan_ 1
xn”wl,p(T) p ) ||xn||W1,p(T)
M
< (3.105)

||33n||W1,p(T)

From hypothesis H (j)11(i%¢) and Proposition 1.3.14, we infer that
l7(t, Q)] < aa(t) +cal¢|” fora.a. teT andall ¢ €R,

with as € LY(T)4 and ¢4 > 0. So, if we write

Pt aa()

dt
||xn||€vl,p(T)
3 / J(t, wn(t)) o / iltza(®)
B Tn b p Ln v p ’
(lenl< ) el (Jonl>Ma} el oy

© 2005 by Chapman & Hall/CRC



348 Nonsmooth Critical Point Theory and Nonlinear BV Ps

we have

dt — 0 asn — 400,

[ @), [ o)

||33n||€vl,p(T) Hxn”%/l,p(T)

{lznl<M2}

with a3 € LY(T)4 and by virtue of hypothesis H(j)11(iv), we also have

/ j(t za(t))

5 dt — 0 asn — +oo.
||$n||wl,p(T)

{lzn|>M2}

Thus finally
b

lim sup EAGLLAVVE (t: 2n (%)

7 dt < 0.
n—-+oo ) Hanwl,p(T)

Passing to the limit in (3.105) as n — o0, we obtain [|y/||, =0, ie. y =C €
R. If C = 0, then
Yn — 0 in WLE(T),

per

a contradiction to the fact that [|ys|ly1m(p) =1 for all n > 1. So ¢ # 0 and
we have
|zn(t)] — 400 asn — 400 vteT

and the convergence is uniform in ¢ € T' (see the proof of Proposition 3.4.5).
Then, using (3.103), for a given 81 > 0, we can find ng > 1, such that

j(t,xn(t)) < —0; fora.a.t €T and all n > nyg.

From (3.104), we have

b
/jtxn dt < My Vn>1.
0

It follows that 510 < M5 and because (31 > 0 was arbitrary, we have a contra-
diction. Therefore ¢ is coercive and as such it is bounded below and satisfies
the nonsmooth PS-condition. Moreover, ¢(0) = 0 and

inf  @(z) <0
.:EEW;éf (T)

(see hypothesis H(j)11(vi)).

Now arguing as in the proof of Theorem 3.4.10, we check that ¢ satisfies
the local linking condition for the direct sum Wplc’r’ (TY=RaV.

Applying Theorem 2.4.1, we obtain two distinct nontrivial solutions for

problem (3.102). 1
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EXAMPLE 3.4.6 The nonsmooth function
Esin|¢l if ¢ <,
. df P
J(¢ 1o, .
—;|C| if |¢] >,

with 11 € (0, 25) and r € [1, p) satisfies hypotheses H(j)11. On the other hand
the same function but with r € [1, +00) satisfies hypotheses H(j)10. I

In the previous two multiplicity theorems we allowed interaction at zero of
the potential with A\g = 0. In the semilinear case (i.e. p = 2), this interaction
can occur at higher parts of the spectrum. At the same time at infinity,
we allow partial interaction of the potential j with Ao = 0 (we even permit
crossing of A\g = 0).

The problem that we study is the following:

{ —2"(t) € 9j (t7$(t)) fora.a.teT, (3.106)

z(0) = z(b), 2'(0) = 2/ (b).
The precise hypotheses on j are the following;:
H(j)12 j: T x R — R is a function, such that

(53 } the same as hypotheses H(j)10(¢) and (ii);
(797) for almost all £ € T', all ¢ € R and all u € 94(t, (), we have
lul < a(t) + ()¢
with a,c € L®(T)y4;

(iv) limsup i)

= < h(t) uniformly for almost all ¢ € T, where
I¢|—+o0

b
h € L*(T) is such that [ h(t)dt < 0;
0
(v) there exist g1 > 0 and p < Agy1, such that

MeC? < 25(t,¢) < u¢? foraa.teT andall( €R, (] < o

(recall that A\, = (kw)?, where w 4 2% and k € Np).

THEOREM 3.4.12
If hypotheses H(j)12 hold,
then problem (3.106) has at least two distinct nontrivial solutions.
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PROOF  Let ¢: W2(T) — R be the locally Lipschitz functional, defined
by
b
df 1 2 .
o) L3I~ [ieatn)de voe W)
0
We claim that ¢ is coercive. Suppose that this is not the case. We can find a
sequence {x,}, 5, € Wy (T), such that
[znllyr2ry — 400 and p(r,) < Ms Vn>1,

for some M3 > 0. Let us set
g LT yp>1
||xn||W112(T)

Passing to a subsequence if necessary, we may assume that

Yn — y in WEE(T),
Yn — Y in Opor(T).
We have

b .
itaa®) o M

@(Tn) _ 1 _
2 — 2 :
2 HCETL”WL2(T) HanHWLz(T)

2
— = 5 vl -
HanWL?(T)

As before from hypothesis H (j)12(¢i¢) and Proposition 1.3.14, we see that
15(t, Q)| < aa(t) +cs|¢|* for a.a. t € T and all ¢ €R, (3.107)
with a4 € LY(T) 4+ and c5 > 0. Hence

|7t zn(t))] - as(t)

2
2 = 2 +¢s |yn(t)| .
HanWm(T) ”xn”Wlﬂ(T)

So from the Dunford-Pettis Theorem (see Theorem A.3.14), passing to a sub-
sequence if necessary, we may assume that

L"f”(')) s 5 in LY(T),
20 w2 )
for some v € L(T). Note that
‘xn(t)‘ — 400 Vite{y#0}.
Let € > 0 and define

Co(e) £ {teT: xn(t)#OandW<h(t)+s}.
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Also let xp(t) g Xe, (t). By virtue of hypothesis H(j)i2(iv), we have

Xn(t) — 1 fora.a.te {y#0}

Moreover
Mxn(ﬂ — M |yn (£) |2xn(t)
||xn||$/[/12(T) |5L‘n(t)|2

IN

(h(t) +¢) |yn(t)|2xn(t) for a.a. t € T and all n > 1.

Passing to the weak limit in L! ({y #* 0}) and using Proposition 1.2.12; we
obtain

v(t) < (h(t)+e)y(t)*> fora.a.te {y+#0}.
Let € \ 0, to obtain

1(t) < h(t)(y(t)? foraa.te {y+#0}

On the other hand, it is clear that v(¢) = 0 for almost all t € {y = 0}. So
finally, we have
~v(@) < h(¢) (y(t))2 fora.a.teT

and so _ )
v(t) = h(t)(y(t))” foraa.teT,
with h € LY(T), such that h(t) < h(t) for almost all t € T. In the limit as
n — +00, we obtain
b
1, 2 _ 9
Syl < h(t)(y(t)) dt < 0,
0

hence y = ¢ € R. If { = 0, then
yn — 0 in WLE(T),

per

a contradiction since ||y ly1.2(7) = 1 for n > 1. So ¢ # 0 and we have

b
0 < /E(t)zzdt < 0,
0

a contradiction. This proves the coercivity of ¢. In particular then ¢ is
bounded below and satisfies the nonsmooth PS-condition.
Next let

k . .
df 1.2 . 2mi 271
W, = {x e Woa(T): =(t) = E <a1- sin TH—bicos Tt) , i, b; € R}.

=0
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This is the direct sum of the eigenspaces N; corresponding to \;, i €
{0,1,...,k}. Let g1 > 0 be as in hypothesis H(j)12(v). From the continuity
of the embedding W2(T) C Cper(T), we can find g2 > 0, such that

per

|v(t)| < 01 VteT, ve W, ||v||W1,2(T) < 2.

2
[l
2

[ElH

Then, from hypothesis H(j)12(v) and since < Mg (by Fourier expansion

in L?(T) and WL2(T)), we have

per

A
Slol; <00 Yve W, [l < oo

1 2
o) < LIIE -2 o2 <

Next consider W,j- ‘We have

b
pw) = 5wl [iftw) d
0
= %Ilw’lli— / j(t,w(t)) dt
{lwl<er}
- / i(tw®)dt YV we W

{lw|>e01}
Because of (3.107), for a given s > 2, we can find a5 € L*(T),, such that
J(t,¢) < as(t)|¢]® for a.a.t € T and all ¢ € R with |{| > e1.
Therefore, using hypothesis H(j)12(v), we obtain
o) > 3 'l = &l — e Jolipracr).
[l o]

llwll3
inequality (see Theorem 1.1.7), we have

2
2

for some cg > 0. Since > Ag+1 > i and using the Poincaré-Wirtinger

2 s
p(w) > cr ||wHW1,2(T) — Ce ||wHW1,2(T) )
for some c7 > 0. Because s > 2, we can find g3 € (0, min{ g, 1}), such that
Q(U)) >0 Vw e W;ﬁ', HwHW1,2(T) < o0s.
Therefore finally we can apply Theorem 2.4.1 and obtain two distinct non-

trivial critical points of ¢, which are of course two distinct solutions of prob-
lem (3.106).
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EXAMPLE 3.4.7 Consider the locally Lipschitz potential
y e —z?+p+1-1 if ¢ < —1,
j(t.¢) = q uc® if[¢] <1,
h(t)¢? — ¢In¢? + p — h(t) if ¢ > 1.
b
Here \; < p < Apg1 and h € L*(T)4 is such that [h(t)dt < 0. Then this
0

function satisfies hypotheses H (j)12. I

3.4.5 Nonlinear Eigenvalue Problems
We investigate the following nonlinear eigenvalue problem:
/ p—2 4 ! p—2 .
- (}x Ok (t)) —Aa®)|" () € 95 (t, (1))

fora.a.teT, (3.108)
z(0) = z(b), 2'(0) = 2/(b),

for p € (1,+00) and A € R. Our aim is to show that this problem has at least
three distinct solutions as A — 0~ (problem near resonance).

H(j)iz j: T xR — R is a function, such that
(1) for all ¢ € R, the function
Totr— j(t,¢) eR
is measurable and j(-,0) € LY(T);
(77) for almost all ¢ € T, the function
R>(+—j(t,¢) eR
is locally Lipschitz;
(797) for almost all ¢ € T', all ¢ € R and all u € 94(t, (), we have
Jul < a(t) + ()¢
with a,c € L>®(T)4, r € [1,p);
(iv) we have

lim  (Cu(¢) — pj(t.¢)) = —o0

I¢l—+o0
uniformly for almost all ¢ € T and all u({) € 95(¢, ¢);
(v) there exist M > 0 and (p > 0, such that

Cu > ¢ >0 foraa.teTandall(eR, [(|>M
and all u € 9j(t, ¢).
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THEOREM 3.4.13
If hypotheses H(j)13 hold,

then there exists \ < 0, such that for all X € [:\\, 0), problem (8.108) has at
least three distinct solutions.

PROOF For A < 0, let px: Wy 2(T) — R be the locally Lipschitz
functional, defined by

b
ar 1 A )
oaa) L o'l — 2 ol - / (¢ (1)) dt.

0
We know that

l7(t, Q)] < a1(t) +c1[¢|” for a.a. t €T and all ¢ € R,
with a; € LY(T)4 and ¢; > 0. Since A < 0, we have that
pa(@) = 2N l|2lfprniry = esllzlprogy —ca Vo€ WE(T),

for some c2(\), ¢3,c4 > 0. But 7 < p, so from the last inequality, we infer that
for every A < 0, @y is coercive. Hence, it is bounded below and satisfies the
nonsmooth PS-condition.

We consider the direct sum decomposition

Wo(T) = RaV,

per

vy {vewgg(z’):/bv(odt:o}.
0

From Remark 1.1.11, we know that

with

loll. < b7 [V, VwveV.

So, we have
1 r
o(0) = (=) W] = s~ s VveV.

for some c5,cg > 0 and so @, |y is coercive uniformly for A < 0.
Therefore, we can find § > 0, such that
oa(v) > =3  VA<0,veV.

We consider the following two disjoint open subsets of W12 (T):

Ut = {xEWI}é’r’(T): /ba:(t)dt>0}
0

U~ {x € Wo(T) : /bx(t) dt < o} :
0
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We shall show that there exist (; € R and A< 0, such that
eA(£G) < =B ¥ ae[)0). (3.109)

First note that for a given { € R, we have

b

er(Q) = —%|C|pb—/j(t,§)dt.

0

By virtue of hypothesis H(j)13(iv), for a given n > %, with n > M, we can
find {1 > n, such that

Cu—pj(t,¢) < —n foraa. teT, all|¢| > ¢ and all u € 94(¢, (). (3.110)
Also by hypothesis H(j)15(v), we can find X < 0, such that
AP < Gu foraa. teT andall ue dj(t, (). (3.111)

Using (3.110) and (3.111), we have

~ b b
A 1
os(C1) = —Eq’b—o/j(t,cl)dt < 5/(<1u—pj<t,<1)) dt

< —Zb < -B  Yuedjta).
Therefore, we have

pA(CQ) < =B ¥AeX0).

Similarly, we show that
PA(—C1) < =B Y AEX0),
So we have showed (3.109).
Now let
my ¥ glf O

By virtue of the coercivity of oy, the numbers m? are finite and in addition

m) < —B VY AeX0).

Moreover, since @) satisfies the nonsmooth PS-condition, we can find z} €
U=, such that R
ox (z2) = md VA eA0).

If xi‘ € OU*T = V, then oy (xi) > —0, a contradiction to the fact that
m} < —B. So 2} € U* and it follows that 2} are two distinct local minima
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of ¢y, thus two distinct critical points of ¢yx. On the other hand, because
oxlv = =8 > @a (£(1), we can apply the nonsmooth Saddle Point Theorem
(see Theorem 2.1.4) and obtain yy € WLE(T), such that

per
ealyr) > =B > mi = ¢ (22)

and 0 € Jpx(yx). This is the third distinct from the previous two, critical
points of ¢y. Then z3, yx for A € [)\,0) are the three distinct solutions
of (3.108). 1

EXAMPLE 3.4.8 The potential function
(C) df _C ifC <0,
TS = Y a¢” + max{¢,¢In ¢} if ¢ > 0,

with a > 0, r € [1,p), satisfies hypotheses H (j)13. 0

3.4.6 Problems with Nonlinear Boundary Conditions

In this subsection, using a variational approach based on the theory devel-
oped in Section 2.3, we study problems with nonlinear multivalued boundary
conditions analogous but more restrictive than the ones considered in Sec-
tion 3.3. The problem under consideration is the following:

{ — (|l @537 2/ (1)) € 8j(t,2(t)) for aa. teT,
(p(2(0)), —pp(2'(0)) € E(2(0),2(b)),

for p € (1,400). Here p,: RN — RY is the homeomorphism (analytic
diffeomorphism on RY \ {0}), defined by

g [EIBRieite #o0,
pp(§) = {O R if&=0,

(3.112)

for p € (1,+00). Our hypotheses on the data of the problem (3.112) are the
following:

H(j)ia j: T xRN — R is a function, such that
(i) for all £ € RN, the function
Tst—j(t,§) eR
is measurable and j(-,0) € LY(T);
(#4) for almost all ¢ € T, the function
RY 5 ¢ j(t,€) € R

is locally Lipschitz;
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(i77) for all 7 > 0 there exists a, € L (T),, with % + 1% =1, such
that for almost all t € T, all £ € RY with [|{[|gxy < 7 and all
u € 9j§(t,€), we have |Jullzgn < ar(t);

(iv) there exist M > 0 and p > p, such that for almost all t € T' and
all € € RY with [|€[lgy > M, we have pj(t, &) < —j°(t, & —€);

b
(v) there exists h € L'(T'), such that ||All; < m=r, [h(t)dt # 0 and
0

pj(t,§)

lim
ey —+oo [|EllRN

= h(t) uniformly for a.a. t € T.

HE) Z: RV xRV — 2R XY i 5 multifunction, such that

(i) = =09, with ¥ € T'o(RY x RY) such that 0 = 9¥(0,0) = inf 9;
(i) Z is continuous at some point in RY x RY;
(7i7) we have
DAEAE) < A09(EE) YV A=2, (£¢)#(0,0),
with ¢g < logy(p+ 1) and
V(& ¢)

lim ; >
I€lan + € on — oo (1€llgy + 1€ ]Ign )
(£,¢") € dom

)

(iv) there exist ¢ > M and (p < 0, such that
b
- [itoaroee < G VeEeRY, €l e
0

Let ®: WhP(T;RY) — R be the locally Lipschitz functional, defined by

b

b(a) L %||:z:’||5—/j(t,x(t)) dt.

0

Also let ¢ € Do (WHP(T;RY)) be the functional, defined by

W(x) L o(e0),2(b))  VaeWP(T;RV).

Then the energy functional for problem (3.112) is ¢ = ® + 1, which has the
form of the functionals considered in Section 2.3.
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PROPOSITION 3.4.20
If hypotheses H(j)14 and H(Z) hold,
then ¢ satisfies the generalized nonsmooth PS-condition (see Definition 2.5.1).

PROOF  Let {z,},,; € W"P(T;RY) be a sequence, such that
lo(zn)| <My VYn>1 (3.113)
and

(w5 y — wn) +U(y) — Y(n)
> —enlly — Tallyrormyy ¥ =1, y€WH(TIRY),

for some My > 0 and &, \, 0, where by [||lyy1.5 7~y We denote the norm of
WP (T;RN). Let 27, € 0®(x,) be such that

<$;, xn>W1,p(T;RN) = @O(xn; Tn)

(vecall that 0®(xz,,) C (WP (T; RN))* is weakly compact and ®°(z,,;-) is the
support function of 0®(x,,)). We have
xy = Alxn) — up Vn>1,

n

with u, € Sg;(_ (-

2x,, we obtain

))- Using this in (3.113) and taking as test function y =

b

- / (1t (), —n () .

0
+ 9 (20 (0), 20 (b)) — 9(220,(0), 22, (b)) < en l@nllvy sy Vn>1,

so for all n > 1, we have

+ 9(21(0), 2n (b)) — 9(220,(0), 22, (b)) < en ||xn||W1,p(T;RN) .(3.114)

On the other hand, from the choice of the sequence {z,},~,; C W' (T;RY),
we have B

b
g”x;Hg_/Mj(taxn(t)) dt—f—uﬁ(;vn(O),xn(b)) < pMy. (3.115)
0
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Adding (3.114) and (3.115), we obtain

b

(&-1) 1ot + / (= 3°(t 0 (0 —20(8)) — i (120 (1))

+ (p+DY(zn) = (22) < enll@nllro@mny + M. (3.116)
From hypotheses H(Z), we have
Y(22n) < (p+Dp(n) Vo=l
Also note that
|7, 9] < a1(t) +er|[¢||ky  foraa. t €T and all § € RV,

with a1 € LY(T)4+ and ¢; > 0. This together with hypothesis H (j)14(iv)
imply that

b
/ O, (t); —2n () — pi(t, zn(t))) dt > —Ms Vn>1,
0

for some My > 0. So returning to (3.116), we obtain

(E-1)1o0ls < euloulnoramy + s ¥az1 @10

with M3 4 (M3 + pbfy). Using (3.117), we shall show that the sequence
{zn},>1 C C WP (T;RY) is bounded. Suppose that this is not the case. Pass-
ing to a subsequence, we may assume that

HanWl,p(T;RN) — too.

Let us set
df T

Yn = Vn>l1.

||9Cn||wl,p(T;RN)

At least for a subsequence, we have that

Yn -, y in WLP(T;RN),
Yp — Y in C(T;RN).

Dividing (3.117) by |[€n[yy1.0 7.z~ and passing to the limit as n — +o0, we
obtain
yn — y i WH(T;RY),

with y = € € RY and since ||yn||W1,p(T;RN) = 1, we have that £ # 0. So

lzn(t)||[gy — +o0 uniformly in t € T
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(see the proof of Proposition 3.4.5). Then by virtue of hypothesis H (j)14(v),
we have that

_Ibea®) g /h £)[|€][x (3.118)

||$n||W1 P(T;RN)

Also since (2,(0), 2,(b)) € dom® (see (3.113)), from hypotheses H(Z), we
have that

D@n(0).2a®) - O(@a(0).7,(0))

< (3.119)
[E R c2 ([[#n (0 )HRN + Hxn(b)llRw)

for some co > 0. Note that the last quantity tends to 0 as n — -+oo.
From (3.113), we have

M, < 1 L I? = i (t, zn(t)) it + 9 (24,(0), 2 (b))
||33n||€vl,p(T;RN) —op MY ||33n||W1 . (T;RN) ||$n||€vl,p(T;RN)
M
! Vn>l1.

B ||9Cn||€vl,p(T;RN)

Passing to the limit as n — +o00, we obtain

b
[ @€z a = o
0

K=

b
a contradiction to the fact that [h(t)dt # 0 (see hypotheses H(Z)). This
0

proves the boundedness of the sequence {z,,},~, € WP (T;RY).
So, passing to a subsequence if necessary, we may assume that

Tn — xin WP (T;RY),
T, — xin C(T;RN).

We have
—elly - T w0 (rirmy
< Bzpsy — an) +U(y) — h(xn) Vyer’p(T;RN), n > 1.
Let us take y = x and z € 0®(z,,), such that
(z

n’

T — x’l’L>W1,p(T;]RN) = @O(xn;x — xn) Vn Z 1.

We have
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with v,, € s

0j(-n () for n > 1. So

b
<A(xn)7xn - x>W1,p(T;]RN) - /un(t) (fn(t) - {E(t)) dt + ¢(wn) - ¢($)
0

< &, ||3j - xn”Wl,p(T;RN)
and so

limsup (A(zn), Tn — T)yprprpy)y < 0.
n—-4o0o

Since A is maximal monotone, it is generalized pseudomonotone and so

<A($n), $n>W1,p(T;RN) I <A(ZII), $>W1vP(T;RN) ’
from which we conclude that

T, — X in WLP(T;RN).

We consider the direct sum decomposition
whe(T;RY) = RN @V,

where

v 4 {UEWLP(T;RN): /bv(t)dtzo}.
0

PROPOSITION 3.4.21
If hypotheses H(j)14 and H(Z) hold, then 9|y is coercive.

PROOF By virtue of hypothesis H(j)14(v), for a given £ > 0, we can find
My = My(e) > 0, such that

1
]—?(h(t) —e)||€]hx < j(t,&) foraa.teT andallé € RY, |[€]lpn > My

Also since
it 6] < a1(t) +c1 ||€llgw  for a.a. t € T and all £ € RY,
with a; € LY(T)4 and ¢; > 0 (see the proof of Proposition 3.4.20), we have

|j(t,€)] < ax(t) foraa.teT andall £ € RY, [|€]pn < My,
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with as € LY(T)4. Then, we have
b

1 .
o) = Il = [ 3(t0®) dt+ 9(0(0),0(8)
0
1 1P 1 p
> ];llv [ ];(h(t)—s) o) lIg~ dt — as(t) dt
{ilv@) g >} {ilv@)llan <M }
1 1 €
> —|WE == Al o2 = = ||lv]|2. b—¢ YoveV, 3.120
> pll [ pH Iy lloll%, pll 26— ca (3.120)

for some c3 > 0. Recall that
p —1 [,/ ||P
vl < 0P 'll, VwveV
(see Remark 1.1.11). So, we obtain

1 _
o) = = (1= (Iblly + )b ) V] — ca.

By hypothesis H(j)14(v), we have ||h||; < zr. So, if € > 0 is small, we see
that
L—(||h]|l, +eb)b»~t > 0

and so we conclude that ¢|y is coercive. I

In particular this proposition implies that we can find 8y > 0, such that
o) > =B VoveV.

PROPOSITION 3.4.22
If hypotheses H(j)14 and H(Z) hold,
then there exists o1, such that

p(€) < —fo  VEERY, Ellgy = 01
PROOF From the proof of Proposition 3.4.5, we know that due to hy-
pothesis H(j)14(iv), we have

MG(t,€) < j(t,\) foraa. t€T andall € € RY, ||¢]jgn > M, A > 1.

Let o > M as postulated by hypothesis H(Z)(iv). Then, for ¢ € RY with
l€llgx = 0 and A > 1, we have

b
o) = — / J(AE) dt + DN, AE)
0

b b
< / (€ dE+ APD(E,E) < N / J(€) dt + NV(E,€),
0 0
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since A > 1, > ¢ and 9 > 0. So

b

A

P < - [itoa+oeo <o <o
0

with o < 0 as in hypothesis H(Z)14(iv) and thus

lim 28
A——+oo )\,u

< ¢ < 0.

So it follows that
p(A) — —oc0 as A — +oo.

Because £ € RV, ||{||[zv = o was arbitrary, we see that for some g; > p, we
have

w(€) < —Po VEERY, |Ellgy = o1
I

Propositions 3.4.20, 3.4.21 and 3.4.22 put us in the framework of the gen-
eralized nonsmooth Saddle Point Theorem (see Theorem 2.3.4). So we have
the following existence theorem for problem (3.112).

THEOREM 3.4.14
If hypotheses H(j)14 and H(Z) hold,
then problem (3.112) has a solution

zg € CHT;RY)  with ||z (-) |5 h(-) € Wh' (T; RY).

PROOF Invoking Theorem 2.3.4, we obtain zo € WP (T; RN), such that
0 < ®%zo;h) +¥(zo +h) —p(zo) ¥V heWHP(T;RY)

(see Definition 2.3.1). Then according to Remark 2.3.1, we can find zf €
0P (xg) and v € dp(xg), such that z§ + v = 0. We know that

x5 = Alzo) — u,

with u € Sg;.(v wo(y) and A: whe(T;RN) — (WLP(T;RN))*, the nonlinear
operator, defined by

b

(AW 2Dy L [ WO (0 O) g dt V.2 € WH(TRY),
0
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Also ¥(zo) = (¥ o e)(z0), where e: WIP(T;RY) — RY x RY is the contin-
uous linear operator, defined by

e(@) L (x(0),2(b)) VaxeWP(T;RV).
According to Theorem 1.3.7, we have that
o(x) = €*09(x(0),z(b)) Ve WhP(T;RY).
Therefore, for some (v, w) € 9Y(x0(0), zo(b)), we have
Azo) —u+e"(v,w) = 0.
For all x € C}((0,b); RY), we have
(A(z0), X)wiw(rirny — (W X)wro(rryy (" (v, w), X>W1,p(T;RN) = 0.
Note that
(" (v, w), X>W1wP(T;]RN) = (v, X(O))]RN + (w7X(O))]RN = 0.
So we obtain
<A(x0)’X>W1,p(T;RN) - <u’X>W1’P(T;RN) = 0,
from which it follows that
—(lleb®)5n 2h(1)" = ul(t) € dj(t,zo(t)) for aa. teT.

Using this and integrating by parts, we have

25O (25(0),5'(0)) g — (B [fn (¢ (b),y’(b))
= (U y(o))RN + (wvy(b))

First assume that y(b) = 0. We obtain ¢, (z((0)) = v. Then assume that
y(0) = 0. We obtain —¢,(z((b)) = w. Therefore, we conclude that zo €
CY(T;RN) with Hx6(-)||§}2 zj(-) € W' (T;RN) is a solution of (3.112). 1

EXAMPLE 3.4.9
(a) If ¥ =1 and = = 99 = 0, then all the hypotheses in H(Z) are satisfied
and the resulting problem is the Neumann problem. Another situation in the

same vein is obtained if we take K1 & [—1, 1]V, Ky L RN,

0 if (gvfl)EKl XK2;
+00 otherwise

26.8) Lineyira(6,8) = {
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and Z(&,¢) 4 0Y(&,&') = Nk, (§) x {0}. Then, if M < 1, all hypotheses in
H(E) are satisfied, provided for some ¢ € (0, 1], we have

b
/j(t,@dt >0 YEERY,|Elley = o
0

In this particular case, we have that, if x = {z1,...,zx} is a solution of
problem (3.112), then

(i) |zk(0)| < 1forall ke{l,...,N}
(i) if |x,(0)| < 1, then x},(0) = 0;
(iii) if |2 (0)| = 1, then ||z’ (0 )12 2, (0) = Az (0) for some A > 0.

On the other hand 2/(b) = 0 and similarly if we reverse the roles of K; and
K.

Generalizing, suppose that K1, Ko C RY are nonempty, closed, convex sets
which contain a line and have a nonempty interior containing the origin. Then,

if M > 0 is small enough (so that By; C K7 X Kb), then with ¢ ¥ TRy x Ko
and = Z 99 we satisfy hypotheses H(E).

(b) Let r € [1,¢o] and set

266) L leln +-I€ls  VEE CRY.

Then o
—_ r—2
2 ¢) = 096E) = (el & 1€ an €)
and the boundary conditions become

2’ (0)[[5~" 2'(0) = [[2(0)|5x” x(0) and ||z’ (b)[hx" 2'(b) = [|lz(b)]|5n” x(b).

Generalizing, let 91,05: RY — R, be two monotone, continuous maps,
such that 91 (0) = J2(0) and

I (§)
im =0 vV ke{l, 2}
e T {1,2}

Then for suitable potential j(t,£), hypotheses H(E) are satisfied. I

3.4.7 Multiple Solutions for “Smooth” Problems

In this subsection, we deal with a problem in which the potential function
is C', namely the right hand side nonlinearity is a Carathéodory function.
We assume that the equation is strongly resonant at the Ay = 0 eigenvalue of
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the negative ordinary scalar p-Laplacian with periodic boundary conditions.
So if f(t,¢) denotes the Carathéodory nonlinearity of the problem, we have
that

f(t,¢) — 0 as|¢] = +o0

and the Cl-potential function

1€

¢
F(t,0) / £t r)dr
0

has finite limits as || — 4+00. Roughly speaking the potential has small rate
of increase as || — 400. Our approach is based on the Second Deformation
Theorem. First a definition.

DEFINITION 3.4.1 Let X be a Hausdorff topological space and A C X
nonempty subset. We say that A is a strong deformation retract of X,
if there exists h € C’([O7 1] x X;X), such that

(a) for allt €[0,1], we have that h(t,-)|a = id,;

(b) h(0, ) =id,;

(c) h(l,X)C A

Recall that a continuous map h: [0,1] x X — X, such that h(0,-) = id,,
is called a homotopy. Often we write hy: X — X for h(t,-). Suppose that
U is an open subset of a Banach space X and ¢ € C'(U). We say that a
homotopy h: [0,1] x U — U is p-decreasing, if

@(h(t,a:)) < @(h(s,:c)) Vs<t xzeU.

The next theorem is known as the “Second Deformation Theorem” and for
its proof we refer to Chang (1993, p. 23). Recall (see Section 2.1) that for
¢: X — R and r € R, we denote

1

T

¥
Kf =(zeX: ¢(x)=0, p(x) =r).

(reX: o) <r),

=

THEOREM 3.4.15 (Second Deformation Theorem)

If U is an open subset of a Banach space X, ¢ € CY(X), a < b, ¢ has
no critical values in the interval (a,b), o~ 1({a}) contains at most a finite
numbers of critical points of ¢ and ¢ satisfies the PSc-condition for every
¢ € [a,b),

then ©® is a strong deformation retract of ©° \ K.
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Moreover, the homotopy h: [0,1] x (" \ K) — U (see Definition 3.4.1) can
be chosen to be p-decreasing.

REMARK 3.4.9 It is not known to the authors whether this theorem
can be extended to nonsmooth locally Lipschitz functions ¢: X — R. It will
be very useful to have such an extension.

The problem under consideration is the following:

—(l='0" 2$,(t)) = f(t z(t)) foraa.teT,
{x(O) z(b), 2'(0) = 2/(b), (3.121)

for p € (1,+00). By F: T x R — R we denote the potential corresponding
to the nonlinearity f, namely

1=

¢
/f Y (t() €T x R.
0

H(f) f: T xR — R is a function, such that
(7) for all ¢ € R, the function

Tot— f(t,()eR

is measurable;

(79) for almost all ¢ € T, the function

R>(— f(t,0) €R
is continuous;

(#41) for almost all t € T' and all { € R, we have
[F(t, Q] < alt) + ()¢,
with a € L™ (T),, where r € [1,+00), 14+ L =1 ceL®T)y
(iv) there exist Fi. € L*(T), such that
F(t,{) — Fy(t) as(— +oo uniformly for a.a. t € T
and fFi t)dt <O0;

(v) we have

1
F(t,¢) < me for a.a. t € T and all ¢ € R;
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b
(vi) there exists ¥ € L'(T') with [ 9(t)dt > 0, such that
0

liCm i%f pﬁ‘géo > 9(t) uniformly for a.a.t € T.

Let ¢: WLP(T) — R be defined by

per

b
af l xz p_ T
oa) L e/l / F(t,a(t)) dt.

It is well known that ¢ € C*(WLE(T)) and

per

¢'(x) = A(x) = Ne(w) Y aeWE(T),

per
where A: W2(T) — (Wl}élr)(T))* is given by

b

d; —2
A@ gy L [ WO Oy @ oy e i)
0

and Ny: L"(T) — L™ (T) is defined by

Ni@)() L f(oa()  VaoelLN(D),

i.e. the Nemytskii operator corresponding to f.

PROPOSITION 3.4.23
If hypotheses H(f) hold,

b
then ¢ satisfies the PS.-condition for every ¢ < —/Fi(t) dt.
0

PROOF  Let {z,},5, C Wy2(T) be a PSc-sequence for ¢, with ¢ <

per
b
—/Fi(t) dt, i.e.
0
o(xn) — ¢ and  ¢'(z,) — 0.

We shall show that the sequence {z,,},~,; C W2(T) is bounded. Suppose
that this is not the case. Passing to a subsequence if necessary, we may assume
that

znllyim@y — +o0
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and by setting
x
yn L = Vn>1,

||33n||wl,p(T)

we can say, at least for a further subsequence, that

Yn — y in WEE(T),

per

Yn — Y in Cper(T).

We have
b
()] Lo F(t, zn(t))
T —Nynlly = | ————dt
||xn||W1,p(T) p || n”wlp
M
< ,,71 Vn>1, (3.122)
”xnnwl,p(T)

for some M; > 0. By virtue of hypotheses H(f)(¢i¢) and (iv), we have that
|F(t,¢)] < a(t) foraa.tcT andall(€R
with a € LY(T)4. So

b F(t, 2, (1))

dt — 0 asn — +oo.
||33n||W1p T)

Thus, by passing to the limit as n — 400 in (3.122), we obtain

1
—||y/||§ = 0,

i.e. y = € R. Note that ¢ # 0 or otherwise
Yn — 0 in WLP(T),

per

a contradiction to the fact that ||yn||W1 »(ry = 1 for all n > 1. Suppose that
¢ > 0 (the analysis is similar if C < 0). We have

Tp(t) — 400 asn — 400
and the convergence is uniform in ¢ € T (see the proof of Proposition 3.4.5).
Recall that ¢(x,) — ¢ and so for any € > 0 there exists ng > 1 large enough,

such that

b
/thn dt<c—|—£ Y n > ng.
0
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Because of hypothesis H(f)(iv), in the limit as n — +o0 and € \, 0, we obtain

b

- [P <

0

a contradiction to the choice of level c¢. So finally the sequence {z,},~; C

WZLP(T) is bounded and thus ¢ satisfies the PS.-condition. I

per

THEOREM 3.4.16
If hypotheses H(f) hold,
then problem (3.119) has at least two nontrivial solutions.

PROOF Note that ¢ is bounded below (hypotheses H(f)(iii) and iv).
Also by virtue of hypothesis H(f)(vi), for a given ¢ > 0, we can find § =
d(e) > 0, such that

%(19(t)—€)|§|p < F(t,{) foraa.teT andall ¢ €R, [¢] <.

So if ( € R, we have

b b b
o kP [, epeb K
ol0) = !F@Oﬁg p!@ o) it = < p!ma&
Because fﬁ(t) dt > 0 (see hypothesis H(f)(vi)), we see that if ¢ > 0 is small
0

enough, ¢(¢) < 0 and so

b
inf  p(x) = my < 0 < —/Fi(t)dt
TEWRE(T) J

(see hypothesis H(f)(iv)). So according to Proposition 3.4.23, ¢ satisfies the

PSp,-condition. Therefore, we can find z; € W, 2(T), such that

o(x1) = mo < ©(0)

and so ¢'(z1) = 0 and z1 # 0 (see Theorem 2.1.6).

Suppose for the moment that z; and 0 are the only critical points of ¢.
From the previous argument, we know that for a given ¢ > 0, we can find
d > 0, such that

p

b
e(¢) = i <5b_/ ﬁ(t)dt> VCER, [(|<9
0
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and so for £ > 0 small enough, we have
b
n = ab—/ﬁ(t)dt < 0.
0

Hence ¢(¢) < %7} < 0.
We consider the direct sum decomposition

Wo(T) = RaV,

per

v 4 {UEWI}é’r’(T):/bv(t)dtzo}.
0

Because of hypothesis H(f)(v), we have

with

Lo 1 P
p(v) > » vl — oo floll, > 0
(see Remark 1.1.11), so ir‘}fnp = 0.
On the other hand, from the previous considerations, we have

w = sup @(¢) < 0. (3.123)
C€EOBsNR

Let

df 55) 1
r 4 {7 € C(Bs NRyWAE(T)) : Ylg,m = ngm}

and h the homotopy postulated by the Second Deformation Theorem (see
Theorem 3.4.15). We define vg: Bs "R — WLE(T), by

per
df z1 if |C| < %7
(@) =4, (2(5—\4\)’ %) i [¢] > 2.

Recall that we have assumed that {z1,0} are the only critical points of .
Then z; is the only minimizer of ¢ and so from the Second Deformation
Theorem (see Theorem 3.4.15), we have that

hly) = z1  Vye®\ {0}

So

_ 5
h(z(é m),%) = h(1,2) = & VCER (=73,

from which follows the continuity of 7. In addition h(0,-) = id (see the
Second Deformation Theorem; Theorem 3.4.15) and so '70|§501R =1d,i.e. vy €
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I". Moreover, since h is ¢-decreasing (see the Second Deformation Theorem;
Theorem 3.4.15), we have

p(h(s,0)) < ¢(h(t.Q))  VCe"\{0}, tse0,1], t<s.
From this and (3.123), we infer that
¢(w(@) <0 VzeBsnR. (3.124)

Therefore the sets Bs MR and V link (see Definition 2.1.4 and Remark 2.1.4).
So, we have that
Y(BsNR)NV # 0 Vyel,

hence
sup ¢(y(x)) > 0 Vyerl
z€BsNR

(recall that ir‘}f ¢ =0). Hence

sup @(70(z)) = ¢(r(a*) > 0, (3.125)
zEBsNR

for some z* € Bs NR. Comparing (3.124) and (3.125), we reach a contradic-
tion. So ¢ has another critical point x5, such that xo # x1 and z2 # 0. Then
Z1, o are the two nontrivial solutions of (3.121).

3.5 Method of Upper and Lower Solutions

The method of upper and lower solutions provides a powerful tool to es-
tablish the existence of solutions and of multiple solutions for initial and
boundary problems of the first and second order. The method generates so-
lutions which are located in the order interval determined by an ordered pair
of lower and upper solutions, which serve as lower and upper bounds respec-
tively. In addition, the method coupled with some monotonicity conditions
leads to monotone iterative techniques, which generate in a constructive way
(amenable to algorithmic analysis and numerical treatment) the extremal so-
lutions (i.e. the smallest and greatest solutions) in the order interval. The
method traces its origins in the notions of subharmonic and superharmonic
functions of potential theory. For a given problem, one may try several meth-
ods to establish a lower and upper solution. There is no methodology (even for
single-valued problems), but usually one should try simple functions (such as
constants, linear, quadratic, exponential, eigenfunctions of simple operators,
solutions of simpler auxiliary equations etc.).
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We study the following nonlinear, scalar differential inclusion:

( 2'(t)) € F(t,z(t),2'(t)) fora.a.teT,
{ (| EE|($0)’) () Ez(x(b)))7 or a.a (3.126)

for p € (1,400). Here Z;,Ey are two maximal monotone operators on R.
We define the notions of solution, lower solution and upper solution for
problem (3.126).

DEFINITION 3.5.1

(a) By a solution of (5.126), we mean a function x € C*(T), such that

(i) |/ O] () e WD), (2 + & =1);

p P
(11) (|a: |p_2x’(t))l = f(t) for almost all t € T, with [ €
SHNEY
(iti) #'(0) € E1(2(0)), —2’(b) € Eo(z(b)).

(b) By a lower solution of (3.126), we mean a function ¢ € C'(T), such
that

(i) [&'C)P=2¢' () € WH(T);
(ii) there exists v € Sp
for almost allt € T;

(iii) ¥'(0) € Z1(1(0)) + Ry, —¢'(b) € Ea(v(b)) + Ry

(b)) such that v(t (|¢ |p72y(t))’

(¢) By an upper solution of (3.126), we mean a function ¢ € C1(T), such
that

(i) [ ()P~ () € WhP'(T);
(11) there exists U € Sp/(_

F(30).9'())
for almost allt € T;

(iii) and §'(0) € 2, (4(0)) — Ry, =0 (b) € Eo(P(b)) — Ry

such that (|9' ()"0 (1)) < v(t)

We assume that there exists an ordered pair of upper-lower solutions
of (3.126), namely:

H(¢)) There exist a lower solution 1 and upper solution % of (3.126), such

that 1 (t) < (t) for all t € T.
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Our hypotheses on the multivalued nonlinearity F' are the following:

H(F) F:T xR xR — 28\ {0} is a multifunction, such that

(i) for all ¢,¢" € R, the multifunction
T3t F(t,¢,¢) €2\ {0}

is graph measurable;

(7) for almost all ¢t € T, the multifunction
RxR>(¢,{)— F(t,¢,¢) €28\ {0}

has closed graph;
(i4) for almost all ¢ € T, all ¢ € [¢(t),¢(t)], all ¢ € R and all
u € F(t,(,¢") we have
lul < n(I¢'P7) (alt) +€l¢]),

with a € LY(T), ¢ > 0 and where n: R, — R, \ {0} is a Borel
measurable function, such that

“+o0
ds — .
/ ke llally +c(m7@w —Hgnﬁ) ;
Yp—1
with @ £ Lmax {|(0) = B(0)], [&(b) — B(0)] };

(iv) for all 7 > 0 there exists 7y, € L? (T), such that for almost all
teT, all (,¢' € R with [{[,|¢'] < r and all w € F(t,(, (), we
have that |u| < 7,(¢).

REMARK 3.5.1 By virtue of hypotheses H(F')(i) and (ii), we have

F(t’ Cv CI) = [hl(tv Cv Cl)v ha (tv Ca C/)} )

where for all {,¢’ € R, the functions ¢t — h;(¢,(,{’) are measurable (i €
{1,2}) and for all t € T, the functions (¢, (") — —h1(¢,¢,¢’) and (¢, ) —
ha(t,¢, (") are upper semicontinuous. Also hypothesis H (F)(ii4) is a so-called
Nagumo-Wintner growth condition and leads to a pointwise a priori bound
for the derivative of a solution of problem (3.126). Evidently it is satisfied if
for almost all ¢ € T', all ¢ € [¢(t),%(t)], all ' € R and all u € F(t,¢, ('), we

have |u| < a(t) + c[¢’|P, with a € L}(T) 4, ¢ > 0. I

Our hypotheses on the boundary multifunctions Z; and =9 are the following:
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H(Z) Z1: R 2 Dom (Z;) — 2% and Zp: R D Dom (Z5) — 2% are maximal
monotone maps and 0 € Z1(0) N E2(0).

REMARK 3.5.2 Hypothesis H(Z) implies that there exist functions
k1, ke € To(R), such that =; = 9k; and 29 = 0ks (see Remark 1.4.6). In fact
for i € {1,2}, we have

with ZY(s) 4 proj_ (0) (the element in Z;(s) with the smallest absolute

0
P

Ei(s) = [E)(s7), E(s1)] VseR.

value). The map s — Z)(s) is increasing and

[

Using the Nagumo-Wintner growth condition (see hypothesis H (F)(iii)),
we derive an a priori pointwise bound for the derivative 2’ of any solution
of (3.126) for which we have ¥ (t) < x(t) <(t) for all t € T'.

PROPOSITION 3.5.1
If hypothesis H(F)(iii) holds and x € C*(T) satisfies

(|7 22 @) € Ft,a(t),2'(t)) VteT

and

p(t) < a(t P(t) VteT,

then there exists My = My(¥, 1),
|2/ ()]

PROOF By virtue of hypothesis H(F)(iii), we can find M; > ¢, such

) <
n,a,c) > 0, such that
< M, VteT.

that
MP!
A5 ally + o (maxT - ming)
’]7(8) a 1 & mj@x H%n_ .
Ygp—1

We claim that
|2'(t)] < My ViteT. (3.127)

Suppose that this is not the case. Then, we can find ¢’ € T, such that
|x’ (t' )| > Mj. From the Mean Value Theorem, we know that there exists
to € (0,b), such that
b) —
vty = T
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Since

Y(b) =(0) < 2(b) —x(0) < P(b

=~

- $(0).
we have
[#(t0)| = 3le(®) (O] < 5 max{|2(0) - F®), [26) - FO)}
=9 < My < |2'(t')].

So tg # t' and without any loss of generality we may assume that ¢ty < ¢/
(the analysis is similar if to > #'). Because x € C(T), from the Intermediate
Value Theorem, we know that we can find t1,t2 € [to,t") with t; < t2, such
that |x’(t1)| = ¢ and ‘ﬂf/(tg)‘ = M;. We have the following possibilities:

(a) 2'(t1) =9, o' (t2) = My and 9 < 2/(t) < M; for all t € (t1,t2);
(b) «'(t1) = =9, 2'(t2) = =My and —M; < 2/(t) < =9 for all ¢ € (¢1,t2).
We treat possibility (a) (the other case can be analyzed similarly). We have
(|;v'(t)|p72x’(t))/ € F(t,z(t),2'(t)) foraa.teT,

SO

=
8
~
—~
~
~—
i
—_
~—
IN

(@ )| < [P0, 1)

n(‘x’(t)|p_1) (a(t) +c|2'(t)]) foraa.teT,

IN

thus
ﬁ < a(t) +ca'(t) for a.a.t € [t,ts]

and since 1(t) < z(t) < P(t) for all t € T, we have

FUCOF ™Y o s T o
B TE—— < |lall; + ¢{maxt — min ).
anﬁwl) Jall, + ¢ (max T — miny)

By a change of variables, we obtain

MP!
[ 5 < Nl + e (mpx - min )
e a C | max — min
ns) = 1 T T =)’
9p—1
a contradiction to the choice of My > 0. I

The method of upper and lower solutions involves truncation and penaliza-
tion techniques, aimed at exploiting the fact that we have a good knowledge
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of the growth of the multivalued nonlinearity F on the interval [1(t), 1(t)],
t € T. For this reason, we introduce suitable truncation and penalization

functions. ,
Let Mo > max{Ml, HE HOO, ||y}|oo} The truncation function u: T X

R x R — R? is defined by

(1), 9/(1)) i ¢ <6 (0),
o | POP0) i),
Wt G =N (L) ) S¢S, ¢ M, (3129)
((=Ma) i U() < C< (), ¢ <My,

(¢, ¢ otherwise.

Also we introduce the penalty multifunction Q and the penalty function
h defined as follows:

o [B0),400) i ¢ >
Qo) L {r it () < ¢ < B(t) (3.129)
(—o0, u(t)] if ¢ < (t)
and
o | [POPT00 — 2t ¢ > B().
ht, o) £ {0 if P(t) < ¢ < P(t), (3.130)
06772 (t) — [CP2CHE ¢ < (1)

Using u, @ and h, we introduce the following modification of F":
af
Fl (ta Cv CI) = F(tv u(ta Cv CI)) N Q(ta C)
Clearly F1: T x R x R — Pj.(R) and
Fi(t,¢,¢') = F(t,¢,¢) foraa.teTandall ¢ € [¢(t),v(t)], ¢ < Ms

and
lul < w(t) VYue (),

[l N2l }-
Let G: WhP(T) — 25" (T) be the multivalued map defined by

with r ¥ max {Mg,

Gx) < {g € LV (T): —g(t) € Fy(t, (), 2/ () — h(t,z(t)) for a.a. t € T} .

PROPOSITION 3.5.2
If hypotheses H(F') hold,

then G has values in Py, (L”/ (T")) and is upper semicontinuous from W+ (T)
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into LP' (T)y, (recall that LP (T),, denotes the Lebesgue space L' (T) equipped
with the weak topology).

PROOF Note that for all (¢,¢’) € R?, the multifunction t — F (¢, ¢, (")
is graph measurable, while for almost all ¢ € T the multifunction (¢,{’) —
Fy(t,¢,¢") has closed graph. So, if x € WYP(T), then by approximating x
and 2’ by step functions, we can establish that Sgl(_)m(_))m,(_)) # ) (see Claim 2
in the proof of Proposition 3.1.4). So G(z) # 0 and it is bounded, closed,
convex, hence G has values in P (Lp/ (T))

Next suppose that C' C L (T') is a nonempty and weakly closed subset.
We need to show that G~(C) is closed in WP (T) (see Definition 1.2.1(a)).
To this end let {z,},5; € G~ (C) be a sequence, such that

T, — x in WYP(T).

Let g, € G(x,) NC for n > 1. We have

lgn(®)] < @) + @]+ max {7

i’}

with r & max { My, ||| _,|[¢[| .} and v € L¥(T)4 (see hypothesis
H(F)(iv)). So by passing to a subsequence if necessary, we may assume
that

gn = g in LP(T).

Also because x, — = in WHP(T), we have

x, — x in C(T),
x,, — 2’ in LP(T)

and at least for a subsequence, we may assume that
x (t) — a/(t) foraa.teT.
From the definition of u, we see that

u(t,zn(t), 2}, (t)) — u(t,z(t),2'(t)) foraa.teT,

rn

while from the definition of @, we have

limsup Q(t, z,(t)) C Q(t,z(t)) foraa.teT.

n—-+o0o

Therefore, by Proposition 1.2.9(d), we have

limsup [F (t,u(t,zn(t), 2}, (t)) NQ(t,zn(t))]

n—-+o0o

C F(t,u(t,z(t),2'(t) NQ(t,z(t)) fora.a.teT.
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Invoking Proposition 1.2.12, we obtain that
—g(t) € conv limsup [Fy (t,z,(t), 2, (t)) — h(t, 2, (1))]
n—-+o0o

C Fi(tz(t),2'(t)) —h(t.z(t)) foraa.teT,

thus g € G(z) N C and so G~ (C) is closed, i.e. G is upper semicontinuous

’

into LP (T) .
Let
daf 1 . ’ p—2 4 1,p
D = {zeCY(T): |2'()|" "2'() e WHP(T),
2'(0) € 1 (2(0)), —a'(b) € E2(x(b)) }
and let S: LP(T) D D — LP'(T) be the differential operator, defined by
S@) L —(|/()" () VaeD.

Then as in Proposition 3.3.2 (see also Propositions 3.3.1 and 3.1.3), we have
the following result:

PROPOSITION 3.5.3
If hypotheses H(Z) hold,
then S: LP(T) D D — LP (T) is mazimal monotone.

Let J: LP(T) — LP (T) be the maximal monotone and strictly monotone
operator, defined by

since
<S(a:),a:>p—|—<J(x),x>p > <J(a:),a:>p > ||x||z

(since 0 € D and S(0) = 0). So S + J is surjective and because J is strictly
monotone, it is also injective. Therefore

KL+t P (T) — D C Whe(T)

is a well-defined, single-valued operator. Arguing as in Claim 1 in the proof
of Proposition 3.1.2, we can have the following result.

PROPOSITION 3.5.4

If hypotheses H(Z) hold,
then operator K: LP (T) — D C WUYP(T) is completely continuous.
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Having these auxiliary results, we can prove an existence theorem for Prob-
lem (3.126).

THEOREM 3.5.1
If hypotheses H(1)), H(F) and H(Z) hold,
then problem (3.126) has a solution
2o € CH(T) with |ah(-)|"2zh(-) € WH#(T)

with Y(t) < wo(t) < ¢(t) for allt € T.

PROOF  Let Gy: WHP(T) — Py (LP (T)) be defined by

Gi(z) L Gz)+J(z) VazeWP(T).

Note that for every z € W1P(T) and every g1 € G1(x), we have
loilly < Il + 07 max {7 )7} = M,
with r £ max {Ms, [[@]|_, |[]|_} (recall the definition of h). Let us set
v 2 {ger’@: |gl, <M}

Then K (G1(W'?(T))) € K(V) and by virtue of Proposition 3.5.4, K (V) is
relatively compact in W?(T). So we can apply Theorem 3.2.1 and obtain
z9 € D C WHP(T), such that z¢ € K(G1(z0)). So S(zo) = g with g € G(x0)
and we have

{ — ()" 22p(1)) € Fu(t, wo(t), 2h(t)) — h(t,x0(t)) for aa. t €T,
2(0) € Z1(20(0)), —z((b) € Ez(zo(b)).
Clearly from the last equation, it follows that
2o € CHT) and  |ah(-)|" "xh(-) € WHP(T).
We can finish the proof of the theorem if we show that
P(t) <mo(t) <p(t)  VieT (3.131)

(because then u(t,zo(t), z(t)) = (wo(t),z((t)) for all ¢t € T (see Proposi-
tion 3.5.1) and h(t,zo(t)) =0 for all t € T).

p/
For some f € SFl(_)wo(_))%(v)), we have
(leh )P (1))" = F(t) = h(t,o(t)) foraa. teT, (3.132)
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Also, since ¢ € C*(T) is a lower solution for problem (3.126), we have

(|&' & ¢ (1) > v(t) foraa.teT, (3.133)
with v € Sp( O 0) (see Definition 3.5.1(b)). Moreover, we have
! (0) S 51 (xo(O)) —Z (b) E (xo( ))
{0 oot 5 Re. 0 < oot + .. (3.134)

Subtracting (3.132) from (3.133), we obtain

(0 @)" = (=) #0)’
> v(t) = f(t) + h(t,zo(t)) foraa. teT,

SO

(v ®) = (2@ a61)) (&= 20) (@) dt

>

(u(t) — £(£) + h(t,z0(t))) (v — w0) " (t) dt.

S O

We use Green’s identity on the left hand side of the last inequality. So we
obtain

(le @ ®) - [ O 2 ®) (- 20) )
= ([FOF ¢ ©) - [/ O (0)) (&~ 20) " (0)

b
[ (Or o - P am) (w0 o
0

> / (v(t) = () + h(t,20(1)) (¥ — x0) " (t) dt. (3.135)

0

From (3.134), we have

—z4(b) € Ea(zo(b)) and —1'(b) € E2(v(b)) + es,

with e, > 0. So, if 29 (b) < t(b) (Which is what matters since we are multiply-
ing with (1)—x0) ™ (b)), from the monotonicity of 23, we have —xzf(b) < —1'(b),

hence ¢p,(— 24(b)) < ¢p( —¢'(b)). Recall that ¢,: R — R is the monotone
homeomorphism defined by

P2Cf ¢ £ 0,
a0 {|0<| C;fgio.
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So
WO 2 (0) < Jap(b)P 2 (b).

Similarly, again from (3.134), we have

24(0) € E1(z0(0)) and —¢'(0) € E1(¥(0)) + eo,
with eg > 0 and arguing as above, we obtain that
2
26 ()2 2(0) < ['(0)]"* ¥/ (0).

Using these facts in (3.135), we obtain
b
= [ (woreo - sl wsm) [ - ) o
0
b
> [ - f0) @) @
0

b
—l—/h(t,xo(t)) (¥ — o) " (t) dt. (3.136)
0

p/
Recall that f € SFI(_)JCO(_))%(')).

f(t) < wu(t) foraa.te {i>x}.

So from the definition of F}, we see that

Hence ,
[ @)= 50) [(@-20) ] @ = o (3.137)
0
Also from Remark 1.1.10, we know that
1"y — (@ —w0) (8) if (t) > o(t),
[(y— o) } t) = {(()— o)’ () < xg( 0 (3.138)

while from an elementary inequality (consequence of the convexity of the
function r — %|7‘|p), we have

/

b
—/(W(t)\ﬂﬂ’(t)—\xé(t)\pfzxé(t)) [(f—ffo)Jr} (t)dt < 0. (3.139)
0

Using (3.137), (3.138) and (3.139) in (3.136), we obtain

b
/h(t,xo(t)) (v —@0) " (t)dt < 0,
0
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SO

/ h(t,zo(t)) (¥ —a0) " (1) dt < 0,
{$>z0}

and recalling the definition of &, we have
/ (le®" ') = [eo®]" "wo(t)) (0~ a0) @ dt < 0. (3.140)
{$p>z0}

But from the strict convexity of the function r —— %|r|p , for every t €
{¢ > x0}, we have

(|g(t)|”""g(t) - \xo(t)r"?xo(t)) (¢ —20) (t) > 0. (3.141)
Comparing (3.140) and (3.141), we infer that
P(t) < xo(t) VteT.
Similarly, we show that
zo(t) < 9(t) VteT.
This finishes the proof of the theorem. 0
REMARK 3.5.3 Reasoning as in the proof of Theorem 3.1.3, we can

have a “nonconvex” version of Theorem 3.5.1. We leave the details to the
reader. I

In fact we can do better than Theorem 3.5.1 and establish the existence of
the smallest and of the greatest solutions of (3.126) in the order interval

[0, 9] L {zecN(T): p(t) <a(t) <P(t) for all t € T},

In what follows on L*°(T") (and on all of its subspaces), we consider the partial
order induced by the closed, convex cone

L>(T) 4 4 {h € L°°(T) : h(t) >0 for almost all ¢ € T}.

So for hi,he € L>®(T), we say that hy < hg if and only if hy(t) < ha(t) for
almost all £ € T'. Let us set

Sh 4 {z € CY(T): = is a solution of (3.126) and = € [1,¥] }.

From Theorem 3.5.1, we know that if hypotheses H(¢), H(F') and H(E) are
in effect, then S; # (). Recall that a set C' in a partially ordered space (X, <)
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is a chain (or totally ordered subset), if for every =,y € C, we have that either
z<yory<uz.

PROPOSITION 3.5.5
If hypotheses H (1), H(F'), H(Z) hold and C C Sy is a chain,
then C has an upper bound.

PROOF  Since C C L*(T) is bounded above and below and L*>(T) is a
complete lattice, we can find a sequence {:z:n}n21 C C, such that

supC = supzx, € L>(T)
n>1

(see e.g. Dunford & Schwartz (1958, p. 336)). Therefore, exploiting the lattice
structure of L>°(T'), we may assume that the sequence {z,},~, is increasing.
Moreover, by the monotone convergence theorem, we have that

xn — x in LP(T).

From Proposition 3.5.1, we know that there exists M; = M (¢, ¥,m,a,c) >0,
such that
l2'(t)] < My  ViteT.

Let r £ max {M, HEHOO , H%HOO }. From hypothesis H(F)(iv), we have

(@)

< 4(t) foraa.teT

and so the sequence {|x§1()|p_23:§1()} - C WP (T) is bounded.
Also note that N

lealoe < 7 bl <7 Yn21

and so the sequence {x,}, -, € WHP(T) is bounded. Thus by passing to a
suitable subsequence, we may assume that

2l (VP2 2 () % oy in WHP(T),

T, — vy in WHP(T).
Evidently vy = x, while by virtue of Proposition 3.5.3, v1(-) = |/ (-)[" "> 2/(-).
Note that
Ty — in C(T),
[, ()"t () = [ O () in €(T).
So invoking Proposition 1.2.12, we obtain
(Ja'@)P 722 () € conv limsup F(t, z,(t), 2, (1))

n—-+oo

C F(t,x(t),a'(t)) foraa.teT.
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Moreover, since
2/,(0) € Eq (2,,(0)) and — 2}, (b) € Bz (zn (b)) Von>1,

because of hypotheses H(Z), we have that

2’ (0) € E1(x(0)) and — ' (b) € Bz (x(b)).
Of course .
B(t) < ot) < D) VieT.
Therefore x € S; and so it is an upper bound of C. I

Recall that if (Y, <) is a partially ordered set, we say that Y is directed, if
for each pair y1,y2 € Y, we can find y3 € Y, such that y; < ys3 and y2 < y3.

PROPOSITION 3.5.6
If hypotheses H(1)), H(F') and H(Z) hold, then S is directed.

PROOF Let x1,22 € S7 and set x3 & max{x1,x2}. We have
3 = (17 —29)" + 29

and so x3 € WHP(T) (see Remark 1.1.10). As before we introduce the trunca-

tion and penalization functions u, @ and h (see (3.128), (3.129) and (3.130)),

but with ¢ replaced by z, and v by g(¢) ¥ min { f1(t), fa(t)}, where

fi € S?(.)Ii(.)’r,‘(_)) for i € {1,2}, are such that
(ley @2 al(#)" = filt) foraa teT.

K2

Arguing as in the proof of Theorem 3.5.1, we can find x € D and f €

Sfrl(, 2()/(-)): Such that

{ —(|&' @)% (1)) = f(t) = h(t,x(t)) foraa. teT,

Next we show that
r3(t) < z(t) < P(t) VteT. (3.142)
We know that for almost all ¢ € T', we have

) () if 21 (t) > @2 (t),
w3(t) = {x/z(t) ifxi(t) Sxi(t)
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(recall that (zq — xg)/(t) =0 for all t € {x1 — 2 = 0}; see Remark 1.1.10).
Suppose that for some ¢y, we have z(t9) < x1(to). Then, we can find an
interval [t1, 2] C T, such that

J?(t) < X1 (t) Vite (tl, tg), (3143)
x(t1) = x1(t1) or t1 = 0 with z(0) < x1(0), (3.144)
x(t2) = x1(t2) or to = b with z(b) < z1(b). (3.145)

We have
(|2 &' (1) € Fi(t,a(t), 2 (1)) — h(t,2(t)) for aa. t € [t1, ta],

SO

!/

(|22 @) € Fi(tas(t),a4(t) N (= oo, g(t)]
_ }x3(t)|p72x3(t) + |;v(t)’p72x(t) for a.a. t € [t1, t2]
and thus
(|72 (1) + |ws ()" wa(t) — |2(&)|""*2(t) < g(t) for a.a. t € [t1,ta)].

Also since 1 < 3 and ¢,: R — R is monotone, it follows that

ep(@1(t)) = |n @) 21(t) < @plas(t)) = |es(®)]"as(t) VteT
Hence recalling the definition of g, we can write that
| (0" (t) = [a )" x(t) < g(t) = (/@) 1)
< (@) 22 (1) = (Jo/ ()" 722/ (1)) for a.a. t € [t1,12]. (3.146)

We multiply (3.146) with (x —x1)(¢), where ¢ € [t1,t2] and then integrate over
[t1,t2]. Since (x —x1)(t) < 0 for t € [t1,t2] (see (3.143), (3.144) and (3.145)),
integrating by parts, we obtain

to

0 > /(|w1<t>|”‘2 B = [2(t)]"*a(t)) (@ = @1)(t) dt

t1
ta

[ (U015 w) = (20l 0) ) -

(J#4 )2 (12) = [/ (02) 2 (02) (& = 00)(2)
= (e — [ )" (1) (@ = @) )

Y

to

- [0l 80 - |0 W) @ - a0 @1

t1
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Using (3.144) and (3.145) and the monotonicity of =, 25 and ¢, we obtain

(|x'1(t1)|17—23;’1(t1) - \g;'(tl)|P—2x/(t1)) ( —z1)(t1) < 0 (3.148)
and
(|x’1 (t2)|P*2x’1(t2) — |x’(t2)|p*2x’(t2)) (x —z1)(t2) > 0. (3.149)

Returning to (3.147) and using (3.148) and (3.149), we obtain

(2

0 < / (\m’l(t)l”‘za:g(t)— |x’(t)\p‘2x'(t)) (z—21)(t)dt < 0,

t1

a contradiction. So we must have z1(¢t) < z(¢) for all ¢t € T. Similarly, we
show that x2(t) < z(¢) for all t € T" and so finally

x3(t) < z(t) vVtel.

On the other hand as in the proof of Theorem 3.5.1, we can check that

x(t) < B() VteT.

Therefore, we have proved that

w3(t) < z(t) < () VteT

and so
Fi(t,z(t),2'(t)) = F(t,z(t),2'(t))
and
h(t,z(t)) = 0 VieT.
Hence x € S7 and x > x3, which implies that Sy is directed. I

Now we are ready to obtain the extremal elements of S7 in [g, m .

THEOREM 3.5.2
If hypotheses H (1), H(F) and H(Z) hold,
then there exist the smallest and the greatest solution (extremal solutions)

of (3.126) in [1,].

PROOF  Proposition 3.5.5 and the Kuratowski-Zorn Lemma (see Theo-
rem A.1.1) imply that we can find * € S;, a maximal element of S; with
respect to the pointwise ordering on WP(T) (i.e. the ordering introduced by
L>(T)4). Note that, if x € Sy, by virtue of Proposition 3.5.6, we can find
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y € S, such that z < y and z* < y. But z* € S; is maximal. So we must
have x* = y. Therefore x < z* and because z € S; was arbitrary, it follows
that z* € S; is the greatest element of 5.

If on WHP(T) we consider the reverse partial order <; according to which
x <7 y if and only if y(t) < z(t) for all t € T, then using the same arguments
we can produce z, € S1, which is the smallest element of Sy.

EXAMPLE 3.5.1 (a) Suppose that K1, Ky € Py, (R), with 0 € K1 N K>y
and set Z; 4 OK; = Nk, for i € {1,2}. Then (3.126) becomes

—(|x’(t)}p72x’(t))l € F(t,z(t),2'(t)) foraa.teT,
2(0) € K1, 2(b) € Ko, (3.150)
x’(O)x(O) =0, (2(0); K1), —2'(b)z(b) = o, (x(b); K2).

Here o, (u; K ) sup uk is the support function of a set K C R.

keK
(b) If in (a), K1 = K2 = {0}, then problem (3.150) becomes the Dirichlet
problem.
(c) If in (a), K1 = Ko = R, then problem (3.150) becomes the Neumann
problem.
(d) 1f
df 1 _ df 1
I(C):BC and 5 (C)Z—Q

with 8, > 0, then problem (3.126) becomes the followmg multivalued Sturm-
Liouville problem:

{—(}w’( O" (1) € F(t.a(t). x

z(0) — 82'(0) =0, ()+”rx()

More generally, we can have
2OLm@-¢  and =20 Lw@ -

with u1,us: R — R two contractions. In this case problem (3.126) becomes

{ —(|&' )" (1)) € F(t,2(t),2'(t)) for aa. t €T,
z(0) 4+ 2'(0) = u1(z(0)), 2(b) + 2’ (b) = uz(x(b)).

(1]

(_ 3 fora.a.teT, (3.151)

[1

(3.152)

[

The periodic problem is not included in the previous examples. However,
a careful reading of the proofs of Propositions 3.5.5 and 3.5.6 and of Theo-
rem 3.5.2 reveals that they are still valid (in fact with simplified arguments)
in the context of the periodic problem:

{ ‘x ‘p 2x/(
2(0) = z(b), 2’

)) € F(t,z(t),2'(t)) foraa.teT,

t
R (3.153)
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for p € (1,+00). If 1p € C*(T) is a lower solution for (3.153), then ¢'(0) >
9’ (b) and if ¢ € C'(T') is an upper solution for (3.153), then 7 (0) <Y (b).
THEOREM 3.5.3

If hypotheses H(v), H(F) and H(Z) hold,

then problem (3.153) has extremal solutions in the order interval @, E]

3.6 Positive Solutions and Other Methods

In this section, first we investigate the existence of positive solutions for
certain second order multivalued boundary value problems and then we deal
with single-valued second order boundary value problems driven by p-Laplace
like operators and present a new method for the analysis of such problems.
This method is based on an abstract result on the range of a sum of nonlinear
operators of monotone type. The method is applied on a Neumann problem.

3.6.1 Positive Solutions

We start with the problem of the existence of positive solutions for the
following second order multivalued boundary value problem:

) fora.a.te|0,1],
=0, (3.154)
0

where A, B, C, D are diagonal nonnegative definite matrices.

The approach here is based on a fixed point theorem for multifunctions
of the compression-expansion type on a cone. More precisely, we shall use
the following result which is due to Erbe & Krawcewicz (1991a), where the
interested reader can find its proof. First a definition.

DEFINITION 3.6.1

(a) Let X be a Banach space and K a nonempty subset of X. We say that
K is a convex cone, if K is closed, convexr, K N (—K) = {0} and
tK C K forallt> 0.

(b) A multifunction F: K — Py (K) is said to be compact, if it is upper

semicontinuous and for every D C K bounded, the set F'(D) is compact.
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PROPOSITION 3.6.1
Q‘ X is a Banach space, Uy, Us are two bounded open sets in X, 0 € Uq,

U, C U, K is a convex cone in X, G: K N (Ug\Ul) — Pkc(K) s a
compact multifunction and one of the following two conditions is satisfied:
sup |lylly < |lz]lx for all z € K NoU; and

(i yeG(z)
inf |yl > ||zl for all z € K N oUy;
yeG(z)

inf |ly|lx > ||zl for all z € K NOU; and
() yeG(z)
sup |lylly < |lzflx for all z € K N oU,,
yEG ()
then G has at least one fized point xg € K N (U \ U1), i.e. zo € G(wo).

We impose the following conditions on the matrices of the boundary con-
ditions in problem (3.154):

H(A-D) A,B,C,D € RN*N are matrices, such that
(i) they are diagonal nonnegative definite, i.e.
A = diag(ar )iy, B = diag(by)ili,
C = diag(cy)p_,, D = diag(d)_;,
with ag, bg, ck,dp > 0 for all k € {1,...,N};
(#4) the matrix AC + AD + BC is positive definite, i.e.
arcr + ardi + brcr, > 0 Vke{l,...,N}
By G:[0,1] x [0,1] — R¥*N we denote the Green’s function corre-
sponding to the linearization of (3.154):

—2"(t) =0 fora.a. te](0,1],
Az(0) — B2'(0) = 0,
Cz(1) 4+ Dz'(1) = 0.

Because of hypotheses H(A-D), it is well known that the function G(t,s) is
given by:

Clt.s) = (tA+ B)((1 — s)C + D)(AC + AD + BC) " ift <,
" 1 (sA+ B)(1—)C + D) (AC + AD + BC) 'if s < t.

Evidently this is a diagonal matrix G(t, s) = diag{ Gy (¢, s)}2_,, with diagonal
elements, given by

1 B .
Gults) = { mrttant b) (1= s)e +di) i <5,
g (sak +0p) (1 —t)ey, +di) if t > s,
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where (34 4 apcr + apdy + brey for all k € {1,...,N}.

bet 4b 4d
df . ar + 40k Ck + 4dy
2 3.155
v ke{IR.l.I.l,N} {4(% —l—bk), 4(Ck +dk)} ( )
It is easy to check that
Gi(t,s) < Gg(s,s) Y (t,s) €10,1] x [0,1] (3.156)
and
1 3
Gi(t,s) > vGg(s,s) Y (t,s) € {Z’ ﬂ x [0, 1]. (3.157)
For every k € {1,..., N}, we define 7, € [0,1] to be such that
/G;C (T, $)Co(s = tmgulc]/thsCO ds Vke{l,...,N} (3.158)
€l

where (p: [0,1] — Ry is a measurable function (see hypothesis H(F) (iv)
below).
For every t € T, £ € RY and k € {1,..., N}, we define

mi (t,€) inf {ug : u=(ug,...,un), u€ F(t,§)}
MF (t,€) 4 sup{ug : u= (u1,...,un), u € F(t,&)}.

In what follows on R, we consider the [°°-norm, i.e.

1€l e L max{|&|: ke{l,...,N}}  VE=(GC,....én) €RY.

Our hypotheses on the multivalued nonlinearity F' and the Green’s function
G are the following:

H(F); F:[0,1] x RY — P(RY) is a multifunction, such that

(1) F is graph measurable;
(79) for almost all t € [0,1], the multifunction

Y oé— F(t,€) € P (RY)

has closed graph;

(7i7) one of the following two conditions hold:

(iii); there exists g € L'(0, 1)+, such that for almost all ¢t €
[0,1], all £ € RY and all u € F(t,&), we have ||[ul;o < g(t);
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(i9i)o for all k € {1,..., N}, we have that
lim  MF(t,€) = 400 uniformly for a.a. t € [0,1]

lEllgny — 400
¢eRrY
and for every r > 0 there exists g, € L' (0, 1)+, such that
sup {[[ull; : w € F(,8), [[€lle <7} < gr(t)
for almost all ¢ € [0, 1];

(iv) there exist measurable functions (p,(;: [0,1] — R4 & R, U
{400}, such that

t
liminf kS i (t,€) > (o(t) uniformly for a.a. ¢ € [0,1],
€]l,00 — 0 Hflllm
£eRrY
M (t,€) .
lim sup < (1(t) uniformly for a.a. ¢t € [0,1]
meﬁ+mﬂﬁm
£eRrY

and for all k € {1,..., N}, we have
5 1
1 1
; < / Gr(7k, 8)Co(s)ds and /Gk(s,s)cl(s)ds < 1,
E 0

where 7 is defined by (3.155) and 7, € [0,1] are defined
by (3.158).

REMARK 3.6.1 If {y = 4+oc and (; =0, then the problem is “sublinear”
(i.e. the growth of the nonlinearity F' is sublinear). I

THEOREM 3.6.1

If hypotheses H(A-D) and H(F); hold,
then problem (3.154) has at least one nontrivial solution xg € W2((0,1); RY)
such that xo(t) € RY for all t € [0,1].

PROOF Let K be the nonempty, closed and convex cone in C([O, 1]; RN),
defined by

K< {x € C([0,1;RY) : z(t) = (z1(t),...,zn(t)) €RY for all t € [0,1],

and min xp(t) > v ||k, forall ke {1,...,N} } (3.159)

te[4,3]
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[0)1]§RN)

Consider the multivalued operator V: K — 2¢( , defined for any

z € K by
V(a:)d:f{yeC([Ol]RN : /Gts
ue SF(,’E(,))}. (3.160)
Because of hypothesis H(F)1(7), for all z € K, we have that the multifunction

[0,1] >t +— F(t,z(t)) € i is measurable.

This combined with hypothesis H(F');(iii) (both alternatives) implies that
S},(,@(,)) # (). Hence V has nonempty values and a straightforward use of the
Arzela-Ascoli Theorem (see Theorem A.1.13) implies that

V(z) € Pee(C([0,1;RY))  VazeK.

Next we show that V' is compact (i.e. it is upper semicontinuous and maps
bounded sets into relatively compact sets). First let D C K be a nonempty

bounded set and let 7 2 Sup ||| . Then, we have that

ly®lle = H/Gts

for some u € SF(,’I(,)), z € D and so

ly @)1l

VyeV(D), teT,

1

< [IGE N ds < M [s)ds = Mg,y e VD)
0

for M, ¥  max [ -(ar, + bi)(ck + dk)} > 0 and
ke{l,...,N}

) df [ g(t) if hypothesis H(F')q(4¢i)1 holds,
g\ = g7(t) if hypothesis H(F')q(iii)2 holds.

Moreover, from the definition of G, for a given £ > 0, we can find § > 0,
such that

IG(t',s)—Gt,s)||, < e Vit ,sel01], [t—t|<d

/||Gt ) =Gt Gls)ds < elgl, Vet el -] <d
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So by the Arzela-Ascoli Theorem (see Theorem A.1.13), the set V(D) C
C([0,1]; RY) is compact.

It remains to show that V is upper semicontinuous. Clearly because of
hypothesis H(F)1(ii7) (both alternatives), V is locally compact and so by
virtue of Proposition 1.2.5, to show the desired upper semicontinuity of V,
it suffices to show that GrV is closed in K x C([0,1];RY). To this end let
(Zn,yn) € Gr'V for n > 1 and assume that

T, — x in C(T;RN),
Yn — ¥ in C(T;RN).

We have

1
/Gtsun ds Vitel0,1], n>1,
0

for some u,, € S’}m(__z () Let & sup || z||, and let
o n>1

() df [ g(t) if hypothesis H(F');(4i)1 holds
g\ = g(t) if hypothesis H(F')q(#ii)2 holds.

Then
lun(t)|];= < g(t) fora.a.tel0,1].

Since g € L! (0, 1)+, by the Dunford-Pettis Theorem (see Theorem A.3.14),
passing to a subsequence if necessary, we may assume that

up, —> w in L'(0, ;RY),
for some u € L'(0,1;RY). Invoking Proposition 1.2.12, we have that

u(t) € conv limsup F(t,z,(t)) € F(t,z(t)) fora.a.te[0,1],

n—-+4oo

where the last inclusion is a consequence of the fact that F' is convex-valued
and for almost all ¢ € [0,1], F(¢,-) has a closed graph (see hypothesis
H(F)(i7)). Hence u € S (-

Since

1
/G $)Un (s ds—>/G as n — +00,
0

in the limit, we obtain

y(t) = /G(t, s)u(s)ds Vtelo,1].
0
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As u € S’}m(, 2()) We have y € V(z). This proves the upper semicontinuity
and so finally the compactness of V.
Next, we show that

V(z) e K VaoeK. (3.161)

To this end let z € K and y € V(z). Then y = (y1,...,yn) € C([0,1;RY)
and
1

yp(t) = /Gk(t,s)uk(s)ds Vtelo,1], ke{l,...,N},
0

for some u = (u1,...,un) € S}:(_,w(_)). From (3.157), we have

1

ye(t) > W/Gk(s,s)uk(s)ds Vte E,ﬂ, ke{l,...,N}
0

and from (3.156), we get

13

ye(t) > yyi(s) YV (t,s) € {Z,ﬂ x [0,1], ke {1,...,N}.

Thus

min yx(t) > v ||lyello Vke{l,...,M}.
te[4,3]

So y € K and (3.161) holds.
By virtue of hypothesis H(F')1(iv), we have

% < /4Gk(7k,s)@(s)d8 Vke{l,..., N}

So we can find £ > 0 small, so that

3

%g /;Gk(rk,s)(co(s)—g)ds Vke{l,...,N}. (3.162)

From hypothesis H(F)(iv), for this € > 0, we can find 3_ = (%) > 0, such
that for almost all s € [0,1] and all £ € RY with ||£[|,.c < J, we have

(Co(s) =) 1€l < mi (5,8). (3.163)

Suppose that z € K and ||z||_, = §. Using (3.163), (3.162), the definitions of
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K and mf, for every u = (u1,...,u

1

/ G (T, s)uk(s)ds

0

V

Y

)eS

2()r We have

/; Gr(Ti, s)ur(s)ds > /j Gk(Tk,s)mkF(s,x(s))ds

L " Gr(7i, 9)(Go(5) — 2) [12(5)| o s

Ykl / Y G 8) (Cols) — 2)ds > [l

Therefore, if y € V(x), we have

lelloe > yr(e) > llonllo

and so

1ylle = 6

Vke{l,...,

Case 1. Assume that hypothesis H (F);(ii); holds. Set

with g given in H(F')q(iii);

max

ke{L N}

every u € S},(,)r(.)), we have

It follows that

/01 G(t, s)u(s)ds

Joo

IN

Iyl < 7

so
191l

U,
U,

© 2005 by Chapman & Hall/CRC

max
ke{1,...,N}

max

ke{1,..

n

VyeV(z), tel0,1],

/G/C (s,8)g

. Using (3.156), for all z € K, with ||z
1

/ Gr(t, s)ug(s)ds
/Gk t S

5N}

Vte [0,1].

N}

VyeV(z), €K, |lafl, =9

<7 VyeV(z), zeK, ||z, =T
Thus, if H(F);(zit); is valid and we set

daf

af

{zecC(o
{zec(o

A

1 RY
RN):

)

]l

]

<0},

o <7}

(3.164)

=7 and

(3.165)
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then by virtue of (3.164) and (3.165), we can apply Proposition 3.6.1 and
obtain xg € KN (Ug \Ul), such that zg € V(o). Evidently this is a nontrivial
solution of (3.154), such that zo(t) € RY for all t € [0,1].

Case 2. Assume that hypothesis H(F')1(iii)2 holds. By virtue of the last part
of hypothesis H(F);(iv), we can find € > 0, such that

/Gk(s,s)(cl(s)+s)ds+a <1 Vke{l,... N} (3.166)
0

Also by virtue of hypothesis H(F);(iv), for this ¢ > 0, we can find 7 > 1,
such that for all k € {1,..., N}, almost all ¢t € [0,1] and all £ € RY with
€ll, > T, we have

MEEE) < (Gt) +e) 1€l - (3.167)
From H(F);(iit)2, we know that for k € {1,..., N}, we have

ME(t,€) < g=(t) foraa.te[0,1] and all £ € RY, ||¢][,c <T. (3.168)

By Lusin’s theorem (see Theorem A.2.2), for any § > 0, we can find a closed
set Ts C [0,1] with |T5] > 1 — 4, such that g=|r, is continuous. Let us fix
d > 0, so that

/ Gils,s)g=(s)ds < ¢ Vke{l,....N}, (3.169)
[0,1]\Ts

for some closed set T C [0, 1] with |7_’5| > 1— 6 and gz|r, is continuous.
Let us choose £ € RY, such that HéHlm >7 and

M) > loslloer,,  Vtelo 1), ke{l,...,N} (3.170)

(see hypothesis H(F)(iii)2). Finally, let i > ||Z||loo
Note that M} is jointly measurable. Indeed, let py: RY — R be the

projection operator to the k-th component of & = ((1,...,&n) € RY. For
every A >0 and k € {1,..., N}, let us set

5L {4, 0,11 xRN : pp(u) <A ue F(t,)}.
From Theorem 1.2.14, for every k € {1,..., N}, we have that
Lk = Proj . x {[0,1] x RN x p; ' ((—o0,A)} € B([0,1]) x B(RM).
So
[(t,6) € [0, 1] x RY : M (t,€) <A, ke {l,...,N}]

N
= (VLY € B([0,1]) x BR"),
k=1
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which proves the joint measurability of M ,f .

Moreover for almost all ¢ € [0,1], the function M} (t,) is upper semicon-
tinuous (see Proposition 1.2.7(b)). So by the Weierstrass Theorem (see Theo-
rem A.1.5) and an easy measurable selection argument, for k € {1,..., N} we
can find measurable functions z¥: [0,1] — R¥, such that

H%”C(L‘)Hloo < 7 and MF@t,z2%t)) = max MF(t,€) foraa.tcl0,1].
Hf”loo<"7

So, for all k € {1,..., N}, almost all ¢ € [0,1] and all ¢ € RY with ||¢]|,« <7,
we have

ME(E) < MF (@75 0). (3.171)

Note that
|70, > T VteTs ke{l,...,N}, (3.172)
because otherwise, if ||z (to)Hlm < T for some ty € Ts and ko € {1,..., N},

from (3.168) and (3.170), we would have
ME (0,7 () < 9:(t0) < lgsllomy < ME(to,),

a contradiction to (3.171), as H H < 7. Thus, we obtain (3.172).

Let z € K with ||z| 7. Using hypothesis H(F)q(iii)2, (3.156),
(3.169), (3.171), (3.167), (3. 172), (3.166) and the fact that 7 > 1, for all
u=(ur,...,un) € S’}D(.’I(,)) and every k € {1,..., N}, we have

Gi(s, s)ug(s)ds + / Gi(s,5)g=(s)ds

Ts [0,1\ T’

1
/Gk(t, sug(s)ds <
0

IN
D
S
—~
\SIJ
VA
S~—
s
—
VAl
8

(s))ds+e < Gr(s, s) ML (5,3%(s))ds + ¢
T5 T6

(5,9)(Ci(s) +¢) Hi‘\k(s)Hloo ds+ ¢

INA
S

D

x>

V)

V2]

IN

Gr(s,s)(C1(s) +e)ds+¢

Ts
< ﬁ( ; Gk(s,s)(gl(s)—ks)ds—i—a) < 7.

So, we have that
Wl <7 VyeV(a), zeK, |z, =7 (3.173)
Thus, if in this case we let
d —
01 € {zeC(0,15RY) : ], <3},
df =
Uy = {z € C([0,1;RY) : ||zll, <7}
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(see (3.164) and (3.173)), we can apply Proposition 3.6.1 and obtain xo €
KN (Uz\Ui), hence § < |z|, <7 (i.e. o # 0), such that zg € V(zo).

Evidently this is a nontrivial positive solution of (3.154). 1

As we already mentioned (see Remark 3.6.1), the hypotheses in the previous
theorem incorporate as a special case the sublinear problem, i.e. when (; =
400 and (; = 0. In the next theorem our hypotheses include as a special case
the superlinear problem, i.e. when (y = 0 and (; = +o0o. Our hypotheses on
the multivalued nonlinearity F' are the following:

H(F)y F:[0,1] x RY — P (RY) is a multifunction, such that

(i) for all ¢ € RY, the multifunction [0,1] > t — F(t,&) €
Pic(RY) F is graph measurable;

(ii) for almost all ¢ € [0, 1], the multifunction RY > & — F(t,€) €
Pr. (Rf ) has a closed graph;

(iii) for all v > 0, there exists g, € L'(0,1), such that for all ¢ €

[0,1], all ¢ € RY, with [|¢]l,« <7 and all u € F(¢,§), we have
[ullie < - (8);

(iv) there exist measurable functions (o, (;: [0,1] — R4 4 Ry U
{+o0}, such that for all k € {1,..., N}, we have

F
t
lim inf M
I€ll,00 — 00 (1€l
g erY

> (o(t) uniformly for a.a. t € [0, 1],

F
lim su My (,€)

el oo — 0 €]l
§eRrY

¢1(t) uniformly for a.a. t € [0, 1]

and for all k € {1,..., N}, we have

1

% < /; Gr(Tr, 5)Co(s)ds and /Gk(s,s)gl(s)ds < 1,

0

where 7 is defined by (3.155) and 7, € [0,1] are defined
by (3.158).

REMARK 3.6.2 When (; =0 and (; = 400, then we have the “super-
linear” problem. 0

THEOREM 3.6.2
If hypotheses H(A-D) and H(F )2 hold, then problem (3.154) has at least
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one nontrivial solution zo € W12((0,1); RY), such that zo(t) € RY for all
te0,1].

PROOF Similarly as in the proof of Theorem 3.6.1, let K C C([O, 1J; RN)
be the nonempty, closed and convex cone in C([0,1]; RY), given by (3.159)
and V: K — 2C(01RY) 1o the multivalued operator, defined by (3.160).

In this case though it is not immediately clear that V' has nonempty values.

This is so because hypotheses H(F')2(¢) and (i7) in general do not imply joint
graph measurability (see Hu & Papageorgiou (1997, Example I1.7.2, p. 227)).
To establish the nonemptiness of S}:(ﬂ(v)) for every x € K (hence of V(z)

too), we proceed as follows. Let z € K and let {s,}n,>1 be a sequence of
simple R¥-valued functions, such that

llsn(t)];oc < ||z|l,, fora.a.te[0,1] and alln >1

and
sn(t) — z(¢) for a.a.t e [0,1].

Then because of hypothesis H(F)2(i), for every n > 1, the function RY >
t — F(t,s,(t)) € 2&" is graph measurable (hence Lebesgue measurable
too; see Theorem 1.2.1). So an easy application of the Yankov-von Neumann-
Aumann Selection Theorem (see Theorem 1.2.3) produces measurable func-
tions uy,: [0,1] — Rf, n > 1, such that

un(t) € F(t,sn(t)) fora.a.te|0,1].

We have
lunll;e < gr(t) fora.a.te|0,1],

: d : . : :
with 7 £ ||lz|| .. Hence, invoking the Dunford-Pettis Theorem and passing to
a subsequence if necessary, we may assume that

u, — u in L'(0,1;RY).
From Proposition 1.2.12, we have that

u(t) € conv limsup F(t,s,(t)) C F(t,2(t)) fora.a.te [0,1].

n—-+4oo

Here the last inclusion is a consequence of the fact that F' is convex valued
and because of hypothesis H(F)2(i7). So u € S%«“(»@(»))v which proves that
V(z) # 0. Evidently V(z) is convex and using the Arzela-Ascoli Theorem
(see Theorem A.1.13), we have that V(z) C C([0,1];RY) is also compact.
Moreover, arguing as in the proof of Theorem 3.1, we can check that V is
compact and V(K) C K.
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By virtue of hypothesis H(F')2(iv), we can find € > 0, so that

1
/Gk(s,s)(Cl(s)—FE)ds <1 Vke{l,...,N}. (3.174)
0

Again by hypothesis H(F),(iv), for this € > 0, we can find § = 6(2) > 0, such
that for almost all ¢ € [0,1] and all £ € RY with 0 < |||, <0, we have

ME®E < (@) +7) €l (3.175)

and
% < /; G (T, 5)(Co(s) — E)ds. (3.176)

From (3.156), (3.174) and (3.175), for all » € K, with [lz| = 3, all
ue Sll?(-,w(-)) and all k € {1,..., N}, we have

/Gk(t, s)ug(s)ds < /Gk(s,s)M,f(sw(s))ds
0 01
< [ 6519 (©(5) +2) o ds <l
0
So
ye(t) < x|l o vVitelo,1], ke{l,...,N}
and

Wl < Nzl V2eK, [l]l, =96, y€V(x) (3.177)

Also again from hypothesis H(F")2(iv), for our £ > 0, we can find 7 = 7(2) >
6 > 0, such that for almost all ¢ € [0,1] and all £ € RY with |||, > 7], we
have
mi (£,€) > (Co(t) =) €]l - (3.178)
Let # € K be such that |z||,, = 7. Then, from (3.178), the definition
of K and the choice of & > 0 (see (3.176)), for all uw € Sg ) and all
ke{l,...,N}, we have

1 3
/Gk(m, s)uk(s)ds > /l Gr(Ti, s)ymy. (s, z(s))ds
0 4

Y

/l " G 9)(Cos) — 2) [1(8) | dis

vV

7zl / " Gl 8) (Cols) —2)ds > 2], =
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So
loellw = wn(m) = llzll  VEE{l,...,N}
and
Wl = 2l VzeK, |z =7 ye V() (3.179)
So let

U, £ {zec(0,1;RY): || <3},
U, £ {zec(0,1;RY): ||, <7}

(see (3.177) and (3.179)) and apply Theorem 2.1, to obtain zo € K, with
0 < ||lzoll, <7, such that zg € V(xg). Evidently this is the desired solution
of (3.154), such that zo(t) € RY for all ¢ € [0,1]. 0

It is clear that hypotheses H(A-D) exclude from the analysis the Neumann
problem. Nevertheless using the same reasoning as before (with few minor
modifications), we can also treat the Neumann problem:

{ —a(t) € F(t7x(t)) for a.a. t €]0,1], (3.180)

2/(0) = 2/ (b) = 0.

To be able to implement the fixed point method used earlier, we pass to the
following problem:

—z'(t) + N2xz(t) € F(t,z(t)) + Nx(t) for a.a. t € [0,1], (3.181)
2/(0) = 2(8) = 0, -
with A > 0. The linear differential operator L(z) = —z” + Xz, with
A > 0, with Neumann boundary conditions, has Green’s function G(t,s) =
G(t,s)id y v, With
cosh At - cosh A(1 —s) .
- ift <s,
~ daf Asinh A
G(t,s) =
cosh As - cosh A(1 — ¢t) > s
Asinh A '
Then G(t, s) has the same properties as the Green’s function G for the Sturm-
A
Liouville problems. In the present case v = CCZZ}}S )

THEOREM 3.6.3
If hypotheses H(F)y hold with the Green’s function G instead of G,

then problem (3.180) has at least one mnontrivial solution zy €
Wh2((0,1); RY), such that zo(t) € RY for all t € [0,1].
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REMARK 3.6.3 The above result includes the case of the sublinear
Neumann problem ((p = 400, (1 = 0). I

THEOREM 3.6.4

If hypotheses H(F)o hold with the Green’s function G instead of G,
then problem (3.180) has at least one mnontrivial solution xzy €
Wh2((0,1); RY), such that zo(t) € RY for all t € [0,1].

REMARK 3.6.4 The above result includes the case of the superlinear
Neumann problem (¢ =0, (1 = +00).

3.6.2 Method Based on Monotone Operators

Continuing with the Neumann problem, next we present a method based
on the theory of operators of monotone type, which we use to study a class
of single-valued Neumann problems.

The problem under consideration is the following:

—(a(|2'(t) 2 Z'(t) "+ flt,z(t)) =v(t) foraa.teT,
{w’EO)(’: x’(‘b))z 07) ( ) (3.182)

where T' = [0,b], b > 0. Here a: R — R is a continuous function, which
satisfies certain geometric and growth conditions (see hypotheses H(a) below).
One possibility is to have a(r?) = (r2)*=", p > 1, in which case the resulting
differential operator is the ordinary scalar p-Laplacian considered in previous
sections.

We start by introducing a specification of monotone maps (see Defini-

tion 1.4.3(a)).

DEFINITION 3.6.2 Let X be a reflexive Banach space. An operator
A: X D Dom (A) — 2% is said to be 3-monotone if

(@ —y"z—a)y < (Y —2"y—2)y vV (z,z%), (y,y"), (2,2") € Gr A.

REMARK 3.6.5 It is clear that 3-monotone operator is monotone, but
the converse is not true in general.

Another type of operator that we shall need is given in the next definition.

DEFINITION 3.6.3 Let X be a reflexive Banach space. An operator
A: X D Dom (A) — 2% is said to be boundedly inversely compact, if
for any pair of bounded sets C C X and C* C X*, we have that C N A~1(C*)
is relatively compact in X.
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REMARK 3.6.6 If K: X* — X maps bounded sets in X* into relatively

compact subsets of X, then the operator A Y K-1. X D Dom (A) — 2% is
boundedly inversely compact. So the inverse of a compact operator from X*
into X (see Definition 1.4.1(a)) is boundedly inversely compact.

Our approach is based on the following characterization of the range of
certain sum of operators, due to Gupta & Hess (1976), where the reader can
also find the proof.

PROPOSITION 3.6.2
If X is a reflevive Banach space, A, By, By are three operators, such that
the following hypotheses holds:

(i) A: X D Dom (A) — 2% is monotone;
(i) By: X D Dom (By) — 2% is 3-monotone;
(#4i) Dom (A) C Dom (By);

(iv) 0 € (A+ By)(0);

(v) A+ Bi: X D Dom(A) — 2% is mazimal monotone and boundedly
inversely compact;

(vi) Ba: X — X* is demicontinuous;

(vii) for every k > 0 there exists a constant c(k) € R, such that

(Ba(z),2) > k|Ba(z)|yx —c(k) VoelX,
then u € int (R(A) + R(B1)) if and only if u € R(A+ By + Bo).

REMARK 3.6.7 If By = 0, then we can drop the hypothesis that
A + B; is boundedly inversely compact. Moreover, note that by virtue of
the condition (vii) imposed on Bs, the operator Bs is bounded (i.e. maps
bounded sets into bounded sets).

Our hypotheses on the function a in the differential operator in (3.182) are
the following:

H(a) a: R — R is a function, such that
(1) a is continuous and a(0) = 0;

(7i) the function h: R — R, defined by

17
h(t) £ 5/0 a(s)ds  VteR,
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is strictly convex;

(31) there exist constants ¢3,c§ > 0, ¢f,c§ > 0, such that
P2 —cf < a(t?) < P2 + 8.

REMARK 3.6.8 If g is a polynomial with positive coefficients, it satisfies
hypotheses H(a). The same is true if

1

daf
) 2 14+ ——= VteR,
alt’) + (14t2)2
or
at?) L )"  vieRr
The latter case corresponds to the ordinary scalar p-Laplacian. I

Note that since by hypothesis h is strictly convex, the function r — h/(r) =
a(r?)r is strictly monotone. Let the operator A: W1P(T) — (WLP(T))* be
defined by

b
<A(x),y>lep(T) i /a(‘x’(t)f)x’(t)y’(t) dt Vx,y € WHP(T).
0

It is straightforward to check that A is monotone and demicontinuous. There-
fore from Corollary 1.4.2, we infer the following Proposition.

PROPOSITION 3.6.3
If hypotheses H(a) hold,
then the operator A: WYP(T) — (Wl’p(T))* is mazximal monotone.

Let A; be the restriction of A on (LP(T), L” (T)), i.e. A1: LP(T) 2 Dy —
LP(T) is defined by

A(2) L A(x)  VaeD,

where

Dy L (zeW'P(T): A(x) € LV (T)).

PROPOSITION 3.6.4
If hypotheses H(a) hold,

then the operator Ay: LP(T) D Dy — LP (T)) is mazimal monotone.
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PROOF  Let J: LP(T) — L¥ (T) be the continuous, strictly monotone
(hence maximal monotone too; see Corollary 1.4.2) operator, defined by

df —2
J@)() = [aO)" T2() Ve LX(T).
From the proof of Proposition 3.1.3, we know that it is sufficient to show that
R(A; +J) = LF(T). (3.183)

Let J = Jlw1p(ry. Then J: Whe(T) — (WLP(T))* is a continuous, mono-
tone, hence maximal monotone (recall that L' (T') is embedded continuously
(in fact compactly) into (WLP(T))*). Then the operator A+ J: WhP(T) —
(WLP(T))" is surjective (see Theorem 1.4.2). So for a given g € L (T), we
can find x € W1P(T), such that

~

Alxz) + J(x) = Alz)+ J(x) = g.

Hence A(z) = g — J(z) € LP (T) and so € Dy, A(z) = Ay(z). Therefore
g € R(A; + J) and we have proved (3.183), which implies the maximality of
A

The next two propositions determine precisely the range of A;.

PROPOSITION 3.6.5
If hypotheses H(a) and g € R(A1),
then for some x € Dy, we have

{ —(a(|'@®))2' () = g(t) for aa. t T,
2'(0) = 2/ (b) = 0.

PROOF Since g € R(A;1), then for some « € Dy, we have A(z) = g. Let
¥ € C(0,b). We have

<A1($)519>W1,p('1“) = (A1($),7.9)p = (g,’ﬂ)p

and so
b b

/ a(|2' (1)) ()9 (t) dt = / g()d(t) dt. (3.184)
0 0
Because of hypotheses H(a) and Theorem 1.1.8 we have that

(all O])e' (1)) € WH2'(T) = (Wo (1)
and the embedding C°(0,b) C W, *(T) is dense. Hence
(Gl ®)', 9)

wie) - 19>Wol’p(T)
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and so
!

—(a(|x’(t)|2)x’(t)) = g(t) foraa.teT. (3.185)
From this equality, it follows that
a(l2'()]*)2'() € W' (1) € C(T)
and so 2’ € C(T), i.e. x € CY(T). Applying Green’s identity, from (3.185),

we have

b b
/ oyt = — / (a(|2'()|)2' (6) 'y (1) dt
0 0

—a(|2'(8)]*)2’ (0)y(b) + a(|2'(0)]*)2 (0)y(0)
b

From (3.184), we obtain

a(|(O)*)a’ (0)y(0) = a(|2'(0)|*)a’ (B)y(b).

Exploiting the strict monotonicity of r — a(r?)r, and since y € W1P(T') was
0.

arbitrary, we conclude that z'(0) = z/(b) = I
REMARK 3.6.9 A byproduct of this proof is that D; C C1(T). 0
Let us set

n i {geLP’(T): /Obg(t)dt:()}.

PROPOSITION 3.6.6
If hypotheses H(a) hold, then R(A;) = Vi.

PROOF Let g € R(A;). By Proposition 3.6.5, we have that

{—ga(|x’(t)|2)a:’(t)) =g(t) foraa.teT,

and so

b
/g(t)dt =0, le R(A;)CW. (3.186)
0
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On the other hand, because A is maximal monotone, coercive (see hypothesis
H(a)(i)), it is surjective and so for a given g € V4, we can find z € W1P(T),
such that A(z) = g. Evidently € Dy and A(x) = A;(z). So it follows that
Vi € R(A;1). Combining this with (3.186), we get that R(A1) = V4. I

Now we are ready to introduce our hypotheses on the nonlinearity f and
start dealing with the full problem (3.182).

H(f)1 f:T xR -— Ris a function, such that
(7) for all ¢ € R, the function
Tst— f(t,{) €eR
is measurable;
(79) for almost all ¢t € T, the function
R3¢V f(t,¢) €R
is continuous;

(#i1) for almost all t € T and all ¢ € R, we have
/(0] < alt) +elg]”,

with a € L¥' (T, (where % + 1% =1),¢c>0;

(iv) there exists u € LP(T')4, such that for almost all ¢ € T' and all
¢ € R with || > u(t), we have f(¢,{)¢ > 0 (generalized sign
condition).

Based on hypothesis H(f)1(iv), we introduce a penalty function h: T x
R — R, defined by

g [ Cu®)iu) <
h(t,¢) = 0 if [¢] < u(t),

—(= ¢ =)’ ¢ < —u(t).
It is clear from this definition that h is a Carathéodory function (i.e. mea-
surable in ¢ € T and continuous in ¢ € R), hence jointly measurable and we

have
|n(t, Q)] < ai(t) +c1[¢[P™" fora.a. t € T and all ¢ € R,

with a; € Lp,(T)Jr, c¢1 > 0. Using h, we decompose f as f = f1 + fo, with
fi, fo: T x R — R, defined by

) win{ it 1(0.¢). 1(e.0)} 56 20,
fl(tvc) = -

mw{mmf@cxhwo}ﬁc<o
¢'<¢
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and

£ L0 - A0
Also we introduce
fiot) £ liminf f(£.C)  and  fo(1) 4 fi sup £(2,).

In the next proposition, we take a closer look of the functions fi, f1 and f_.

PROPOSITION 3.6.7
If hypotheses H(f)1 hold,
then

(a) for all ¢ € R, the function t — f1(t, () is measurable;

(b) for almost all t € T, the function ( — f1(t,() is continuous and non-
decreasing;

(&) i fi(t.0)= fo(0):
(@ tim_fi(t¢) = /(1)

In particular then fioo are R* YRy {£o0}-valued measurable functions.

PROOF Let us fix ( € R and let {Cn}n>1 be an enumeration of the
rationals in the half-line {¢ € R: ¢ < ¢}. We have

inf f(t,¢) = inf f(£,¢n)
¢ nzl
and so it follows that the function ¢t — inf f(¢,() is measurable on T'. Sim-
¢=¢

ilarly, we have that the function ¢ — sup f(t,¢) is measurable on T. So it
¢<¢
follows that for every ¢ € R the function ¢ — f1(¢, () is measurable.
Next let N be the Lebesgue-null subset of T, such that if ¢ € T\ N, the
function f(¢,-) is continuous (see hypothesis H(f)1(ii)). Let us fix tg € T\ N
and let ¢, — (. Set

M (Q) 2 i f(t0. ).

From Proposition 1.2.7(a), we know that my, is lower semicontinuous. If
Cn /" ¢, then from the monotonicity and lower semicontinuity of my,, we have
that my,(Cn) — My, (¢). So suppose that ¢, N\, (. Then for a given £ > 0,

o~ ~

we can find ¢ > ¢, such that f(¢) < my, () + € and because ¢, \, ¢, we can

~

find ng > 1, such that for all n > ng, ¢, < (. So

My (Ga) < FQ) < mep(Q) +e,
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hence
limsup me, (Cn) < myy () < liminfmy, (¢y),

n—-4oo n—-+00

ie. my(Cn) — myy(¢). This then proves the continuity of the function
(r— Ci/r;fc f(t,¢') on R. In a similar fashion, we prove the continuity of ¢ ——
sup f (t;C "y on R_ and thus conclude the continuity of fi(,). Moreover, note

¢'<¢
that clearly fi(¢,-) is nondecreasing and

filt, Q) — fi(t) as (— +oo,

while

filt,Q) — f-(t) as(— —o0.

Evidently f2(¢,() is a Carathéodory function and

{lfl(taé)l ax(t) + c2|CP,

<
|f2(f,C)‘ < as(t) + co|CP! for a.a. t € T and all { € R,

with ag € LP (T)4, ¢ > 0. Let Ny,, Ny, : LP(T) — L”' (T) be the Nemytskii
operators corresponding to the functions f1 and fa respectively, i.e.

df df
Np(@)() = fils2() and Np(2)() = fol2() Ve LX(T).
We know that both Ny, and Ny, are continuous bounded (Krasnoselskii Theo-

rem; see Theorem 1.4.7). Also by virtue of Proposition 3.6.7, Ny, is monotone
and so it is easy to check that it is also 3-monotone (see Definition 3.6.2).

PROPOSITION 3.6.8
If hypotheses H(a) and H(f) hold,

then the operator Ay + Ny, : LP(T) D Dy — LV (T) is mazimal monotone
and boundedly inversely compact.

PROOF  The maximal monotonicity of A; + Ny, is a consequence of
Theorem 1.4.5. To show that it is boundedly inversely compact, let C C LP(T")
and C* C L? (T') be two nonempty bounded sets. Let us set

¢ L on(a+N,) N C) C (D).
Let € G. By definition, we have that

Ai(z) + Ny, (z) = we C™.
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Exploiting the monotonicity of Ny, and hypothesis H(a)(iii), we have
Gl —es < (Ai@)a), < (A1) +Np(@) = Np(0).z),

= (w—=Np,(0),2), < (lwll, +llazll, ) ], < M,

for some ¢z, My > 0, since the sets C C LP(T') and C* C L¥ (T') are bounded.
Hence G is bounded in W1P(T) and recall that the embedding W?(T) C
LP(T) is compact. So G is relatively compact in LP(T") and this proves that

A1 + Ny, is boundedly inversely compact.

PROPOSITION 3.6.9
If hypotheses H(f)1 hold and k > 0,
then we can find a constant ¢(k) > 0, such that

kN @), — (k) < (Np(x),z), ¥ xeL(T).

PROOF We have

(Np(@)a), = / Folt, 2(t))(t) dt

= / fa(t,z(t)x(t) dt + / f2(t, z(t))z(t) dt.

{lz[>u} {|z|<u}

Because of hypothesis H(f);(iii), we have

fa(t,x(t)x(t)dt < Ms,
{lz|<u}

for some M3 > 0. Moreover, we have

il » o
|f2(t,2@®)| 7 < (2a2(t)) 7 + (2c2) 7 |a(t)].
By virtue of hypothesis H(f)1 (i), it follows that

fo(t,z(t)z(t)dt = / | f2(t,z(t))] |(t)| dt

{lz|>u} {lz|>u}
1

C4
{lz|zu}

> = [ (Ina0) 7 - (o) |fa0)])

(3.187)

with ¢4 4 (202)_%. Using Young’s inequality (see Theorem A.4.2) with ¢ > 0,

we obtain

(202()) 7 |fa(t,2(0)| < %(Qag(t))p/—i—%‘ folt o).
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So, if we choose ¢ > 0 such that 1 — Epi,, > 0, from hypothesis H(f)1 (i), we
have

fa(t,x(t))z(t) dt
{Iz1>u}

> é / [(1_5%) }fg(t,x(t))‘p/—%(Qag(t))p/] dt

{lz|>u}
b

cs(e) / ‘fg (t, x(t)) ‘p/ dt — c5(e) / |f2 (t, x(t)) ‘p/ dt — cg(e) ||2a2|\§:

0 {lej<u}
¢s(e) [INp, Iy — er(e))

for some cs, cg, c7 > 0. Therefore, we have

(Npy(2),3), > cs(e) [N 2 — cs(e),

Y

with cg(e) 4 c7(e) + Ms. A new use of Young’s inequality implies that for a
given k' > 0, we can find cg(k’) > 0, such that

cs(e) '
[Ng, (@), < o INp,|7, + co(k')
and so ,
K {INg (@), — co(k') < es(e) INg, -

Therefore, we conclude that for a given k > 0, we can find ¢(k) > 0, such
that (3.187) holds.

Now we are ready for the existence result for problem (3.182).

THEOREM 3.6.5
If hypotheses H(a), H(f)1 hold, v € L? (T) and

b

() dt < / () dt,

0

b
/ F(t)dt <
0

o

then problem (3.182) has a solution
2o € CYT) with a(|zp(-)|* )z (-) € WHP'(T).
PROOF From Proposition 3.6.7, we know that for almost all t € T, the

function fi(¢,-) is nondecreasing and

CEToofl(t’O = f+() and CETEIOOfl(taO = f-(b).
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Invoking the Monotone Convergence Theorem, for a given § > 0, we can find
ng > 1 large enough, such that

b b
/ft—nodt</ )+ u(t)) dt
0 0

< /fl(t,no)dt Ve L7 (T), ul, <6
0

By the Intermediate Value Theorem, we can find (o € (—ng, ng), such that

b

b
[ At 0/ dt.

0
We write
1 / 1 /
v(t) +u(t) = v(t) +u(t) — i / (U(s) + u(s))ds + 3 / (v(s) + u(s))ds
0 0
b
— o(t) +u(t) - %/(v(s)+u(s))ds
b 0
1
+3 /fl(s,éo)ds — f1(t, o) + f1(t, o). (3.188)
0
Let us set
1 / 1 /
w(t) £ o 5/ )d5+g/fl(&Co)dS—fl(taCo)-
0 0

Evidently w € o (T') and f t)dt = 0. So from Proposition 3.6.6, we have
that w € R(Ay). Thelrefore7 from (3.188), we have

v+u=w+ fi(-,¢) € R(A1) + R(Ny,).
Since u € L¥ (T), |ull,, < 0 was arbitrary, we see that
v € int (R(Al) + R(.Nf1 ))

Invoking Proposition 3.6.2, we obtain that v € R(A1 +Ny, + Nfz). Therefore,
we can find 9 € D1 C CY(T) (see Remark 3.6.9), such that (4; + Ny, +
Ny, )(xo) = v. This is the desired solution of (3.182).
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REMARK 3.6.10 We can have that

/bf(t)dt = —o0 and /er(t) dt = +oo0.
0

The condition on v in the statement of Theorem 3.6.5 is a Landesman-Lazer
type condition.

3.7 Hamiltonian Inclusions

In classical and celestial mechanics the laws governing a system are express-
ible as a system of Hamiltonian equations

{—z’) = H,(z,p),

& = Hy(z,p).
We write Hamiltonian systems in the form
Jy = VH(y),

where y = (z,p) (x is the state and p is the adjoint variable, the momentum
in physics) and .J is the standard symplectic matrix on R2Y = RN x R¥ | i.e.

0-TI
7= 179
(here I is the N x N identity matrix). Note that

J? =1, ie. JTl=—J

and
(Jx7y)]R2N = - (x7Jy)R2N s e J =—J.

Exploiting this last property of J (the antisymmetry), we see that, if y is a
solution of the Hamiltonian system, then

%H(y(t)) = (VH(y(®),9(t)gn = 0  VteT=]0,0]

and so
H(y(t)) = constant vVtel,

i.e. y is conservative.
Moreover, any “energy surface” H = ¢ € R is invariant under the Hamil-
tonian flow. In this section, we shall study Hamiltonian systems, for which
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the Hamiltonian function is nonsmooth (i.e. H is not a C!-function) and it
is only locally Lipschitz. In this case the solution of the Hamiltonian system
need not be conservative. In this respect, we have the following result. Recall
(see Definition 1.3.8) that if X is a Banach space and ¢: X — R is a lo-
cally Lipschitz function, we say that ¢ is regular at x, if the usual directional
derivative

oy e e(@ 4 Ah) — p(x)

exists for every h € X and is equal to the generalized directional derivative

oy + M) — o(y)
X .

©%(a; h) Y Yim sup
AN
Let us consider the following Hamiltonian inclusion
Jy(t) € 0H(y(t)) foraa.teT, (3.189)

where T = [0, b] with b > 0.

PROPOSITION 3.7.1

If H: R2N — R s a locally Lipschitz Hamiltonian, y € Wl’l(T;RZN) 15
solution of the Hamiltonian inclusion (3.189) and H is regular at y(t),

then H (y(+)) is constant on T

PROOF Let

o) LH(yt) VteT

Evidently ¢ is locally Lipschitz. We need to show that
o'(t) = 0 foraa . teT. (3.190)

Let ¢t € T be a point at which ¢’ and g exist and Jy(t) € 0H (y(t)). We know
that this set is of full-measure. Recall that

(Ju,v)gen = 0 Vv e R,

Hence, using the definition of 0H (y(t)) and the assumptions of the proposi-
tion, we get

0 = (J9(t),5()pen < HO(y(0)s9(1)) = H'(y(t);5(t))
H(y(t) +Mg(t) — H(y(t))

= lim

ANO A
_H(y(t+9) — H(y(t)) :
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Therefore 0 < ¢/(¢t). On the other hand arguing similarly, we have

= —Ho(y(t);—y(t)) < —(—y(t),Jy(t)) = 0.

Hence ¢'(t) < 0 and so we conclude that ¢'(t) = 0 for almost all ¢ € T as
desired.

REMARK 3.7.1 Recall that if H is strictly differentiable at £ € R?Y or
if H is convex, then H is regular at &.

In the sequel we do not assume the regularity of the locally Lipschitz Hamil-
tonian H and still we are able to obtain conservative solutions of the Hamil-
tonian inclusion by the use of a C''-approximation method.

We study the existence of periodic trajectories y of a nonsmooth Hamilto-
nian system evolving on a given energy surface S = H~!(c), with ¢ € R. As
we already mentioned our approach is based on a C'-approximation theorem
for locally Lipschitz functions, which is actually of independent interest.

THEOREM 3.7.1

If U CRY is a bounded and open set and V: RN — R is a locally Lipschitz
function,
then for a given € > 0, we can find f € C* (RN;R), such that

(@) [V(&) — ()| <e forall¢ € T;
(b) for every € € U, we can find € € U and E* € 9V (&) such that

l6—Ellan < and € = VO <<
PROOF (a) Let ¢ € C*(RY;R) be such that ¥ > 0,

supp? C Bi(0)  and /ﬁ(g)dg = 1.

For each § > 0, we define V5: RY — R by

¥ /ﬁ V(€ —08)dE  VEERY. (3.191)

It is well known that V5 € C>°(R";R) and

Vs — V uniformly on U, as ¢ \, 0
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(see e.g. Denkowski, Migérski & Papageorgiou (20034, p. 342)). So for a given
e > 0, we can find §; > 0 such that

Vs~ V()| < e VeEeT, de(0,0)

(b) From Theorem 1.3.9, we have

V() € [ 0©ovic - i)
RN
i.e. for each € € RV, we can find vg € Sév(g—&)’ such that
() = [ 0@ (3.192)
]RN

From Proposition 1.3.9, we know that V' is an upper semicontinuous mul-
tifunction into P (RN). So for each £ € U, we can find r¢ € (0,¢), such
that

OV (B (§) < [aV(9)].,

where

[v(©)]. £ {ueRV: d, (u0V() <e}.

The collection { B, ()} ccp 18 an open cover of U and because U is compact,

it has a Lebesgue number 1 > 0 (i.e. for every & € U, the open ball B,(¢)
is contained in some B,_(z), z € U). We claim that the function f = Vj
with 0 < § < min{n,d;} will do the job. For a given & € U, we know that
B, (&) C B,_(z) for some z € U. So [|§ — z|[gn < 7> < € and

OV (Bs(€)) € df(Br.(z)) C [0V(2)],.
Let ve € Sév(g—&) satisfy (3.192). We have

ve(z) € OV (§—d2z) C [8‘/(7;)}s for a.a. z € Bj.

/ p(z)dz =1

{llzllgn <1}
and [0V (z)]_ is convex, it follows that

Since

VVs(§) = / p(z)ve(z)dz € [BV(z)]E.
{ilzllgv <1}
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Therefore, we conclude that f = Vj is the desired smooth approximation of
V. [

DEFINITION 3.7.1 A C'-function f satisfying conditions (a) and (b)
of Theorem 3.7.1, will be called an -admissible approximation of V on

U.

From the theory of smooth Hamiltonian systems (i.e. H € C1), it is well
known that the orbits on an energy surface S are independent of H and depend
only on S. More precisely, we have the following lemma.

LEMMA 3.7.1

If Hy,Hy € Ct (RQN;R), c1,c0 €R, Hfl(cl) = H{l(CQ) =S and ¢y, ¢ are
regular values of Hy, Hs respectively (i.e. VH1(§) # 0 and VHy(§) # 0 for
£es)

then the orbits of the Hamiltonian systems
Ji(t) = VH(z(t)) and Ji(t) = VH(z(t))

on S are the same.

PROOF Let z; € C'(T;R?Y) be a solution of Ji(t) = VH;(z(t)) on
S. Because VHy(z1(t)) and VHs(z1(t)) are normal to the surface S and
continuous, we can find a function \: 7' — R, such that

VH, ($1 (t)) = )\(t)VHl ($1 (t)) VteT.

Since ¢ and co are regular values of Hy and Hs respectively, we have that
A(t) # 0 for all t € T. Moreover, we have

(VHQ (ﬂil(t)), VH; (551 (t)))R2N .
Hle (xl (t)) ||]?Q2N

Therefore A is continuous and so it does not change sign. We define ¢: T' —
R by
/ d
/ﬁii VteT.
(s)
0

. . . . d
Evidently 1 is continuous and strictly monotone. Let us set x5 4 ziop !
Ct (T; R2N). We have

At) =

I

J@@)—gmaowlxw(%owl>@)

= VH((z1097") (8)) (Ao ") (t)
VHy((z1 09~ ")(t)) = VHy(z2(t))  Vitew(T).
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Hence x5 is a solution of
Ji(t) = VHa(z(t)) VteT.
1

In the smooth case, using this Lemma and some convexity assumption on
the Hamiltonian H, we are able to replace H by another Hamiltonian H, which
is homogeneous and leads to the same orbits. More precisely, we assume that
HeC? (RQN;R) is convex, ¢ € R is a regular value of H, S = H~!(c) and
S is the boundary of a compact, convex set C' containing the origin as an
interior point. We introduce the gauge function (Minkowski functional)
jo: R*N — R, corresponding to C, defined by

jo(§) = inf{A>0: £€XC}.
Evidently jc is sublinear. Moreover,
£ eC ifand only if jo(§) <1

and
£ eintC if and only if jo(&) < 1,

~ 3
i.e. jo characterizes the set C. Then, we set H 4 Jjé& and we have:
(a) H'(1) = S;
(b) H is homogeneous of degree 3

(c) there exist 8, > 0, such that

~

BllElEn < HE) < vlEldy  VEER,

(d) H e C'(R*N;R);
(e) VH is positively homogeneous of degree %

Working with H , we can establish the existence of at least one periodic
orbit of Ji(t) = VH (z(t)), which lies on S. In general a similar approach is
not possible in the nonsmooth, locally Lipschitz case, because of the failure of
Lemma 3.7.1. In what follows we shall show that under some extra hypotheses,
we can still employ the same approach and replace H by a homogeneous H.
For this purpose let €2 be the 2N x 2N block diagonal matrix, defined by

g [0
° vl

with Q' being an N x N diagonal matrix with positive diagonal entries, i.e.

Q' = diag {w1,...,wn} with wy > 0.
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We set

N

:f{geRW (6, pan = Y

k=1

Wk fk +§£+N) < 1}

N =

(an ellipsoid in R2Y)

s La1)
ALieer?N: HE<1).

We make the following hypotheses on these items.

H(H) H:R*N — R is a locally Lipschitz function, such that

(i) S is radially homeomorphic to the unit sphere in RV, i.e. the

function S 5 & +— - € 52N=1 is homeomorphism;
R

(#) for all £ € S and all u € 0H (&), we have (u,&)gan > 0;
(7i1) for some B € (0,7), we have ST' C A C AT

We look for periodic solutions on S of the Hamiltonian inclusion
Ji(t) € OH(x(t)) foraa.teT (3.193)

(i.e. periodic solutions with prescribed energy). The difficulty in this problem
is that the period and so the underlying function space for the solutions are
not known a priori. Nevertheless, we shall see that under hypotheses H (H)
we can reduce the fixed energy case to the fixed period case.

Because of hypothesis H(H)(i), we can find a unique positive function
A: R?NY — R, , such that

AOE € S VeEeRM\ {0}

This function will play the role of the gauge function of the smooth case, in
order to pass to a homogeneous Hamiltonian (see the discussion above).

LEMMA 3.7.2
Let X\ be as above.

(a) X: RN\ {0} — Ry is locally Lipschitz and positive homogeneous of
degree —1;

A(§) 2
(b) 9A() € — (3H()\(E)),§)R2N for all £ € R*N \ {0}.
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PROOF (a) Hypothesis H(H)(ii) and the nonsmooth implicit function
theorem (see Theorem 1.3.8) imply that A: R*V \ {0} — R, is locally Lips-
chitz. The homogeneity of A follows from its definition.

(b) Consider the functions h: R2Y \ {0} — R, and A: R?V \ {0} — R,
defined by

he) L HMEO -1 and A€ L a©e  veeRM\ {0}

Let £ € R*NV\ {0} be a point of differentiability of . Note that h = 0. So, we
have

Vo € R?V,

0= (W) =t HOEFTO)E ) ~ HAEE)
’ R2N T

r—400 r

Invoking Proposition 1.3.15, we can find & € 0H ()\(f)f), such that

0 = (W(&)v)aon = (&, N (OV)gan-

Because the set 0H ()\(5)5) is bounded and convex, we can apply Proposi-
tion 1.4.15, and obtain EE 6H()\(§)§), such that

ENEV)gy =0  YoeRM
So, we have

(& (N (©), v)gan € + AEV) gon
= ((£)pn N (O +MEE V)pow = 0 VveRW,

Thus, for each differentiability point & € R?Y \ {0} of A, we have

MO o AE) DH(AO)E).  (3.194)

(€,€) gon (0H (M(€)), &) gow

Y

N(E) = -
Recall that

OA(&) = conv {5* = hIJIrl N(&) & — &, and
A is differentiable at &,, n > 1}

(see Remark 1.3.5). From this and inclusion (3.194), we deduce part (b) of
the lemma. [

Now we are ready to introduce the locally Lipschitz homogeneous Hamil-
tonian function, which will replace H in our analysis. So let H: R? — R
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be defined by
H0) £ 0

A L (5g)  veeRT Ok

PROPOSITION 3.7.2
We have

(a) H s locally Lipschitz, positively homogeneous of degree 2 and H—1(1) =
H™'(1)=S;

(b) OH is positively homogeneous of degree 1, OH(0) = {0} and

ofi(e) ¢ — 21

2N '
= (OH(N)E),€) gan OH(N€)E) YV Ee R\ {0}

(c) we have
(€. Opn = 2H(E)  VEER™, € € OH(E);
(d) the distinct periodic orbits of
Ji(t) = 9H(x(t)) on S
coincide with the distinct periodic orbits of (3.193) on S.

PROOF (a—b) These properties follow from the definition of H and
Lemma 3.7.2.

(c) Because His positively homogeneous of degree 2, at any differentiable
point & € R2N of H, we have

(Vﬁ(§)7f)R2N = 2ﬁ(§)

Using as before the definition of dH(¢) for functions defined on RV (see
Remark 1.3.5), we conclude that statement (c) of the Proposition holds.

(d) Let x € Wgé} (T; R2N) be a solution of the Hamiltonian inclusion

Ji(t) € 0H(x(t)) ViteT.

Then we can find Zy € S’aﬁ(ro(.)), such that

Jiog(t) = To(t) fora.a.teT.
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According to part (c), we can find p € L*(T), p > 0 and n € S35, ())» such

that
Zo(t) = pt)n(t) foraa.teT.

Let us set

which is strictly increasing and let

wr) Lok '(r))  Vrelo,T),

A T A~
with 7 % J u(s)ds. Then w is a periodic orbit (with period T') on S of the
0

Hamiltonian inclusion (3.193). 1

REMARK 3.7.2 Let

*
0 ﬁ inf (5_7 €)R2N .
£€s ‘ 5*
€& € 0H(¢) R2N

Then from Proposition 3.7.2(c), we have

A 2
OO < G ©). 0

(recall that fAI|5 = 1; see Proposition 3.7.2(a)). It follows that

€ |gen < % = % Vees, ¢,8 eaH ()

OH(E) VeEes

(see Proposition 3.7.2(c) and recall that H(¢) = 1 for £ € S). Therefore, we
have

(€, E)gan = 0||€ ||gen  VEES, €€ € DH(E).
I

In light of Proposition 3.7.2(d), to obtain periodic orbits for the Hamiltonian
inclusion (3.193), it suffices to produce periodic solutions for the Hamiltonian
inclusion R

Ji(t) € 0H (x(t)) fora.a.teT. (3.195)

To solve this inclusion, we shall use the approximation result given in Theo-
rem 3.7.1. To this end let

af
M = sup[|€||pen
es
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and consider a sequence {ey},~; of positive numbers, such that e, \, 0.
Using Theorem 3.7.1, for every n > 1, we can find H, € C* (RQN;R) an

en-admissible approximation of H on By 4 {€ e R : ||¢]|gen < M +1}.
Also let us set

S, L H11) V>l

Directly from the properties of H and H,,, we obtain the following result.

PROPOSITION 3.7.3
For n > 1 sufficiently large, we have
(a) S, is radially diffeomorphic to the unit sphere in R®N and S,, C Buri1;

(b) there are positive sequences {cn},~, and {d,},~,, such that c, \, 0,
dy, \, 0 and B B

1€ = MEEllgen < en and  [(VHp(€),8)gon —2| < dn  VEES,.

By virtue of Proposition 3.7.3, for n > 1 sufficiently large, we can find a
unique function A, : RV \ {0} — R, A, > 0, such that

M ()¢ € S, vV & e RN\ {0}.

Then as before, we introduce

a0 Lo
2
Hae) 2 (A:@) v € e R\ {0},

PROPOSITION 3.7.4
For n > 1 sufficiently large, we have

(a) H, € C! (R*V;R), VH,: R2N — R is locally Lipschitz, H, is posi-
tively homogeneous of degree 2, H, (1) = H (1) = S,,, VH, is posi-
tively homogeneous of degree 1 and

~

(VHA().€)on = 2Hn(€) ¥ ERY,
(b) there is a positive sequence {en},~,, such that e, \, 0 and

IVHA(€) = VH()||gox < en V€€ Sn.

PROOF  (a) This follows from the definition of H,,.
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(b) As in the proof of Lemma 3.7.1, we can find a function \,: S, — R,
An > 0, such that

VHp(§) = M(§VHR(E)  VEES,

and so

~

2 = (VHu(6): 8 pon = M) (VH(E),E)gow  VEE S
(see part (a)). Finally use Proposition 3.7.3(b) to finish the proof. 1

In what follows, without any loss of generality, we will assume that Propo-
sitions 3.7.3 and 3.7.4 hold for all n > 1.

PROPOSITION 3.7.5
There is a positive sequence {€,}, ., such that €, \, 0 and for alln > 1, we
have B

(8) [A(©) = H(©)] < 2 [€2an for all € € B2
(b) for every £ € R2N we can find € € R?N and ¢* € 8ﬁ(§), such that

Hf _EHRgN <&, ||€||R2N and ||Vﬁn(€) - €*||R2N <Eén ||€||]R2N :

PROOF (a) From Theorem 3.7.1, we have
|[Ha(€) = HE)| = [Ha(6) ~HE)] < en  VYEE S

Because of the compactness of S,, and the homogeneity of ﬁn and H , there
is a positive sequence {e},}, -, such that ], \, 0 and

|H, (&) - H()| < e, Ve es L

(b) Using Proposition 3.7.4 and the definition of H,, (see also Theorem 3.7.1),
we can find a positive sequence {an}nzl, such that a,, \, 0 and for every n > 1

and every £ € S, we can find £ € R?Y and ¢* € 5ﬁ(€), such that
€ = Ellgen < an and [ VHWE) ~ & |gan < an.

As before because S, is compact and Vﬁn and OH are both positive homo-
geneous, we can find a positive sequence {bn}nzlv such that b,, \, 0 and for

every n > 1 and every & € S, we can find £ € R?N and ¢* € 8[?(3)7 such that

€ —€llgon < bn  and  ||VH(E) = € lgon < b
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Let us set an Y min {an, b } Evidently &, \, 0 and from the positive homo-

geneity of Hn, H VHn, GH we see that the conclusions of the Proposition
hold.

PROPOSITION 3.7.6

There exist constants a,b,a,a > 0, such that

(@) aléllfor < HE) < blélfon, allélfen < Ha(€) < blE]fon for all
EeR?*N and alln > 1;

(b) @ll€llgen < [I€7 lIpan §§||£||R2N7 @llellgan < [VHA(O)] < bl€lgan for
all € € R2N | all € € OH(€) and all n > 1.

PROOF  We prove part (b) only. The proof of part (a) is similar (and in
fact simpler).

Let § € (0,1). We can find 61,31 > 0, such that

~

< € lgen < b1 V2 € Rissigs, £ € QH(E),

where R, el {€ e R% : a < [[¢]|gey < b}. Since &, \, 0 (see Propo-

sition 3.7.5), we may assume that &, < min{d,a;} for n > 1. Let us set
df ~ ~df ~ . ..
a A a1 — &1 and b & b1 4+ &1. Then, by virtue of Proposition 3.7.5, we have

a < | VH.(9) <b VeesT a1

[
Because of the homogeneity of VH, and dH, we obtain (b). 0
Now in addition to Hamiltonian inclusion (3.195), we consider the problem:
Ji(t) = VH,(z(t)) VYteT, n>1. (3.196)

We shall obtain the conservative solutions of problem (3.195) from the “al-

most” solutions of the smooth Hamiltonian systems (3.196). The approach is
variational. For this purpose let

gt 4 {ew: S [O,QW]} = R/orz.

We introduce the potential functions Fj,, F': L? (S’l; R2N) — R, defined by
F,(x) 4 —/Hn(x(t))dt VaeL?(SHR7Y), n>1

F(z) £ —/I?I(x(t)) dt Ve L?(SHR2N).
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We note that F,, € C'(L?*(SY;R?N)), F,: L*(SH;R?N) — L2(SHR?VY) are
locally Lipschitz and

<F,’l(x),y>2 = %/(Vﬁn(a:(t)), y(t))RQN dt Vx,yELQ(Sl;RQN).
0

Hereafter, by (-,-), we denote the inner product of the Hilbert space
L?(SY;R*Y) and by |-/, the norm of L?(S*;R?Y).

Also by virtue of Theorem 1.3.10, F is locally Lipschitz on L?(S*; R*Y)
(Lipschitz on every bounded set in L?(S*; R?*")) and

<8F(x),y>2 = —/(8ﬁ($ t)), y(t))RQN dt Vx,yELZ(Sl;RQN)

—~

(see Theorem 1.3.10). Note that F;,, and F' are positively homogeneous of
degree 2. By Proposition 3.7.6, we have

2 2
{a|a:|2s F@) <l e sty st

2 3
alzlly < Fu(z) < bllzl,
Moreover, from Proposition 3.7.5, we have
|Fo(z) — F(2)| < en ||x||§ VaeL?(SHRY), n>1,
with e, \, 0.
We introduce the multivalued Nemytskii operator Ny : L? (S L R2N ) —
Puke(L2(SY;R?N)) corresponding to dH, defined by

4 g2

N 0H(z(-))

on () VxELQ(Sl;R2N).

Recalling that OH is upper semicontinuous, we can easily check that
N,z is upper semicontinuous from L?(S*; R?") with strong topology, into

L?(SY;R*Y) with weak topology. Note that F), and N, are positively ho-
mogeneous of degree 1 and

(Fp(z),z)y = 2F,(2) 2(ql. 2N .
{(u,x)z — () VaeL?(SHRY), ue Nyg(x)
(see Proposition 3.7.4(a)). Also by virtue of Proposition 3.7.6(b), we have

allely < I @y <Blela ¢ p2(g0m2Y), we Ny (a), n > 1
~ ) ) H ) - -
@zl < [lull, < blall,

So, it follows that the sequence {F},(x)} _, is uniformly bounded on bounded
subsets of L2 (S’l; R2N).
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Now we introduce the multifunctions K, : R?Y — 2R2NXR2N, defined by

Kn(é-) ﬁ {(E?Z*) € RQN X RzN : Hg _ZHRQN <én ||€||]R2N 75* € 81{:\’(5)7

—x%

IVH,(¢) — €

R2N <eén H€||]R2N } Ve R2N, n>1.

PROPOSITION 3.7.7
For eachn > 1, K,, is Py (RQN X RQN) -valued and upper semicontinuous.
PROOF From Proposition 3.7.5, we see that

K.(6)#0 VEERY n>1.

The compactness of the values of K, and its upper semicontinuity follow easily
from the fact that OH is upper semicontinuous from R into Pj. (RzN ) (see

Proposition 1.3.9).

PROPOSITION 3.7.8
For every x € L*(SY;R*Y) and every n > 1, we can find y € L?(S*;R*Y)
and v € Nyg(y), such that
lz=ylly < enllzlly,  and  ||Npyp(a) —ull, < enllzl,.
PROOF  Invoking Proposition 3.7.7 and the Yankov-von Neumann-

Aumann Selection Theorem (see Theorem 1.2.3), we obtain (y,u) € Sf(n(w(_)).
So we have

lz=ylly < enllzll,  and  [[VHn(z) —ul, < enllll,,

with u € N,z (y). 1

PROPOSITION 3.7.9
If {zn},>, C L?(SY;R?N) is a sequence, such that

T, — x in Lz(Sl;RZN)

for some x € L?(SYR?Y),
then we can find a subsequence {n, })~, of {Tn},>, andu € Nyg, such that

Non (xnk) - u in L2(S’1;R2N),
g
for some w € L2(SY;R*Y) d.e. wlimsup {Ngz; (zn)} C N,p(2).

n
n—-+o0o k
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PROOF From Proposition 3.7.8, we know that for every n > 1, we can
find y,, € L? (Sl;R2N) and u, € N,z (yn), such that

||xn_ynH2 < EnHCCnHQ and HVHn(x)_unug < 5onnH2

It follows that
Yn — X in Lz(Sl;RmV)
and

vafn(xn)—unn2 — 0.

Note that N,z is a bounded multifunction (i.e. maps bounded sets into
bounded sets). So it follows that the sequence {u,},; € L*(SH;R?Y) is
bounded and so we can find a subsequence {un, };~, such that

Up, — u in LZ(Sl;RQN).
Recall that Gr Nz is sequentially closed in L?(S';R*N) x L2(S';R?N) .

Therefore u € N,z () and this finishes the proof. I

Consider the densely defined self-adjoint linear differential operator
A: L2(S’1;R2N) 2 Dom (4) — L2(S1;R2N), defined by

Az £ gi YV 2 € Dom (4),

where
Dom (4) L W12((0,27); R2Y) = Wh2(S;R?N).

per

Note that o(A) = Z, ker A = R?" and the normalized eigenvectors corre-
sponding to the eigenvalue k € Z are ¢y, (t) = e'*'c;, where {e1,...,ean} is
a canonical basis of R*N. Any z € L?(S; R?") has the Fourier expansion

x(t) = Zxkeikt = Z ThjPhj>

kez kez
je{1,...,2N}

with 2, € R*V, 2;; € R. Then, we set

7z 4 H%(Sl;RzN) = {x€L2(51;R2N): Z(l—i—|/€|)|oc;€|2<—|—oo}7

kEZ

equipped with the inner product, given by

(@), L 37 (14 1K) (20 i )gon -

keZ
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Let ¢: Z — Lz(Sl;R2N) be the embedding map. We know that it is
compact and then so is its adjoint i*: L? (S’l; R2N) — Z*. Let us set

G, < F,oi, G 4 Foi, E, & i*oF' oi, E ¥ i* o Nyg o
We have
1 2T
Gn(z) = 2—/An(x(t)) dt VeeZ n>1
T
0
1 27
Glz) = 2—/ﬁ(m(t))dt VreZ n>1
T
0
1 2w
(En(z),v), = %/(VHn(a:(t)),v(t))RZN it YawveZ n>l
0
1 2w
(u,v), = %/(u(t),v(t))RZN dt Va,veZ, ueE(x)
0

Exploiting the compactness of the embedding Z C L? (S L R2NV ) and the pre-
vious propositions, we can state the following result.

PROPOSITION 3.7.10
We have

(a) Gn,G: Z — R (for n > 1) are positively homogeneous of degree 2,
G, € CYZ;R), G!: Z — Z* and G: Z — R are both locally Lips-
chitz maps and

|Gn(z) — G(z)] < &, Hx||§ VeeZ n>1;

(b) E.: Z — Z* forn > 1 are positively homogeneous of degree 1, compact
and
<En(a:),a:>z = 2G, () YzeZ,

(¢) E: Z — Pype (Z) is positively homogeneous of degree 1, it is upper

semicontinuous from Z with the morm topology into Z with the weak
topology and

(u,z), = 2G(x) VYzeZ ue E(r),

(d) for any sequence {zxn},~, C Z, such that z, sz in Z, we can find a

subsequence {xp, }~, and u € E(z), such that E,, (2y,) — u in Z*;
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(e) we have

Qllzl; < Gu(z) < b||3;||2 VaeeZ n>1,
alz; < G(x) < b||x||2 VreZ,
[En (@)l 7. < bllzll, < QIIxIIZ VeeZ n>1,
L < bzl < bz, VaoeZ ue E(z).

Consider the continuous integral operator Q: C! (S’l; R2N) — R, defined
by

2

Q) & —W/(xl(t),dcg(t))RN dt V= (n1,22) € CH(SLRV).

0

We extend @ to Z (still denoted by Q). We have
Q(z) = %(Lw,@z VaoelX,

where L € L(Z; Z*) is bounded and self-adjoint. We decompose the space Z
using L. So
Z =2Vez o2°

where Z+, Z— and Z° are the positive, negative and null eigenspaces of L,
respectively. Let us also set

C’ni{meZ Gl —1} Vn>1,

C {J:EZ G(x —1}

1€

By virtue of Proposition 3.7.10(e), we see that

VxeCU( U Cn>. (3.197)

n>1

IS

Because of the homogeneity of G,, and G, the sets C,, (for n > 1) and C are
radially homeomorphic to the unit sphere in Z. Let P,: C,, — C for n > 1
be the radial projection.

PROPOSITION 3.7.11
For every n > 1, we have

2
2

2

1Pn ()2

(b) |Q(z) — Q(Pulx))] < |Q( ()| for all x € Cy.

(a) < % for all x € Cy;
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PROOF (a) Let z € (), and set v 4 P,(z) and A 4 % We have

x = M (recall that P, is the radial projection of Cj, on C). Then
0 = Gu(z) — Gw) = Gupx) — G(x) + G(z) — G(v)

and so
|Gn(z) — G(z)| = |G(z) —G(v)|. (3.198)
Note that
’G(m) - G(U)’ = ‘G()\U) - G(v)’ = ‘)\2 — 1‘ G) = |/\2 -1/, (3.199)
while from Proposition 3.7.10(a) and (3.199), we have
Ga(@) = G(@)| < eallzlly < 2. (3.200)
Combining (3.198), (3.199) and (3.200), we obtain that
‘ 2 | _ ||9C||2 _ ETn
1Pa (@)l a
(b) We have
Q@) = Q(Pa(2)| = |Q2) — Q)] = [Q(w) - Q(v)|
= N =1]1Q@)] < Z[Q(Pu@)].
[

Consider the restriction of @ on the set S, denoted by Q|s,. We know
that

<Lx,.7—"1En(gc)>Z
\V4 z) = Lz — E,(z Vaxedl,.

Here F: Z — Z* is the duality map of Z* (the canonical isomorphism since
Z is a Hilbert Space). Similarly, for every = € C, we have

<Lx7.7-"1(u)>

2(Qlc)(z) = {yEZ*: y =Lz — T Zy, ueE(x)}.
Ullz

The next proposition establishes a kind of Palais-Smale condition for Q|¢,
for n > 1.

PROPOSITION 3.7.12
If @, € Cp forn>1, {Q(zn)},>, is bounded and

V(Qle,)(zn) — 0 asn — +oo,
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then there is a subsequence {xpn, };~q of {&n}, >, such that
Tp, —  inZ

for some z € C and 0 € 9(Q|c) (z).

PROOF Let
T, = xf +a, +a° Vn>1,
with
xf ezt x, € 7,20 €2° Vn>1.

From (3.197), we have that the sequence {z,},-, C L%(SY;R?Y) is bounded.
Hence the sequence {96701}71>1 C 79 is L?-bounded and because dim Z° < +oo,
we may assume that the sequence {x%}n>1 has a convergent subsequence.
Also since by hypothesis the sequence {Q@n)}ngl is bounded, we have

—evalitl, < lell, < el e vzl

2

for some c¢1, co, c3,c4 > 0. We introduce

where .
Ly, F~ (En(zn
z, & B P (= Nz s

By hypothesis, we know that y, — 0 in Z*. Taking duality brackets with
Zn of y, (see (3.201)) and recalling that

<En(xn),xn>z = 2Gp(zn) = 2 Vn>1
(see Proposition 3.7.10(b) and recall that G,,(z) = 1 for all z € C},), we obtain
Unrxn)y; = (Lxn,xn), —2M, Vn>1

and so

1 1
|/\n| < 5‘ <L$na$n>z ‘ + ) ”yn”Z* ||$n||Z
< c¢5+cg ||$n||z Vn>1, (3.202)

for some c5,cg > 0. Also taking duality brackets of y,, (see (3.201)) with z;,
we obtain

er Il

IN

<Lx:§’$:>z

o |, + Pl 1E @)l ], Yn>1,

IN

|yl VA
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for some c; > 0. Recall that since the sequence {xn}n21 CL? (Sl;R2N) is
bounded, so the sequence { F}, ()}, ., € L*(S*;R*Y) is bounded too. Using
this and (3.202), we obtain that -

Hx:HzZ < cstoozally Vn=>1, (3.203)
for some cg, cg > 0. Similarly, we show that

|z |y < cotenlal, Va1, (3.204)

for some c19,c11 > 0. From (3.203) and (3.204) and the boundedness of the
sequence {z9} _ C Z°, it follows that

lznlly < ci2+cisllzall, Vn>1,

for some ci2,c13 > 0. So the sequence {z,},~; C Z is bounded.
Hence, passing to a subsequence if necessary, we may assume that

w .
T, — x in Z.

By virtue of Proposition 3.7.10(d), we can find a subsequence {zy,},~, of
{zn},>, and u € E(z), such that

E, (xn,) — u in Z™.
Note that
Lz,, — Lz in Z*.

Since F~! is continuous linear from Z* into Z, it follows that

La, 7~
Ank — )\ dif < 1‘, 2(U)>Z
[ullz

From (3.201) and since
Yn, — 0 in 27,
we obtain

Lz,, — Lx in Z.

Since L~ z+ and L1|;- are well-defined compact linear operators, we infer
that
Tp, — « in Z.

So in the limit, we obtain
Lx—u = 0.

Because G(z) = lim Gp,(zn,) = 1, we see that z € C and also 0 €

k—-+oo

a(Qlc) (). [
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PROPOSITION 3.7.13
If v, €Cy forn>1,

Tp, — x inZ and V(Qle,) — 0 in Z%,

then
(a) z € HY(SH RN,
(b) z(t) € S for all t € [0,27];
(c) Ji(t) € A\OH (z(t)) for almost allt € T, with A = Q(z) = lim Q(zy).

n—-+o0o

PROOF By Proposition 3.7.12, z € C and 0 € 9(Q|¢)(x) = 0. So we
have R
Lo € AE(z). (3.205)

Taking duality brackets with € C and using the fact that (u,z), = 2 for all

u € E(x) (see Proposition 3.7.10(c)) and recall that G(z) = 1 since z € C),
we infer that

1
A= Lo, = Q@) = lm Q)
From (3.205), it follows that z € W2(S1;R?Y) and satisfies Ji(t) €
MOH (z(t)) for almost all ¢ € [0, 27].
We need to show that

x(t) € §  Vtelo,2n). (3.206)

If A = 0, the conclusion is clear. So suppose that A # 0. Let z, 4 Lz—\E,(x)
for n > 1 and note that
zn — 0 in Z7%,

SO
2
(my0), = — (Jg'c(t)—wﬁn(x(t)) v(t)) it YveZ
iz 27 ’ R2N
0
Thus R
Ji = AVHy(z) =0 in L*(S%;R?Y)
and

t

/(J;ic(s)—/\Vﬁn(x(s)), a'c(s)) ds — 0 Vtelo,2n],

R2N
0
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$0
t

/ (Vﬁn(x(s)),dc(s))Rw ds — 0 asn— +o0o vt €0, 2n].
0

It follows that for any ¢t € [0, 27|, we have

ﬁn(x(t)) — /di )ds = /(Vﬁn(x(s)),;t(s))Rszs,
0 0

with the last term tending to zero as n — 400, so
H(z(t)) = H(z(0)) = ¢ Vtelo,2n].

Since x € C, we have

and so we obtain (3.206). I

Now exploiting the homogeneity of OH and Propositions 3.7.13 and 3.7.2(d),
we have an existence theorem for periodic orbits of the nonsmooth Hamilto-
nian systems (3.193).

PROPOSITION 3.7.14
If e Wh2(SHR?Y) = Wl}ef((o, 2m); R?N) is a solution of

Ji(t) € Aaﬁ(x(t)) for a.a. t € [0,27]

and A = Q(x) >
then z(t) = x ()\) is a 2w A-periodic solution of (3.193).

To establish a general existence and multiplicity theorem for the nonsmooth
Hamiltonian system (3.193), we need to develop an “index theory” with re-
spect to an S'-action, which has a nontrivial fixed point space. Then, we
shall construct critical values using a minimax principal of the Lusternik-
Schnirelmann type.

DEFINITION 3.7.2 Elements of S* will be denoted either by € R/or7
or by e

(a) A representation of the group S over Z is a family {Ty}ycq C
L(Z), such that
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(Z) TQ = idz,'
(ZZ) Tﬂ1+192 - Tﬁl o T’L92;

(iii) the function (¥,z) — Ty(z) is continuous.
(b) A representation {Ty}y.51 € L(Z) is isometric or unitary, if

ITo()llz = llell; V€S, z€2

(c) A set D
{Tﬂ}ﬂesl

Z is said to be invariant under the representation

-
CL(Z),if

Ty(D)=D VeSS

(d) A function p: Z — R is said to be invariant under the represen-
tation {Ty}yco1 C L(Z), if

©(Tyz) = ¢(z) voeS zeZ

(e) A representation {Ry}ycq1 C L(Z) of S* over R*N (or an S*-action on
R2N ) is said to be regular, if it has a trivial fived point space, i.e.

[Rﬁx:xforallﬁeSl] = z=0.

(F) A map ¢: Z — RN is said to be equivariant with respect to the pair
(T,R), if
YoTly = Rgou v oest

(g) By Mn(A;R) we denote the space of all continuous maps n: A —
R2V A\ {0}, which are equivariant with respect to (T, R).

EXAMPLE 3.7.1 For a given a = {ay,...,ay} € Z¥ an example of a
Sl-action on R2YN (~ C¥) is given by

d . .
RS (x) 4 (ew‘lﬂajl, cee emNﬂa:N) .
In this example R® is regular if and only if a1,...,an are all nonzero. Any
Sl-action on R?Y is of the form R® for some a = (ay,...,ay) in some

orthonormal basis (Peter-Weyl theorem). The set S2V~! is invariant under
any S'-action. Also if R is an S'-action on R?, then we can find an invariant
matrix B: R?2Y — R2N, such that BRyB~! is an isometric S'-action on
R2N. Moreover, any isometric S*-action on R?V, {Ry}ycgr has the matrix
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representation Ry = diag{M;,..., M}, where M; is either of order 1 and
M; =1 or is of order 2 and for some n > 1, we have

cosnt — sinnd }

M; = [sin nd cosnd

Finally, if R is an isometric action on R* and
Fix(R) £ {¢eRF: Ry =¢forallv e §'} = {0},
then k is even. 0

In our framework, there is a natural S'-action on Z, namely the time shifts.
So, we set

To(z) L 2(-+09) voes zeZ

Clearly C' and @ introduced earlier are invariant under this action. By Z°,
we denote the space of fixed points of T, i.e.

A & {ZEZ: ng:zforallﬁESl}.
We define two classes of subsets of Z:

T = {A CZ: AnZ° =10, Ais closed and T-invariant}
7. ¥ {A €T : Ais compact}.

For these classes of subsets, we can have a geometrical S'-index theory.

DEFINITION 3.7.3 For A€ T, we define

Yo (A) Y int {k € N : there exists a regular S'-action R on R2k

with My(A; R) # 0}.

As usual v,(A) = 400 if A # 0 and no such k € N can be found and v,(9) = 0.

REMARK 3.7.3 First note the similarity with the Krasnoselskii genus
(index) introduced in Section 1.5, where the compact group is {id, —id}. The
quantity v is a topological index and so it satisfies the following proper-
ties:

(a) w(A) >0 and v(A) =0 if and only if A = (definiteness);
(b) if A C B then v,(A4) < 7,(B) (monotonicity);
(c) %w(ANB) < (A) + w(B) (subadditivity);

© 2005 by Chapman & Hall/CRC



8. Ordinary Differential Equations 439

(d) if h e C(Z;Z) and hoTy = Tyoh for all 9 € ST (i.e. his an equivariant
map), then 7, (A) < v, (h(A)) (supervariance);

(e) if A € 7, then 7,(A) < +00 and there exists a T-invariant neighbour-
hood U of A, such that v,(U) = ~(A) (continuity);

(f) if 2 & Z°, then ( U T§z> =1 (normalization).
vest

For details we refer to Benci (1981). 0

In addition to the index 3, we define a relative index. For this purpose we
introduce the following class of subsets of Z:

Fi {A C Z\{0}: Ais closed and T—invariant}.

Let X C Z be a closed linear subspace invariant under the action, such that
Z9C Xt WesetY = (2@ X)l and denote by P, and P_, the orthogonal

projections onto Y and ZY respectively. Also P 4 P, +P.

DEFINITION 3.7.4 Suppose that A € T and let R be a regular S*-action
on R?2N. By Dx(A; R) we denote the set of all continuous maps h: A —
X+ xR2N | h = (hy, ha) having the properties:

(a) (0,0) & h(A);
(b) h is equivariant with respect to (T, R) in the following sense:

hTyz) = (Tyhi(2), Roha(z)) VI€S', z€Z;

(c) h(z) =(2,0) for all z€ AN Z°;
(d) P,hi =P, + K with K: A—Y compact.

REMARK 3.7.4 If X+ = Z° then condition (d) of the above definition
is automatically satisfied (with K = 0).

DEFINITION 3.7.5 Let A € F. The relative index of A with respect to
X, denoted by vor (Al X) = Y- (A), is defined by

Yor (A) T inf {k € N : there exists a regular S'-action on R2
with Dy(4;R) #0} VYV AeF.

As usual vpr(A) = 400, if A# 0 and no such k can be found and ~p,-(0) = 0.
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Now returning to our problem and denoting by P: Z \ {0} — 0Bj the
radial projection, we introduce the following items for k,n € N:

Tw(C) L {BeF: BCCp, w(PB) >k},
r.(Cc) £ {BeF: BCC, w.(PB) >k},

i .
n = £
o BGFrlcl(c ) iggQ( 2)
o L it sup Q(z).

BeTw(C) zeB

Since C and C), for n > 1 are radially homeomorphic to the unit sphere in
Z, we see that B € I'y(C,,) if and only if P,B € I';,(C). Proposition 3.7.11
implies that

lim cppn = ck Vk>1.

n—-+o0o
Moreover, note that
supQ(z) > inf Q(z) > ——— I2l3 > o
~€B ~ onz+ 2+ 1) zeCmZ+

(111 being the first positive eigenvalue of A) and so 0 < ¢ <co < ...

DEFINITION 3.7.6 For any c € R, we define

K. A {x € C: Q(z) =z, there exist z,, € C),,

such that x,, — x and V(Q|an)(9€nk) — 0}.
From this definition and Proposition 3.7.11, we have:

PROPOSITION 3.7.15
K. C C is compact.

PROPOSITION 3.7.16
If U is an open neighbourhood of K.,
then there exist ,e > 0 and ng > 1, such that

|W(Q|Cn)($)‘ >0 Vae (Q|Cn)71([c—a,c—i—a])\U7 n > ng.

Z%*

PROOF Suppose that the conclusion of the proposition is not true. Then,
we can find z,, € Cy,, ©,, € U, such that

Qxn,) — ¢ and V(Q|an)(wnk) — 0.
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By virtue of Proposition 3.7.11, the sequence {xy, },~, has a subsequence

which converges to x € K. C U, a contradiction. (0

Using this proposition and arguing similarly as in the proof of Theo-
rem 2.1.1, we obtain the following deformation-type result. For detailed
proof see Berestycki, Lasry, Mancini & Ruf (1985, p. 27).

PROPOSITION 3.7.17

If U is a S'-invariant neighbourhood of K.,

then there exist € € (0,e0) and ng > 1, such that for every n > nyg, there is
an S'-equivariant continuous map Mn: £ — Z (i.e. Tygon, =mn, 0Ty for all
¥ € St), such that

(a) if AeT(Cy), then n,(A) € T(Ch);
(b) nn(z) =z for all x € (Q|cn)7l((—oo,c — g0] U [c + €0, —I—oo));
(c) 7 ((Q|cn)71( — 00, ¢+ €]) \U) C (Q|cn)71 ((—o0,c—¢]).

Using this deformation result, we can establish that {c},~, is a sequence
of critical values of Q|c and estimate the 7;-index of the set K., .

PROPOSITION 3.7.18
We have

(a) K., #0 for each k € N;

(b) If for some k,m > 1, we have ¢, = cpy1 = ... = Cpym—1 = ¢, then
Yo (Ke) > m.

PROOF (a) Let

K., 4 {x € Cp: Q(x) = cky and V(Q|cn)(x) = 0}.

Using standard arguments we show that K., , # 0 for all k,n > 1 (see
Berestycki, Lasry, Mancini & Ruf (1985, Theorem 8.8, p. 269)). Since ¢t , —
ck as n — 400, it follows that K., # () (see Proposition 3.7.12).

(b) Now suppose that for some n,m > 1, we have ¢, = ¢p, = ... = Cpgm—1 =
c¢. From the compactness of K. (see Proposition 3.7.15) and property (e) of
the index 7, (see Remark 3.7.3), we can find a S!-invariant neighbourhood U
of K., such that

T (U) = (Ke).
Invoking Proposition 3.7.17, we can find € € (0,e9) and ng > 1 as postulated
by that result. Because ¢y, — cr as n — 400, we can take n > ng large
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such that
|ckyim —c| < e Vie{0,1,...,m—1}.

Let 1, be the S'-equivariant deformation postulated by Proposition 3.7.17
and let A C I'yym—1(Cy), such that sup Q(A) < c+ ¢ (recall the definition of
Ck+m—1 = ¢). Then

1 (A\T) € (Qle,) ™ (=00, ¢ — £0]).

It follows that Yy, (7, (A\ U)) < k and so v, (A \ U) < k (see Remark 3.7.3).
But we know that

Yor (A) — 7 (U) < Yor (A \ U)
(see Berestycki, Lasry, Mancini & Ruf (1985, p. 260)). So we obtain

’yb(U) > ’ybr(A)—’be(A\U) >k+m—-1—k = m-—1

and so
w(Ke) > m.

Now let A: L?(S1;R?N) — L2(S'; R?N) be defined by
Az)(-) = Qz() Ve L?(SHRW).

Also let A: Z — Z* be defined by A A i*oAoi and let ... < p_g <
o1 < po=0<p < pe <...be the eigenvalues of Lz = pAz. In obtaining
the multiplicity result for the periodic orbits of our nonsmooth Hamiltonian
system, the relation between ¢ and py is crucial.

PROPOSITION 3.7.19
We have
Bue < e < Vup  Vk>1

PROOF Let )
c¥ {ZEZ: §<Az,z>zzl}

and let P: C — C be the radial projection onto C. Let z€ C and Az € C
with A > 0. We have

1 1
— <A< -
vy oo T B
Let Ac F,ACC. IfzeAand)\zeﬁ(A), we have

1

Q02 < 1°Q0e) < 97 swp Q

B(A)

Qz) =
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and so
sup@Q < A2 sup Q. (3.207)
A B(A)
Similarly, we also have that
B2 sup Q < supQ. (3.208)
P(4) A

Now note that A € ['y(C) if and only if P(A) € Ti(C). So from (3.207)
and (3.208), it follows that

Bue < e < VP VE>1

[

We shall also need some lower bounds for the periods of the solutions of some
relevant differential inclusions. So let b > 0 and set S, = R/ b7, We consider

b
T = [0,b] and L?(T; R*) with the inner product (z,y), g J (@), y(t)) g dt.
0

LEMMA 3.7.3 ,
If € H'(Sy;R*) and y € L*(T;R*) with [y(t)dt =0,
0

then b ||, [yl > 27| (@, y), |-

PROOF From the Wirtinger inequality (see Remark 1.1.11), we have

2m [lylly < b, -

b
Let v € R* be such that [ (2(t) —v) dt = 0. Then, we have
0

b .
[(z,9)o | = [{@—vy)s| < llz—vlylyl, < 2 122 11l -

PROPOSITIO%V 3.7.20
If V:RF — 287\ {0} is a multifunction, A € L (R*) and

(u, A > [lul®  VEER", ueV(E),
then if x € H*(Sy; R¥) is a solution of

i(t) € V(x(t)) for a.a.te [0,b],
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we have that ||A — A*||, > 4T.

PROOF Note that

b
/(A*x(t),o'c(t))Rk dt =
0

and so

Npr dt = — [ (&(t), Az(t)) g, dt

o ..
—~
8
=
=
o— ..

(#,(A—A"z), = 2(i, Az),
Let u € S‘Z,(w(,)) be such that
i(t) = u(t) € V(x(t)) fora.a.tel0,b].

Using our hypothesis on A and V', we have
b
(i, (A~ A%z 2/ e dt > 2|ul; = 2]jz]5.  (3.209)
0

Because of Lemma 3.7.3, we obtain

blially |(A =A%z, 2 2w (E, (A = A")a),|.

2

so from (3.209), we have

. * . .12
blllly A=A llEl, = 4m ]

and
bl|[A— A", > 4.

PROPOSITION 3.7.21
If Hy: R2N —— R is a locally Lipschitz function for which there exists n > 0,
such that

(U, )y = Nléllzen ¥ EER™, ue dH (E)

and x € H'(Sy; R?N) = le,er (T;R*N) is a nontrivial b-periodic solution of
Ji € 0Hq (ﬁ),
then b > 2mn.

PROOF  Apply Proposition 3.7.20 with V & —JoH, and A% —15. [
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PROPOSITION 3.7.22
If Hy: R2N — R is a locally Lipschitz function, Hq(x) > 0 for all x # 0,
H; is positively homogeneous of degree 2 and there exists o > 0, such that

(u:Ezon 2 ollvlgan Y EES =Hi (1), u,v € IH(),
then for every x € H* (Sb; R2N) =H! (T; R2N) nontrivial b-periodic solution

per
of Ji € OHy(x), we have b > o>

PROOF By virtue of the homogeneity of Hi, we have
(u,E)gen = 2 VEES, ue dH (E).

So, we have

gllullﬂw <1 VéeS uedH ().

Note that dH; is positively homogeneous of degree 1. So
o 2
(U’af)RQN > 7 ”U”R?N v 6 S RzNa u,v € 8H1(£)

Hence, we can apply Proposition 3.7.21, with 5 4 9—22 and conclude that b >

mo?. [

We note that if z € Z is a critical point of Q|c, then zj(t) 4 z(kt) for k > 1
are critical points with Q(zx) = kQ(z). But all these points zj give rise to
the same orbit on the prescribed energy surface S = H ~1(1). Moreover, if
Z is a critical point with minimal period 2%, then z(t) = Z (%) is a critical
point having minimal period 27 and z = 2. We call z the primitive critical
point corresponding to z. Let [ € N be the number of equivalence classes of

the set {w1,...,wn} in R/Q. Thus, relabelling wy, we assume that elements
w1,...,wn are ordered as follows
1 12 2 ! 1
Wiy ee e s Wy s Wy oo Wy v W Wy

with wf € RY, py 4+ ... +p = N and w} = nlw’, n} € Nfor j € {1,...,p},
where w? is defined as the largest positive real number satisfying the last

equality (i.e. w' is the largest common integral divider of the {wi,... ,w;)i ).
Note that :’—; ¢ Q for all i # j. Also, let

5 @ L wi?
= min —r,
T e 22
nw' 1 ) .
52d:fmin - —1:1<nm<1l+—, 1<i#£j<I, nw'">mw ;.
mw? 01
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Because % ¢ Q for all i # j, we see that 63 > 0. Then, we define
1) i min{51,52} > 0.

Consider the critical levels of Q|5 given by {g . 7§—f} For the positive

ol

eigenvalues {/i;},~,, we have that

e = inf  sup Q(z) VE>1
BeT(C) 2€B

(see Berestycki, Lasry, Mancini & Ruf (1985, p. 267)). So m; critical lev-
els of minimax type coincide with g—f for i € {1,...,l}. Then by virtue of
Proposition 3.7.19, there are m; critical levels of Q|¢ in I; A {g—f, 3—2,} for
1€{1,...,1}. Let

d . o - .
U; ¥ {z € C': z is a primitive critical point

of Qlc, z(jt) € I; for some j € N.}

LEM]\%[A 3.7.4
If (%) <146, then cardU; > m; fori € {1,...,1}.

PROOF By virtue of Proposition 3.7.18(b), if two or more critical levels
coincide, then the corresponding critical set has ~,-index greater or equal 2.
So there are infinitely many distinct closed (i.e. periodic) orbits on S. So, we
may assume that there are m; distinct critical levels in I;. Let z1,..., 2, be
the corresponding primitive critical points. We have

5(t) = % (-) Vie{l,...,m)

Recall that to z; corresponds a i—’;Q(gj)-periodic solution of (3.193) (see
Proposition 3.7.14) and so by Proposition 3.7.22, we have

Lo s .
h—Q(ZJ) > 7 Vj S {1,...,mj}.
J

d ~ . 2
Let ¢ £ Q(zj) Since 22, < %, we have

w;o? =
2 2 1
c < T < 6—92(14——),
Wi

&,
o°h D 5

2 J

IN

hence h; < % + 1. Now, we show that the primitive critical points
{#z1,...,2m,} are all distinct. Indeed, if this is not the case, we would have
w = zj = 2z, for some 1 < j <r <my,ie.

w(h;it) = Z;(t) and w(hyt) = Z.(1),
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for some h; < h, < %—i—l. So

1 h; hiv?
— < QF) = hRw) = 2QE) < —
w; = Q( J) JQ( ) th( T) — hrﬂzwj
and so L
2 = +1
Y hy o 01 +
) Z 7 2 > =1 + 51)
52 h] hrfl %
a contradiction to our assumption. I
We have found [ sets Uy, ..., U; of primitive critical points corresponding
l
to the [ families wy,...,w;. Because Y m; = N, the next lemma will lead us

i=1
to the multiplicity theorem.

LEMMA 3.7.5
We have
unu; =10 Vi j.

PROOF  Suppose that the lemma is not true and let w € U;NU; for some
i # j. There exist z € Q71(I;) and § € Q~'(I;), such that

o =+() = ().

for some h, k < 5- + 1 (see the proof of Lemma 3.7.4). Recall that

QW) = 1Q() € 11 and Q) = %Q(@) e 11,
So, we have hI N I # (. On the other hand, assumlng “> > 1 and using

the inequality 2 @ < 1+ 4, we obtain

kuw? 2
- > 140y > —
hot = + 02 B2

=2

From this it follows that
1 2 2 1 2 2
e 5 Bl B -0

wl wd
a contradiction. I

So now we are ready for the multiplicity result for periodic orbits of the
nonsmooth Hamiltonian system (3.193).
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THEOREM 3.7.2

If hypotheses H(H) hold,

then there is a constant 6 > 0, such that g—z <1+ and (3.198) has at least
N periodic orbits on S = H~1(1).

3.8 Remarks

3.1 During the last decade a great deal of attention was given to various
separated two-point boundary value problems involving the so-called ordi-
nary p-Laplacian. The Dirichlet problem, which is of course easier to deal
with, was examined by many authors. Indicatively, we mention the works
of Addou (1999), Boccardo, Drébek, Giachetti & Kucera (1986), De Coster
(1995), del Pino, Elgueta & Mandsevich (1988, 1991), del Pino & Mandsevich
(1991), Drébek & Robinson (1999), Mandsevich & Mawhin (2000), Mawhin
(2000), Mawhin & Urefia (2002), Otani (1984a), Wang, Gao & Lin (1995),
Yang & Guo (1995), and Zhong (1997). Besides existence theorems, in the
aforementioned works, we find multiplicity results (see De Coster (1995)),
results on the existence of positive solutions (see De Coster (1995), Yang
& Guo (1995)), eigenvalue problems (see Addou (1999), Boccardo, Drébek,
Giachetti & Kucera (1986), del Pino, Elgueta & Mandsevich (1988), Otani
(1984a)), comparison results and Sturmian theory (see del Pino, Elgueta &
Mandsevich (1991), del Pino & Mandsevich (1991)), problems with right-
hand side nonlinearities depending also on 2’ (see Mandsevich & Mawhin
(2000) Mawhin & Urena (2002)). Soon thereafter the p-Laplacian map
op(x (Hx ||]R N ( ) was replaced by a one-dimensional possibly nonho-
mogeneous operator ¢. We refer to the works of Dang & Oppenheimer (1996),
Guo (1993), Garcia Huidobro, Mandsevich & Zanolin (1993), Mandsevich
& Mawhin (2000), Mawhin (2000), O'Regan (1993) and Ubilla (1995a).
Second order multivalued Dirichlet problems were first studied by Erbe &
Krawcewicz (1991a, 19910), Frigon (1990, 1991, 1995), Halidias & Papageor-
giou (19984, 2000a), Kandilakis & Papageorgiou (1996), Pruszko (1984) (semi-
linear problems, i.e. p = 2, with no maximal monotone term A) and Matzakos
& Papageorgiou (2001) (nonlinear problems with an operator A of the sub-
differential type, F' independent of 2’ but a depending also on z).

3.2 The periodic problem presents more difficulties. The kernel of the differ-
ential operator is nontrivial and the Poincaré inequality is no longer true. We
only have the Poincaré-Wirtinger inequality valid in the topological comple-
ment of the kernel of the p-Laplacian. The main contributions in this direc-
tion were made by Mawhin. More precisely, the following papers deal with
the periodic problem using a variety of tools: Dang & Oppenheimer (1996),
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del Pino, Mandsevich & Murda (1992), Fabry & Fayyad (1992), Guo (1993),
Gasiniski & Papageorgiou (2002a, 2003b), Kyritsi, Matzakos & Papageorgiou
(2002), Manésevich & Mawhin (1998), Mawhin (1979, 1993, 1995, 2000, 2001),
Mawhin & Urena (2002) and Papageorgiou & Papageorgiou (to appear). In
these works the approach is degree theoretical and only in Gasiniski & Papa-
georgiou (2002a, 2003b) and Papageorgiou & Papageorgiou (to appear), the
solution method is variational based on the nonsmooth critical point theory
since the potential function is only locally Lipschitz in & € RY and not C'.
Multiplicity results can be found in the works of del Pino, Mandsevich &
Muruia (1992), Gasinski & Papageorgiou (2002a, 2003b). Eigenvalue prob-
lems and a comprehensive study of the spectral properties of the ordinary
p-Laplacian with periodic boundary conditions can be found in the paper of
Mawhin (2001). Periodic problems with the nonlinearity satisfying Hartman
and Nagumo-Hartman conditions were investigated by Mawhin (2000) and
Mawhin & Urena (2002) respectively. Extensions to multivalued problems
with a maximal monotone term A were obtained by Gasiriski & Papageorgiou
(20034, 2003b), Papageorgiou & Papageorgiou (20044, submitted). Our pre-
sentation in this section is primarily based on the paper of Papageorgiou &
Papageorgiou (submitted).

3.3 Nonlinear boundary conditions were first considered in the context of
semilinear (i.e. p = 2) problems. We refer to the works of Thompson (1996)
(single-valued problems) and Erbe & Krawcewicz (1991b), Halidias & Pa-
pageorgiou (19984, 2000a), Kandilakis & Papageorgiou (1996), Palmucci &
Papalini (2002) (multivalued problems). Nonlinear problems involving the
p-Laplacian or generalizations of it can be found in the works of Gasinski &
Papageorgiou (2003¢), Halidias & Papageorgiou (2000a), Kourogenis (2002),
Matzakos & Papageorgiou (2001), Papageorgiou & Papageorgiou (20044, sub-
mitted), Papageorgiou & Yannakakis (1999).

3.4 The periodic problem has been approached using primarily degree the-
oretic methods (see e.g. the works of Mandsevich & Mawhin (1998, 2000),
Mawhin (2000, 2001) and the references therein). Variational techniques can
be found in the works of Ahmad & Lazer (1984), Fonda & Lupo (1989),
Gasinski & Papageorgiou (2002a, 2003b), Ma & Tang (2002), Mawhin (2000),
Mawhin & Willem (1989), Papageorgiou & Papageorgiou (to appear), Pa-
pageorgiou & Yannakakis (1999), Tang (1998a, 1998b, 1999), Tang & Wu
(2001b), Wu & Tang (1999). From these works, only Gasinski & Papageorgiou
(20024, 2003b) and Papageorgiou & Papageorgiou (to appear) deal with prob-
lems driven by the ordinary p-Laplacian (p > 1) and having a nonsmooth po-
tential. The rest consider the semilinear problem (i.e. p = 2) and assume that
the potential is a C''-function. Subsection 3.4.1 is primary based on the work
of Papageorgiou & Papageorgiou (to appear). The results of Subsection 3.4.2
on the existence of homoclinic to zero solutions appear to be new. In the past
the issue of homoclinic solutions was addressed in the context of semilinear
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problems. The only nonlinear work in this direction is that of Ubilla (19950).
Our proof is modelled after the approach of Rabinowitz (1990) who was the
first to use variational methods for homoclinic solutions. Recently Hu & Pa-
pageorgiou (submitted) obtained positive homoclinic solutions for a nonlinear
periodic problem with nonsmooth potential, extending and improving an ear-
lier work of Korman & Lazer (1994). Similarly the results of Subsection 3.4.3
are also new. The Landesman-Lazer type condition (LL); was used by Tang
(1998¢) (in a smooth context, i.e. G; = G2), while condition (LL)s can be
found in Goeleven, Motreanu & Panagiotopoulos (1998) and is a natural ex-
tension to the present nonsmooth (hence multivalued) setting of the classical
Landesman-Lazer condition (see Landesman & Lazer (1969/1970), Lazer &
Leach (1969) and Mawhin & Willem (1989)). The results of Subsection 3.4.4
on the existence of multiple periodic solutions can be found in Gasinski & Pa-
pageorgiou (2003¢). Additional multiplicity results for nonlinear nonsmooth
problems can be found in Gasinski & Papageorgiou (2002a), Papageorgiou
& Papageorgiou (to appear), Papageorgiou & Yannakakis (2004). Another
work on multiplicity periodic solutions for problems involving the ordinary
p-Laplacian but with a smooth potential is that of del Pino, Mandsevich &
Murtda (1992). Their approach uses degree theory and the right hand side
nonlinearity f(¢,£) is jointly continuous. Their conditions on f also require
that asymptotically there is no interaction between the nonlinearity and the
Fucik spectrum of the ordinary scalar p-Laplacian. Subsection 3.4.5 extends
a corresponding semilinear, smooth result of Mawhin & Schmitt (1990). Sub-
section 3.4.6 is an application of the abstract theory developed by Kourogenis,
Papadrianos & Papageorgiou (2002). Finally Subsection 3.4.7 is based on the
paper of Papageorgiou & Papageorgiou (submitted) and presents a new use of
the “Second Deformation Theorem”. It remains an interesting open question
whether this result can be extended to “nonsmooth” problems.

3.5 The method of upper-lower solutions was first introduced by Perron
(1923), who used the so-called “sub-harmonic functions” in potential the-
ory. Later Nagumo (1942) used upper and lower solutions to study second
order differential equations with Dirichlet boundary conditions. Since then
many authors have used this method primarily in the context of single-valued
differential equations with linear boundary conditions (Dirichlet, Neumann,
Sturm-Liouville or periodic). We refer to the books of Gaines & Mawhin
(1977), Heikkila & Lakshmikantham (1994), Kuzin & Pohozaev (1997) and
the papers of Cabada & Nieto (1990), Erbe (1982), Fabry & Habets (1986),
Frigon (1990), Gao & Wang (1995), Granas, Guenther & Lee (1985), Nieto
(1989), Omari (1986), Papageorgiou & Papalini (2001), Rachunkova (1999)
and Wang, Cabada & Nieto (1993). The method was extended to multival-
ued problems by Frigon (1991, 1995), Frigon & Granas (1991), Halidias &
Papageorgiou (1998¢), Palmucci & Papalini (2002) (semilinear problems) and
Bader & Papageorgiou (2002) and Douka & Papageorgiou (submitted). Our
presentation here is based on the work of Douka & Papageorgiou (submitted).
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8. Ordinary Differential Equations 451

3.6 The use of fixed point theorems on cones (such as Proposition 3.6.1) in
order to obtain solutions of constant sign can be traced in the study of ra-
dial solutions for semilinear elliptic equations on an annulus. We refer to the
papers of Garaizar (1987), Wang (1994) and the references therein. Earlier ap-
proaches to the subject involved the shooting method, see Bandle, Coffman &
Marcus (1987), Coffman & Marcus (1989) and the book of Kuzin & Pohozaev
(1997). The fixed point method was then adopted to deal with the prob-
lem of existence of multiple positive solutions for two-point boundary value
problems. We mention the works of Erbe, Hu & Wang (1994), Erbe & Wang
(1994), Fink & Gatica (1993), Ma (2000) (semilinear problems) and Agarwal,
Lii & O’Regan (2002), Wang (2003) (nonlinear problems). The method was
extended to differential inclusions by Erbe & Krawcewicz (1991b), who for
this purpose established the compression-expansion type fixed point result for
multifunctions on cone, stated in Proposition 3.6.1. Analogous single-valued
results can be found in the books of Denkowski, Migérski & Papageorgiou
(2003a) and Guo & Lakshmikantham (1988). Our presentation here is based
on the paper of Filippakis, Gasiiiski & Papageorgiou (to appearbd), which im-
proves the work of Erbe & Krawcewicz (1991b). The second method presented
in this section is based on Proposition 3.6.2, which is a range result for sums
of nonlinear operators of monotone type and is due to Gupta & Hess (1976).
An analogous method based on accretive operators can be found in Calvert
& Gupta (1978) and Li & Zhen (1995). Our presentation here is based on the
work of Kourogenis & Papageorgiou (1998b).

3.7 The problem of existence and multiplicity of periodic trajectories of a
Hamiltonian system on a given energy surface has attracted the interest of
many mathematicians. Rabinowitz (1978a) and Weinstein (1978) proved the
existence of at least one periodic trajectory under certain smoothness and con-
vexity conditions on the Hamiltonian function H. Ekeland & Lasry (1980)
proved a global multiplicity result under the assumption that @ = I and
the sublevel sets of H are convex. Their result was improved by Ambrosetti
& Mancini (1982). These works were eventually extended and unified by
Berestycki, Lasry, Mancini & Ruf (1985), who assumed more general geomet-
ric conditions on the energy surface ¥ = {5 eRN . H(¢) = c}. In all these
works H is at least C2. Fan (1992) extended the work of Berestycki, Lasry,
Mancini & Ruf (1985), by assuming that H is only locally Lipschitz (hence
the Hamiltonian equation becomes a Hamiltonian inclusion). The approach
of Fan is based on the approximation result presented in Theorem 3.7.1. This
result was actually used earlier by Barbu (1984) to obtain necessary condi-
tions for nonsmooth optimal control problems. The result proved also to be
useful in other contexts such as obtaining solutions for first order systems
using nonsmooth guiding functions (see Filippakis, Gasiriski & Papageorgiou
(to appeara)). Our presentation is based on the work of Fan (1992).
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Chapter 4

Elliptic Equations

This chapter is devoted to the study of nonlinear elliptic equations. We con-
centrate on problems in which the potential function is not necessarily smooth.
This introduces a multivalued feature in the problem and requires a differ-
ent approach based on new analytical tools. Prominent among them is the
nonsmooth critical point theory (see Chapter 2) and the methods and tech-
niques of multivalued analysis, nonsmooth analysis and nonlinear operator
theory (see Chapter 1). We examine different methods for the analysis of
nonlinear elliptic equations, such as the variational method (i.e. the energy
method within Sobolev spaces), the method of upper and lower solutions, the
method of nonlinear operators of monotone type and the maximum princi-
ple method to produce solutions of constant sign. In Section 4.1 we consider
problems at resonance. Such problems were first studied by Landesman-Lazer
for equations driven by the Laplace differential operator and with a smooth
potential. They introduced a “classification” of resonant problems depend-
ing on the rate of growth of the right hand side nonlinearity and a sufficient
(and sometimes also necessary) condition involving the asymptotic values at
+00 of the nonlinearity and which since then is known as “(LL)-condition”.
Here we introduce a new (LL)-type condition which we show generalizes all
previous ones existing in the literature. Using a variational approach and
the generalized (LL)-condition, we solve a resonant elliptic equation involv-
ing the Laplace and a nonsmooth potential. Then we pass to resonant non-
smooth problems driven by the p-Laplacian and allow the nonsmooth potential
asymptotically at +0o0 to cross in a certain sense A; > 0, the principal eigen-
value of (— A, Wyt (Q)). This, combined with the lack of full knowledge of
the spectrum of this operator, creates serious difficulties, which require new
tools based on the Lusternik-Schnirelmann theory. In the last part of this
section we examine a variational-hemivariational inequality, in particular an
obstacle problem with a nonsmooth potential. Using the nonsmooth criti-
cal point theory for convex perturbations of locally Lipschitz functions and
(LL)-conditions, we prove the existence of solutions. In Section 4.2 we study
Neumann problems for equations driven by the p-Laplacian. In the first part
of the section we discuss the spectrum of ( — Ay, Wl’p(Q)), while in the second
part we study homogeneous and nonhomogeneous Neumann problems with
nonsmooth potential. Our analysis is based on variational methods which
employ the nonsmooth critical point theory. In Section 4.3 we examine a

453

© 2005 by Chapman & Hall/CRC



454 Nonsmooth Critical Point Theory and Nonlinear BV Ps

generalized Dirichlet problem with an area-type term. The appropriate space
for the analysis of this problem is the space of functions of bounded variation
on {2, which we examine in the first part of the section. In addition for the
needs of the variational problem, we developed an equivariant version of the
critical point theory in Section 2.5. In Section 4.4, we study nonlinear elliptic
equations which are not in variational form. So our approach changes and
uses the theory of nonlinear operators of monotone type and the multivalued
Leray-Schauder alternative principle. In Section 4.5 we continue with non-
linear problems of nonvariational nature. Now the problems are approached
using the method of upper and lower solutions. The presence of multival-
ued terms in the equations complicates things and requires a more involved
argument. We also prove a theorem establishing the existence of extremal so-
lutions in the order interval determined by the ordered pair of upper and lower
solutions. In Section 4.6 we look for multiple solutions for elliptic problems.
We start with semilinear equations with a nonsmooth potential and resonant
at higher eigenvalues. Our hypotheses allow for “double-double resonance”
(at 0 and at +00) and our approach is based on a nonsmooth variant of the
“reduction method”, which we develop. Then we consider nonlinear equations
involving the p-Laplacian. To deal with this case, we prove a result relating
local minimizers in CZ(€) and in Wy *(2) for a nonsmooth functional. In our
analysis we also use maximum principle techniques. In Section 4.7 we look
for solutions of constant sign (in particular positive solutions) of equations
driven by the p-Laplacian and having a nonsmooth potential. Using a com-
bination of the method of upper-lower solutions with variational techniques,
we prove multiplicity results. Finally, in Section 4.8 we examine nonlinear
equations with a discontinuous nonlinearity. We insist on the single-valued
interpretation of the problem and prove existence and multiplicity results.

4.1 Problems at Resonance

In this section we study semilinear and nonlinear elliptic problems at res-
onance and with a nonsmooth potential. The study of resonant problems
started with the seminal work of Landesman & Lazer (1969/1970), who pro-
duced sufficient conditions (which in certain circumstances are also necessary)
for the existence of solutions for some “smooth” semilinear Dirichlet problems.
These conditions involve the asymptotic values at +co of the right hand side
nonlinearity (i.e. of the derivative of the potential) and are since known as
“Landesman-Lazer conditions.” Let us try to explain further the situation and
motivate the analysis that follows, using the classical semilinear C*-framework
of Landesman & Lazer (1969/1970).

© 2005 by Chapman & Hall/CRC



4. Elliptic Equations 455

4.1.1 Semilinear Problems at Resonance

So let 2 C RY be a bounded domain and f: R — R a continuous function.
Consider the following semilinear Dirichlet problem:

{—Aaz(z) = f(z(2)) fora.a. zeQ, (4.1)

I|()Q = 0.

In order to produce results concerning the existence and multiplicity of so-
lutions for problem (4.1), we need to know the asymptotic behaviour of the
nonlinearity f. First Landesman & Lazer (1969/1970) and since then many
works have assumed that the nonlinearity f is asymptotically linear at infinity.
This means that

So we can write

f@) = AC=h(©), with  lim # = 0.

If A\ = X\ (an eigenvalue of ( — A, H}((2))), we say that problem (4.1) is
resonant at infinity. In fact there are several degrees of resonance at infinity
depending on the rate of growth of h. More precisely, the smaller the rate of
growth of h, the “stronger” the resonance. Actually, we can distinguish the
following three cases:

(a) h(¢) — hy as ¢ — %00, with (hs,h_) # (0,0).

¢
(b) lim A(¢)=0and lim h(s)ds = fo0.

¢
(¢) lim A({)=0and lim h(s)ds =& € R.

The last situation is usually called “strong resonance” and is of special
interest because it exhibits a certain lack of compactness. The Landesman-
Lazer type conditions are a crucial tool in the analysis of resonant problems.

In this section we study resonant (including strongly resonant) elliptic equa-
tions, both semilinear and quasilinear (driven by the p-Laplacian) with a non-
smooth potential function (hemivariational inequalities).

Let Q@ € RY be a bounded domain with a C'-boundary 09, let Az be
the k-th eigenvalue of (— A, H}(2)) and let j(z,-) be a locally Lipschitz
potential function with dj(z,-) being the generalized subdifferential (see Def-
inition 1.3.7). We start with the following problem:

{ —Az(z) — Mpa(z) € 9j(z,2(z)) for a.a. z € Q, (4.2)
x|aQ =0.
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In what follows by {A,},~; we denote the sequence of distinct eigenvalues of

the operator (— A, H3(€2)). From Theorem 1.5.3, we know that A, — +00
as n — +00. Also there is an orthonormal basis {un},>; C L?(€2) with

u, € HYH(Q) NC>=(2) N CH(Q) which are eigenfunctions corresponding to the
cigenvalues {\}, ~,. Moreover, the sequence {\/Lrun}n>1 is an orthonormal

sequence of H}(R). For every integer m > 1, let E()\,,) be the eigenspace
corresponding to the eigenvalue \,,. We set

X1 L @ B Ym>1

i=m-+1

We have the following orthogonal direct sum decomposition:

H Q) = Xpn1® X2 & Xpr1.
Also we set

W £ X, 10X and Vi, £ X0 @ X1 VYVm>1
Our hypotheses on the nonsmooth potential function j(z, ¢) are the following;:
H(j)r j: Q@ xR — R is a function, such that
(1) for every ¢ € R, the function
Q32— 42,0 €eR

is measurable and j(-,0) € L*(Q);

(79) for almost all z € §, the function
R>¢—j(z¢) eR

is locally Lipschitz;
(#97) for all M > 0, there exists apr € L*(Q2), such that

lu] <am(z) foraa. zeQ, al|¢| <M and all u € 9j(z,();

(iv) lim < =0 uniformly for almost all z € Q and all u € (2, ¢);

[¢|—+o0
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4. Elliptic Equations 457

(v) there exist two functions j+ € L(2), such that for almost all
z € Q, we have

je(z) = liminfj(zT’O and j_(z) = limsup

{—+oo (—+oo

i(z0)

and

/ (j+(2)z*(2) —j_(2)27(2))dz > 0 VaeX

Q

REMARK 4.1.1 Hypothesis H(j)1(v) is the generalized Landesman-
Lazer condition. Later in this section we shall compare it with other conditions
existing in the literature. Recall that

r¥ = max{z,0} and 2z~ = max{—z,0}.

We introduce the energy functional p: H3(Q2) — R, defined by

o) L 319l - F el - [ i(a(2) de

Q

From Theorem 1.3.10 and Proposition 1.3.17, we know that ¢ is locally Lip-
schitz.

PROPOSITION 4.1.1
If hypotheses H(j)1 hold, then ¢ satisfies the nonsmooth PS-condition.

PROOF  We consider a sequence {z,},~; C H(), such that
lo(zn)] < M1 Vn>1,
for some M; > 0 and
m¥(x,) — 0.

Let 23, € Op(xy) be such that m?(zn) = |[2}llg-1(q), » = 1. This is
possible because the set dp(x,) € H~1(Q) is weakly compact and the norm

functional is weakly lower semicontinuous. Let A: H}(Q) — H~(Q) be
defined by

(A@).9) gy 2 / (Va(2), Vy(2))gn d= ¥ .y € HY(S).
Q
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The operator A is monotone, hence maximal monotone (see Corollary 1.4.2).
For every n > 1, we have

xy = Alxn) — Agxn — up Vn>1,

n

with u} € L?(Q) and u}(2) € 9j(z,2n(2)) for almost all z € Q (see Theo-
rem 1.3.10).

We claim that the sequence {z,}, -, C Hg(f) is bounded. Suppose that
this is not true. Then, passing to a subsequence if necessary, we may assume
that

[@nllgrq) — oo
Let us set

df T,

Yn Vn>1.

B ”anHl(Q)

Evidently ||yn || z1(qy = 1 and since the embedding HE () C L?(Q) is compact,
by passing to a subsequence if necessary, we may assume that

Yn —=y  in HE(Q),
Yo —y  in L2(Q),
yn(2) — y(z) for a.a. z € Q,
|yn(z)| < k(z) for a.a. z€ Qand alln > 1,

with k € L?()+. From the choice of the sequence {z,}, -, C H(Q), we
have that -

| <$25U>Hé((2) } < én ||U||H1(Q) Voe H&(Q)v (4.3)

with €, \, 0, so

/(Vyn,Vv)RN dz—)\k/ynvdz—/Lvdz
A 2 2 ||9Cn||H1(Q)

v 1
W@, o HY(Q). (4.4)

— n
||9Cn||H1(Q)

Note that hypotheses H(j)1(ii¢) and (iv) imply that for almost all z € Q, all
¢ € R and all u € 9j(z,(), we have that

lul < a(z) +2lc],

with @ € L™ (Q), € > 0. So we have

L@(yn—y)&)dz < /(ﬁﬁm(z)l) (yn =) (2) dz,
Q

2 ||33n||H1(Q) ||33n||H1(Q)
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with the right hand side tending to zero as n — +4oco. If in (4.4), we set
v =1y, —y € HF(Q) and use the above convergence, we obtain

lim | (A(yn), yn — y>Hé(Q) — Ak /yn(Z) (yn — y) ()dz| = 0.

n—-+oo
Q

Evidently

/yn(Z)(yn —y)(z)dz — 0.

Q
Hence

lim (Ayn), v~ W) = O

Because

Alyn) = Aly) in HH(Q),
we have that
(A(yn), yn>Hé(Q) — (A(y), y>Hé(Q) )

hence
IVynll, — IVl

Since

Viyn — Vy in LZ(Q;RN),
it follows that

Vyn — Vy in LZ(Q;RN)

(Kadec-Klee property) and so we conclude that
yn — y in Hg(Q).
We consider the decomposition
Yn = TntYntn  Yn21,

with o N
Y, € X1, yg S X,g and U, € Xg+1 Vn>1.
Using in (4.3), as a test function v = —7,, + 3% + 7, € H3(Q), we obtain

[ (T2, (95,4 9+ 52) ()
Q

Y / 20 (2) (= T + 10+ Tn) (2) d
Q

—/un<z>(—yn+y2+§n)<z>dz
Q
< el =T 90 + Ul < 3ens
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SO

. / (Van(2), (-VE, + vl + Vi,) (2)) g
onllca |4

_/\k/xn(z)( — T+ 22 +73,)(2) dz

/ —En—l—xg—i—fn)(z)dz < 3en. (4.5)
HanHl(Q)

Also, if in (4.3), we use as a test function v = 2, we obtain

e (2 g A TP
H$7’L|‘H1(Q) HanHl(Q)
But recall that 5 5
IVanlly = Mellanll;  ¥n=1
So we infer that )
Un\z
li 2 20%(2)dz = 0. 4.6
) Teallm ™" o

From the variational characterization of the eigenvalues of ( — A, H}()) (see
Theorem 1.5.3), we have

IVZullgiqy < MetlFulls and  [[VE.]3 > Mewa[Eal} Vo> 1.

Using these inequalities and the orthogonality relations among the subspaces
Xk 1, Xk and Xk+1, we obtain

/ (Van(2), (= VEn + V2% + VE,) (2)) o d
Q
= = Va5 + [|V23[; + [ VEnl3

and

— / 2n(2) (= T 420 +80)(2)dz = Ao [Zallz = e [|2][2 = Ak |22
Q

2 o2 Mk ~ 2
_ ||Vxn||2 " Nt IVZ,]5.
So we can write that

/ (Van,(2), (— VZn + V2l + Vi) (2))pw d2
Q
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— Ak /xn(z)( — T + 20 + 3y (2) d2

Q

A ~ 112
> (Ak —1) IVZ|2 + ( Akil) V%12
A=A At1—A 2
- k>\k k1 g ”HZ k;klﬂ =V, (4.7)

By virtue of hypothesis H(j)1(iv), for a given € > 0, we can find M, =
M>(g) > 0, such that

% < ¢ foraa. z€Q, all[¢| > M; and all u € 9j(z, ().

In addition, from hypothesis H(j)1(7ii), we have that
lu] < any(z) for aa. z€Q, all |{| < Mz and all u € 95(z, (),

with apg, € L™ (€2). Thus, we can write that

—Tn +Z,)(2)dz
‘/ HanHHl(Q) )

_ |7 Un(Z)xn(z)(_En_Fﬁ;\n)(z)dz

rHN(Q) n
{lzn]|>Ms}
Un(z) . R

i / #(_%4'%)(2)@‘

{\z |<Ms} Tl (@)
Ha:nHHl(Q)ﬁl (IIVocnll2 + IVZa |5 )

o
ol I9Zallz +19212). s
nilH (Q

for some (1,32 > 0. Using (4.6), (4.7) and (4.8) in (4.5) and choosing ¢ > 0
small enough, we have

lim sup
n—-+o0o |‘$nHH1 (Q)

_ 2 ~ 2 _ ~
(% (197l + IVZ013) = B2 (I9%all, + V7all,)) < O,
for some 33 > 0. We set w,, = T,, + T,, for n > 1. We have

2 — 2 ~ 2
[Vwnlz = [IVZullz + [VZnl2

and
5 IVZall, + IVZally) < [Vwnll, -

So we can write that

lim sup

(6511w 3 = 26, [ Vwnll,) < 0
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and thus

V| 2
lim sup [Ven 2 <ﬂg— Pz > < 0. (4.9)
n—+oo [|Znll g1 (q) Vwnll,

If the sequence {Vwy},~; C L?(;RY) is bounded, then
2
[Vwnll2

HxTLHHl(Q)

If the sequence {Vw,},~; € L?(€;RY) is unbounded, then by passing to a
subsequence if necessary, we may assume that

[Vwnl, — oo

So we can find ng > 1, such that

203,

— < 3 ¥ n > ng.
[Vwnl,

Hence from (4.9), it follows that

Vw5
lim sup Ve Hz < 0.
n——+o0o ||xn||H1(Q)
Therefore, in both cases, we have that
Vw5
i Vnlz (4.10)
n—+oo HanHl(g)
Recall that
2 — 2 ~ 2
[Vwnll; = [IVZ.ll5 + [[VZallz,
hence 5 5 5
[Vwnlly IVl [VZn |l
HanHl(Q) ||xn||H1(Q) HanHl(Q)

Assuming without any loss of generality that ||z, || ;1 qy > 1 for n > 1 (recall
that ||z || g1 q) — +00), we have

2 2
||anH2 > ”vwnHz

= 2
||$n||H1(Q) ||9Cn||H1(Q)

— 112 ~ 112
= V3,2 + Va2,

s0
IV ll, — 0, [Vl — 0

and so
o — 0, Yp — 0 in H&(Q),
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hence y = y° € E(\).
From the choice of the sequence {z,}, -, C H3(Q), we have

1 2 Ak 2 .
15 1Vl — 2 el - /j(z,xn(z)) &2 < My Vn>l
Q
Dividing by ||| 1 (qy and exploiting the orthogonality relations among the

components T, 22 and Z,, for n > 1 and the equality ||V$2||§ = A\ Hangz,
we obtain

2 2 .
UVl M el i)
2||anH1(Q) 2 H%Hm(g) 2 ||9Cn||H1(Q)
M
< —1  vyp>1l (4.11)
HanHl(Q)
From (4.10), we know that
2
2 [|#nll g1

Also from the Poincaré inequality, we have

2 2
Ak llwnlly o Aw o [Vl

< F
2 Jull, = 27

4 Vn2>1,
H%pr(g)

2

for some (G4 > 0, so
2
Ak [lwnll3

— 0.
2 lznll,

Recall that

Yo — y=y° inH5(Q)
and y° € E()\;). By the unique continuation property of the eigenspace E(\)
and since y # 0, it follows that y(z) # 0 for almost all z € Q. Note that

Tp(z) — 4ocon {y >0},
ZTn(z) — —ooon {y <0

For a given € > 0 and any n > 1, we define the following sets:

{zeQ: n(2) > 0, M>j+(z)—a},

=

+
Qe

e {EQ wn(2) <0, Mw(z)“},

xn(z)
o ¥ {zeQ: y(z) >0},
o < {zeQ: y(z) <0},
Q9. L (rue.)"
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Then
ot (2) — x4y (2) foraa.zeQ,
os . (2) — x,_(2) foraa z€Q
and
|Qg, |N — 0
Then, we have
Jm()
||9Cn||H1(Q)
Tn(2) Tn(2) HanHl(Q)
Qf . Q5. Qq
> (j+(2) = )yn(2)dz+ | (j=(2) +€)yn(2)dz + i),
|anH1(Q)
oy Q.
Note that

(2 2n(2))

||$n||H1(Q)

n,e

dz — 0.

If we pass to the limit as n — +o0o in the last inequality and letting € \, 0,
we obtain

(2 (2))

lim inf
|zn ||H1(Q)

n—-+oo

d = [yt e [i@y e
Q

Q

Returning to (4.11), passing to the limit as n — 400 and using the last
inequality, we obtain

[irw* @iz [i-@y @z <o,
Q Q

a contradiction to the hypothesis H(j)1(v). This proves that the sequence
{zn},>1 C H}(Q) is bounded and so we may assume that

T, — xin HE(Q),
T, — z in L?(Q).

So we have
/xn(z) (zn —2)(2)dz — 0 and /un(z) (zn — 2)(2) dz.
Q o)
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It follows that
(A(zn), zn — x>H§(Q) — 0

and so
[Vaull, — [[Vazll,.

Since
Vo, -5 Va in L?(QRY),

we infer that
Vz, — Vaz in L?(QRY)

and so finally
r, — x in H3(Q).

Recall that

k
W, £ XKoo x? = PEN).
=1
Evidently R
ij_ - Xk+]_.

PROPOSITION 4.1.2
If hypotheses H(j)1 hold,
then @|w, is anticoercive, i.e.

tp(a?) — —O&0 as ”z”Hl(Q) — +00, x e Wi.

PROOF  Suppose that the proposition is not true. Then we can find a
sequence {2, }, -, € W) and a constant 05 € R, such that

Putting

df Tn

Yn VTLZL

B ”anHl(Q)

we have

), o B

5 > > (4.12)
o HanHl(Q) HxTLHHl(Q)

1 2 Ak 2
5 HvynHz - 7 HynHZ -

Passing to a subsequence if necessary, we may assume that

Yo — y in HY(Q),
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with y € Wi. Since Wy, is finite dimensional, we have that
Yy — y in HYQ).

From hypotheses H(j)1(ii7) and (iv) and the mean value theorem for locally
Lipschitz functions (see Proposition 1.3.14), for a given ¢ > 0, we can find
a. € L>*(Q), such that

li(z,Q)] < [i(2,0)| +@-(2)[¢| +e¢® for a.a. z € Qand all ¢ € R.

So we have
J(z,2a(2) i(2,0)| a.() )
”xn”Hl(Q) ||$n||H1(Q) nllH1(Q)

As £ > 0 was arbitrary, we have
iz 20 (2))
2
||$n||H1(Q)

Passing to the limit in (4.12), we obtain

2 2
IVyll; < Aellyllz,

so from Theorem 1.5.3(b), we have

2 2
IVyllz = Aellyll2

and thus y € X2\ {0}.
From the choice of the sequence {zn},; € Wi and since

Ak

1 2
EHV:EnHz > || n||2

(see Theorem 1.5.3(b)), we have

s jG(2)

— < - )
||$n||H1(Q) ||$n||H1(Q)
SO
limsup/ 2 (2 z < 0.
n—-+oo ||xn||H1(Q)

Arguing as in the proof of Proposition 4.1.1, since y(z) # 0 for almost all
z € ) (unique continuation property), we obtain that

[ - i@ @) = < o,

Q
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which contradicts hypothesis H(j)1(v). Therefore |, is anticoercive. I

PROPOSITION 4.1.3 R
If hypotheses h(j)1 hold, then ¢ is weakly coercive on Wi = Xp+1.

PROOF If z € Wt = Xj41 and = # 0, we know that

2 2
M flzllz < [Vl

(see Theorem 1.5.3(b)). So, we have

1 A .
o) = 5 IValg =3 el [ () dz

Q
1 2 .

> 5(1— A?il) HVtz—/](z,x(z)) dz

Q

and putting y ¥ m, we have
() 2 J(z2(2))
o = 3 (-2 ) vl - [ T s (a3)

||33HH1(Q) 5 ||33HH1(Q)

From the proof of Proposition 4.1.2, we know that

iz 2(2))

> dz — 0 as [|z|[ () — +oo.
5 ”xHHl(Q)

So, if we pass to the limit as [|z] ;1 gy — 400 in (4.13), we obtain

SO(QU) Ak ) ||V 2
—o— 2 3(=55) IVl > 0,
1]l g1 () —+o0 H9C||H1(Q)

thus

o(x) — +oo as ”x”Hl(Q) — +o00, with z € W;ﬁ' = Xk+1~
I

The three propositions produce the geometry of the nonsmooth Saddle
Point Theorem (see Theorem 2.1.4) and give the following existence theorem
for problem (4.2).

THEOREM 4.1.1
If hypotheses H(j)1 hold, then problem (4.2) has a solution xo € H}(S).
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PROOF Proposition 4.1.3 implies the existence of g € R, such that
o) > P VareWi =Xy

On the other hand Proposition 4.1.2 implies the existence of o > 0 large
enough, such that

p(z) < Ps VoeWs, [2gq = e

These facts together with Proposition 4.1.1 permit the use of the nonsmooth
Saddle Point Theorem (see Theorem 2.1.4), which gives zg € HE(Q2), such
that 0 € Op(xg). Hence

A(xo) - )\kxo - us = 0,

with ug € L3(Q), uj(z) € 0j(z,20(2)) for almost all z € Q. Let 9 € C°(Q).
We have

(Ala0),9) ey = M [ 20209 2 = [ uie)0(e)

Q Q

S0
/(on(z),V19(z))RN dz—)\k/xo(z)ﬁ(z) dz = /ué(z)ﬁ(z) dz.
o) Q Q

Because
Azg = divVag € HHQ) = (H(Q))"
(see Theorem 1.1.8), by Green’s identity (see Theorem 1.1.9), we obtain
(=Az0, ) g1 q) — M (20, D) i@y = (0, ) (e Ve O Q).
Since the embedding C2°(2) C H3(Q) is dense, we infer that

—Axo(z) — Awo(2) = uf(z) € 9j(z,2(2)) for a.a. z € Q,
rlopg =0

and so xg € HZ(L) solves (4.2). I
A careful reading of the proof of the previous proposition reveals that we
can modify the generalized Landesman-Lazer type condition (see hypothesis

H(j)1(v)) and still have an existence theorem. The modified hypotheses on
the nonsmooth potential are the following:
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H(j)2 j: QxR — R is a function, such that

(4)

(EZ; are the same as hypotheses H(5)1(4), (i7), (¢i7) and (iv);

(iv)

(v) there exist two functions ji € L(Q), such that for almost all
z € ), we have

and j_(z) = 1iminfj(z—’<)

(—+o0

THEOREM 4.1.2
If hypotheses H(j)2 hold, then problem (4.2) has a solution zo € Hg(S2).

PROOF  As before, we consider the locally Lipschitz energy functional (.
Again ¢ satisfies the nonsmooth PS-condition. Indeed the proof of Proposi-
tion 4.1.1 remains the same and only near the end we modify it as follows.
We define

Q:L_s ﬁ {Z €Q: irn(Z) > 07 ](Z’xn(Z)) < ]+(Z) +€},
O L {sen: ) <0 25 )},
o 4 {zeQ: y(z) >0},
o 4 {zeQ: y(z) <0},
. L r.ua; )
Again
XQI,E(Z) — X+ (z) fora.a.ze(
X,- (2) — x,_(2) foraa z€Q
and
|ng,a|N — 0
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Then, we have

/ 2z, (2
||9Cn||H1(Q)

_ /J<z,xn<z>>yn(z)dz+ JRECECC IR SO

Tn(2) zn(2) Zall i @
Q"’E Q;’s n,e
] ; (2, Tn (2
< [ G [ G- [ Ly,
Qi o nllH1(Q)

Passing to the limit as n — 400 and letting € \, 0, we obtain

lim sup Mdz < /(j+(z)y+(z)—j,(z)y*(z)) dz.
Q

n—-+00 2 ||$n||H1(Q)

But from (4.11), we have that

lim inf w d

z >0
”**009 ||9Cn||H1(Q)

and so we contradict hypothesis H(j)2(v). With a similar modification, we
establish the validity of Proposition 4.1.2, namely that ¢|y, is anticoercive.
Finally, it is clear that the proof of Proposition 4.1.3 is not affected by the
modification in the generalized Landesman-Lazer type condition. So finally
we can apply the nonsmooth Saddle Point Theorem (see Theorem 2.1.4) and
produce a solution of (4.2).

Next we show that the Landesman-Lazer type conditions used in Theo-
rems 4.1.1 and 4.1.2 are more general than the ones existing in the literature.
For this purpose we introduce the following functions:

9X(z) = il]}f {liminf w), w) € 9j(z,xn), Tn — +00},
Unfp>1

9>°(2) 4 sup {limsupuwy, u) € 0j(z,xn), Tn — —00}.
{“n}n21

In the smooth case and if we set
f(z,¢) = 95(z,0),
then

9(2) = liminf f(z,{) and ¢*(z) = limsup f(z,()

(—+o0 (——o00
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and so we recover the classical Landesman-Lazer conditions. In fact originally
it was assumed by Landesman & Lazer (1969/1970) that the limits at +oo
and at —oo actually existed.

Also we introduce the functions

*

d .
gmin(2,¢) i min. U

u*€9j(z,¢)
df .
Imax (Za C) - u*er%?()i,() u
2j(2,0) :
df ——gmin(zao if ¢ #0,
G H g C
mm(zao {0 1fC=0,
2j(2,0) :
af | L2 — gmax(2,¢) if ¢ #0,
G g C
max(# <) { 0 if ¢ =0,
_ df ..
Grin(2) = 12msqumin(z,C),
_ af .. .
Gmax(2) = lclminf Gmax(z, ().

Note that in the smooth case and if f(z,() = 9j(z, (), then

gmin(zaC) = gmaX(ZvC) = f(Z,C),
Gmin(zao = Gmax(zao~

Using these items, a Landesman-Lazer type condition was introduced recently
in the context of ordinary differential equations and of elliptic problems (semi-
linear and nonlinear) with smooth potential. For the relevant literature see
Section 4.9.

The two propositions that follow show that the Landesman-Lazer type con-
dition employed here (see hypothesis H(j)1(v)) is more general. In what
follows j(z,() satisfies hypotheses H(5)1.

PROPOSITION 4.1.4
If hypotheses H(j)1 hold,
then

95(2) < j+(2) and ¢=(z) > j_(2) fora.a.ze€ Q.

PROOF By virtue of hypothesis H(j)1(ii), there exists a set D C Q
with |D|ny = 0, such that the function j(z,-) is locally Lipschitz for every
z € Q\ D. So for fixed z € Q\ D, the function j(z, ) is differentiable at every
¢ € R\ N(z), with |[N(z)|n = 0. We have

Jr(z,r) € 9j(z,7) V2zeQ\D, reR\N(2).
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From the definition of ¢3°(z), we know that for a given € > 0, we can find
Mz = M3(e) > 0, such that

95 (2) —e(2) < jplz,r)  Vr=Ms>0.
For ¢ > M3 > 0, we have

i(2,¢0) = (2,0

¢
¢ M3 ¢

- %/O iz dr = %/O jé(z,r>dr+§ [ iterar
Ms _M

> %/O irdrt 2 (67 () - 9)

Passing to the limit as ( — +o0, we obtain
J+(2) = g¥(2) —e.
Let € N\, 0 to conclude that
9°(2) < ja(z) fora.a. ze Q.
Similarly, we show that

9= (2)

Y

j—(z) fora.a. zeQ.

REMARK 4.1.2 This proposition implies that the Landesman-Lazer
type conditions employed here (see hypothesis H(j)1(v) or H(j)2(v)) are more
general than the original Landesman-Lazer condition.

PROPOSITION 4.1.5
If hypotheses H(j)1 hold,
then

Grax(2) < ja(2) and Grax(2) > j_(2) for a.a. z € Q.

PROOF Let D C Q be the Lebesgue-null set outside of which j(z,-) is
locally Lipschitz and the asymptotic limits ji(z) exist. Let z € Q\ D, ¢ > 0

and k7 (2) 4 Gmax(2) — . From the definition of Gy, we know that we can
find My = May(g) > 0, such that for all » > My > 0, we have

Gn+1ax(2)_€ = k:(z) < Gmax(2,7),
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SO
Gmax(za T)
r2 '

<

) _ 4 (KO

From the definition of Gmax, we have

Gmax(Z, T) 2](27 T) gmaX(za T) 2](Z, T) u* * -
) = 5 2 < a2 YV u* € dj(z,r).

i(zr)

The function r —
lary 1.3.7, we have

is locally Lipschitz on [My, +00) and from Corol-

) <J’(zﬂ")> ¢ 0 2

r3

and thus

dii (_M) < —O(zr) V() €D (j(i;”).

r
The function r — @ is locally Lipschitz on [My, +00) and it is differen-
tiable at every r € [M4, +00) \ N(2), with [N(z)[1 = 0. We set

do(z,r) < {% (M) if 7 € [Ma, +00) \ N(2),
otherwise.
Since
Yo(z,7) € Jj(z,1) YV 2€Q\D, r e [My,+o0)\ N(z2),
we can write that

%(_M) < —o(z,7) V7€ [Ma,+00)\ N(2).

T

Integrating on [¢, (] with ¢, € [My, +00) and ¢ < ¢, we obtain

< <
G R IATIENA
_ Z =+ C SC/ 190( Z/ ar < 2 )d
) _j(?zo . (c’zo' i

By virtue of hypotheses H(j)1(iii) and (iv), we have
—Gr —erT < u(z,r)T VzeQ\D, r,T >0, u* €09j(z,r),

for some f7 > 0. Applying the mean value theorem for locally Lipschitz
functions (see Proposition 1.3.14), we obtain

j(z,r) —j(z,0) = u*r,
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with v* € 9j(z,t.r), t, € (0,1), so
j(z,r) > —etr? = Brr 4 j(2,0) > —er? — Br + j(2,0)

and since € > 0 was arbitrary, we get

lim inf 2 (z;r)
r—+o0o T

> 0. (4.15)

So, if in (4.14) we pass to the limit as { — oo, using also (4.15), we obtain

i(z,6)
¢

kX (2) <
and since € > 0 was arbitrary, we get

Gmax(2) < 1iminfj(z—’<) = j+(2).

(—+oo
Similarly, we establish that

Grin(z) > j—(2) fora.a.zeQ.

EXAMPLE 4.1.1 Consider the nonsmooth locally Lipschitz potential
function j(¢), defined by

7 A max{C%,Kﬁ} +1In (1+ I¢]) + cos¢ +¢.

Then we can check that j_ = —1, j+ = 1, but ¢ = ¢ = G, = Gax = 0.

min
So the Landesman-Lazer type condition introduced above is more general than
the other two.

Similarly the function

In(1 + |¢]) if[¢] <1,
Jj(€) = ¢ ¢(—14cos¢+In2—cosl if{>1,
—C+1+cosC+In2—coslif ¢ < —1.

Again we have j_ = —1, j+ =1, ¢ = ¢5° = Grin = Gmax = 0. I

4.1.2 Nonlinear Problems at Resonance

Next we turn our attention to nonlinear problems driven by the p-Laplacian.
Let Q C RY be a bounded domain with a C** boundary (0 < a < 1). The
problem under consideration is the following:

{ ~div (| Vo ()5 Va(2) € 9j(z(2) foran zeQ 0

z|oq = 0,
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with p € (1,400). As we already saw in the context of semilinear problems
the resolution of inclusions like (4.16) involves the asymptotic behaviour of the
nonsmooth potential j(z,¢) at £oo. When these asymptotic values interfere
with the spectrum of the differential operator, then we have a resonant prob-
lem. In the present nonlinear setting, we encounter serious difficulties which
are due to the lack of full knowledge of the spectrum of (— Ap,Wol’p(Q))
and the lack of variational expressions for the higher eigenvalues (analogous
to the ones produced in Theorem 1.5.3(b) for the semilinear case (p = 2)).
We do not even have variational expressions with respect to certain suit-
able cones in W3P(Q) (see Remark 1.5.10). This fact makes it difficult
to produce appropriate linking sets. Recall (see Section 1.5) that the first
eigenvalue A1 of (—A,, Wol’p(Q)) is positive, isolated and simple (i.e. the
corresponding eigenspace is one dimensional). Moreover, the corresponding
normalized eigenfunction u; satisfies uy € C*# (Q) (8 € (0,1)) (see Theo-
rem 1.5.6) and ui(z) > 0 for all z € Q (see Theorem 1.5.7). The Lusternik-
Schnirelmann theory gives, in addition to A1, a whole strictly increasing se-
quence {A,},~; € R4 of eigenvalues, known as “variational eigenvalues” (or
“Lusternik-Schnirelmann eigenvalues” ). These numbers are defined as follows.
Let
¢ L {eewyr(@): |Val|, =1}

and let ¥: G — R_ be given by

Plx) = — =}
We set
Cn T int sup ¢(z), (4.17)
KeA, zeK
where

A, 4 {K C G: K is symmetric, closed and (K) > n},
with v being the Krasnoselskii Z-genus. Then

1
MY yasL

If p = 2 (semilinear case), then these are all the eigenvalues of (— A, H(Q)).
For p # 2, we cannot say this. We only know that

A2 = inf{A > A1 : Xis an eigenvalue of (— A, Wol’p(Q))}.

Also, for any k > 1, let
v, £ {x e WEP(Q) : —div ([|[Va(2) |22 Va(2)) = M|2(2)]P *a(2)

for a.a. z € Q}
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These are symmetric closed cones, but in general not subspaces of Wol P(Q),
unless Ay is simple. Let us set

w, % ka and W, < D Va.

k=1 k=n+1
We cannot say (as in the semilinear case) that

[V|) < g ll]} VaxeW

and —
||Vx||§ > Ap+1 Hng VoeW..

This negative fact is the source of difficulties when we deal with nonlinear
problems, in which the nonsmooth potential asymptotically at +co goes be-
yond the first eigenvalue A\; > 0. For this reason almost all works involving
the p-Laplacian use asymptotic conditions at 4oo restricted from above by
A1 > 0. In that situation the Mountain Pass geometry is satisfied and we
obtain critical points. When we cross A1 > 0, we have to abandon the Moun-
tain Pass Theorem and employ general minimax principles involving linking
sets (see Theorem 2.1.3). In this context we face the difficulty of constructing
links between the sets.

Our hypotheses for the nonsmooth potential function j(z,(¢) of (4.16) are
the following:

H(j)s j: xR — R is a function, such that

(1) for every ¢ € R, the function
Q32— j(2,0) eR

is measurable and j(-,0) € L*(Q);

(#i) for almost all z € , the function
R3¢—(z¢) €R

is locally Lipschitz;
(i4i) there exist a € L>°(2), ¢ > 0 and r € [1,p*), such that

lu| < a(z)4cl¢["™t for a.a.z € Q, all¢ € Rand allu € 95(z,¢);

(fv) lim (uQ —pj(z, C)) = —oo uniformly for almost all z € Q and

[¢|—+00
all u € 9j(z,();
(v) A1 < liminf Pjlz¢) < limsup pj(z:¢) < A2 uniformly for al-
C|=+oo  [C]P C|—+oo €7

most all z € Q.
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We introduce the locally Lipschitz energy functional : Wol Q) — R,

defined by
1
& ; INE7— /j(z,x(z)) dz Y axeWiPQ).
Q

o()

PROPOSITION 4.1.6
If hypotheses H(j)3 hold, then ¢ satisfies the nonsmooth C-condition.

PROOF  Let {z,},5, C WaP(€) be a sequence, such that
o(zn) — a1 and (1+ 20l wie(o Yym?(z,) — 0.
Let a7, € Op(xy) be such that ||z} [|y1.5(q) = m?(zn) for n > 1. We have
x, = Alxp) —u), Vn>1,

where A: Wy (Q) — W12 (Q) is defined by

(@) Dwpray = [ IV (Vo) Tyl gw dz Yoy € W3H(@)
Q

and u € LP'(Q), u(z) € 9j(z,2n(2)) for almost all z € Q and all n >
1. Note that A is monotone, demicontinuous, thus maximal monotone (see
Corollary 1.4.2). From the choice of the sequence {z,}, -, C Wy (Q), we
have B

’<$;a x’n«>W01*P(Q) —pp(zn) + pcl’

= ||x:L||W*11P’(Q) ||$n||W1,p(Q) + |p90(xn) —p01|
m# () (1+ en iy ) +Pleea) —cl, (4.18)

N

IN

with the last term tending to zero as n — 4o00. Note that

(x;,xn)wg,p(g) = (A(;vn),xn)wol,p(g)—/u;(z)xn(z)dz

Q
= 19l ~ [ un)on(e) d
Q
So from (4.18) above, we obtain
Po(xn) = (25, Tn) e )
= [ wi@)ea) - pitan@) &z — pea (4.19)

Q
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We claim that the sequence {z,},~, C Wy?(€2) is bounded. Suppose that
this is not the case. Then by passing to a subsequence if necessary, we may

assume that
HIHHWLP(Q) — +oo.
Let

df Tn

Yn = Vn>1.

||$n||W1,p(Q)
We may assume that
yn Sy in WoP(Q),
yn — y  in LP(Q) and in L"(Q),
yn(z) — y(z) for a.a. z € Q,
|yn(z)| < k(z) for a.a. z € Q and all n > 1,

with k € L™(Q) and m = max{p,r}.

Because of hypothesis H(j)3(v), we can find € [A1, A2) and Ms > 0, such

that
i(z,0) < %w’ for a.a. z € Q and all |¢| > Ms.

Also note that from hypothesis H(j)3(4i7) and the mean value theorem for

locally Lipschitz functions (see Proposition 1.3.14), we have

[7(2,Q)] < a1(z) +c2l¢|" for a.a. z € Q and all ( € R,

with a; € L}(Q) and ¢z > 0 (recall that j(-,0) € L1(€)). So
lj(2,Q)| < az2(z) fora.a. z€Qandall |(| < Ms,

with a; € L*(Q). Thus we can say that

. n

i(z,0) < Elélp + az(z).
For every n > 1, we have

||$n||€vl (Q) || n”wl 2(Q)

—|| n||p——/\yn V’dz— ) g
ENE

WLr(Q)
If y = 0, then from (4.21), we infer that
IVynll, — 0,

hence
Y — 0 in Wol’p(Q),
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a contradiction to the fact that |[yn|lyy1pqy =1 for all n > 1. So y # 0.
Because of hypothesis H (j)3(iv), we can find Mg > 0, such that

u'¢—pj(z,{) <—-1 foraa. zeQ, all|(|] > M and all u* € 9j(z,().
On the other hand, from hypothesis H(j)3(i74) and (4.20), we see that
u'¢—pj(z,¢) <eg foraa. zeQ, all |¢] < Mg and all u* € 9j(z,(),
for some c3 > 0. Therefore
u'¢—pj(z,¢) <cz foraa ze€Q all( €R and all u* € 9j(z,¢). (4.22)

Let us set
{z eQ: y(z) # 0}
Evidently |C|y > 0 and for almost all z € C, we have that

lzn(2)] — oo,

So, using (4.22), we have

/ (ufl(z)xn(z) —pjJ (z, mn(z))) dz

p](z Tn(z )))dz+/( ~(2)zn (2 )—pj(z,mn(z))) dz

CC

< = pj(2,2a(2))) dz + c3|C|n.

\Q\D

So by Fatou’s lemma and hypothesis H(j)3(iv), we have

lim (us (2)xn(2) — pj(2,2n(2))) dz = —o0,

n—-+oo
Q

which contradicts (4.19). This proves that the sequence {xy},~, C WOl P(Q)
is bounded and so, passing to a subsequence if necessary, we may assume that

Tn — xin Wy (Q),
Tn, — xin L"(Q)

(since r < p*). We have

(@2 — Doy

= [(A(@n), Tn — T)y1m@) — /u;(z)(xn —z)(2)dz| < e,
Q
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with €, \, 0. By hypothesis H(j)s(iii), the sequence {u*} _, C L™ (Q) is
bounded and so -

/ufl(z)(a}n —z)(z)dz — 0.
Q

Hence
lim (A(a:n),xn—x>wg1,p(g) = 0.

n—-+oo

Because A is maximal monotone, it is generalized pseudomonotone (see Propo-
sition 1.4.11) and so

<A(xn),xn>wol,p(9) — (A(x),x)wol,p(g),

hence
Vanll, — [IVz|,.

Since
Va, - Vz in LP(Q;RY)

and the latter space is uniformly convex, we have that
Vz, — Vz in LP(Q;]RN)
(see Kadec-Klee property) and so
T, — x in W3P(Q).

[

In the next proposition, we show the anticoercivity of ¢ on Ruj (the
eigenspace of A1).

PROPOSITION 4.1.7
If hypotheses H(j)s hold, then p(tu1) — —oo as |t| — +o0.

PROOF Let us set
. A
9(2,¢) = g(z,o—;ﬂdp.

Clearly for every ¢ € R, the function z — 9(z,() is measurable and for
almost all z € Q, the function ¢ — ¥(z, () is locally Lipschitz. From Corol-

lary 1.3.7, we know that the function { —— 19|(CZ|’;§ )

(0, +00) and for almost all z € Q and all ¢ > 0, we have

o) _ 16092, 0) ~ 172092,
2{%) = 5

is locally Lipschitz on
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|p—l 4819(2, C) - p’ﬂ(27 C)

=<

¢z
[qian
_ C(?](Z,C) _pj(27<)'

G (4.23)

By virtue of hypothesis H(j)3(iv), for a given g > 0, we can find M7 > 0,
such that

u*¢ —pj(z,¢) < —p foraa. z€, al (> M7 and all u* € 9j(z, (),

so, using also (4.23), we have

I 2,
v S e vvea(ﬂ(q?). (4.24)

For all z € Q\ D, where D C Q, |D|y = 0, the function { — ﬂl(Czlf) is locally

Lipschitz on (M7, +00) and so it is differentiable at every ¢ € (M7, +00)\N(z),
with |[N(z)]1 = 0. Let us set

i | L % if ¢ € (M7, +00)\ N(z),
Y0(2,¢) {0 ( )ifgeN(z).

Then from (4.24), we have

Y0(z,¢) < —Cp‘jl = d%(}%) V2 €Q\D, ¢ € (My,+00)\ E(2).

Integrating this inequality on [(1, (2], with M7 < {1 < {2 < 400, we obtain

C2 C2 C2
d (9(z0) 0 d 1
— - < B el
[rotzic = [ (") ac < 2 [(55)
¢1 C1 ¢1
WnG)  9(G) 11
Z,62 Z,61 1%
— < | =—-—=. 4.25
2" < e g) (4:29)
Let {, — +o00. By virtue of hypothesis H(j)3(v), we have that
lim inf V(2 C) > 0 uniformly for a.a. z € Q.

(2—+o00 Cg
So from (4.25), we obtain

% < 9z,G) VG e (Mg, +00). (4.26)
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For t > 0, let
& {z €Q: tur(z) > M7}.

Recall that u1(z) > 0 for all z € Q. So it follows that ‘LC
For ¢ > 0, we have

|

o(tuy) = —||vu1||p / (2 tus(2)) dz

Q

= —||Vu1||p / (2, tus(2)) dz—/ (2, tua(2)) dz

Ly
tP A1

IN

+ /al(z) dz—|—cz/|tu1(z)|rdz
L

Ly

A
— _g|Lt|N+?1M§’\L§\N+/ 1(2) dz + caM7 | LY |

Lg

=)
limsup p(tug) < —E|Q|N.
p

t—+o00
But © > 0 was arbitrary. So we conclude that
p(tug) — —oo ast— +oo.
Similarly we show that
o(tug) — —oo ast— —oo.

This proves that ¢|g,, is anticoercive.

We introduce the symmetric closed cone
af 1,
K 2L {aewgr@): Vel = )i}

Next we show that |k is weakly coercive.

PROPOSITION 4.1.8
If hypotheses H(j)3 hold, then

p(v) — +oo as [|[v]lyrpqy — +00, v E K.

© 2005 by Chapman & Hall/CRC
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PROOF  Recall that we can find 5 € [A1, A2) and Ms > 0, such that

J(z,¢) < Z|C|p for a.a. z € Q and all |(| > Ms

(see the proof of Proposition 4.1.6). So, if v € K, we have

1 .
o) = 2 IVl = [ i(z.0() d:
Q
1 . .
= wlp- [ dGeeE)a- [ i)
{lv|>M5} {|lv]< M5}
1 p n p 1 n p
> Vel = 2ol - s = (1 _ r) 190l — ca,
for some ¢4 > 0. Because 1 < Az, we obtain (4.27). 1

Using the above auxiliary results concerning ¢ and the general minimax
principle of Theorem 2.1.3, we obtain an existence theorem of problem (4.16).

THEOREM 4.1.3
If hypotheses h(j)3 hold, then problem (4.16) has a solution xo € WaP ().

PROOF By virtue of Proposition 4.1.8, we can find k; > —oo, such that

S

Also because of Proposition 4.1.7, we can find t* > 0 large enough, such that
et ur) < ki.
Let
df 1p . —
G = {a: e Wt() « [ Vall, = 1}
df -
U= {zeG: —¢() = ||x||g > G2},

where ¢z < 0 is defined in (4.17). Note that the set U is open in G. Moreover,

because 1 )
po_ po_ _ = ~
[Fuall, = N [£Vusll, = N o e a
we see that +u; € U. We claim that u; and —uj belong to different path-
connected components of the set U. Suppose that this is not true. This means
that we can find £ € C([0,1];U), such that £(0) = uy and £(1) = —uy (i.e. a

continuous curve in U joining u; and —u1). Let us set

H £ g(jo,1]) u (= &([0,1]))-
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Evidently it is symmetric, compact and y(H) > 1, i.e. H € Ay. Moreover,
from the definition of U and since H C U, we have that

sup ¢(z) < ca,

r€EH
which contradicts (4.17). So indeed uj and —ujg belong in different path-
connected components of the set U.

Let W be the path-connected component of U, which contains u;. Then

—W is the path-connected component of U, which contains —uji. We set

ELvw and S % BU(-E).
1

ca?

we have

IVol? < Xefwlff  VYwes

Because A\ = —

and
[Vwll}, = A2 [Jw] vV w € ds.

Therefore 9S C K. Let us set
c ¥ [—t"u1, t*u1]
= {he WgP(Q): h =t u1) + (1 — N)t*uy for some A € [0,1]}
C1 & oC = { — t*ul,t*ul}
D =V

We claim that Cy and D link in WP (Q) (see Definition 2.1.4 and Re-
mark 2.1.4). To this end first recall that

o(£t ur) < k1 = illl)fgp,

hence C1 NV = . Now let 9 € C(C; Wy?(92)) be such that
19(:|:t*u1) = :I:t*ul.

We have that 3(C)NV 2 ¢(C)NIS # (), which proves that the sets Cq and D
link in W,”(2). So we can apply Theorem 2.1.3 and produce zo € W5 (Q),
such that 0 € dp(xp). As in the proof of Theorem 4.1.1, we can check that
this inclusion implies that zo € Wy () is a solution of (4.16).

REMARK 4.1.3 Let

(20 = (o) & %|<|P+k<<>,
with I C >0
df ngug >0,
k) = {|<| if¢ <0,

It is easy to check that this locally Lipschitz function satisfies hypotheses
H(j)3 with resonance at A; (see hypothesis H(j)3(v)).
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4.1.3 Variational-Hemivariational Inequality at Resonance

Let Q C RY be a bounded domain with C** boundary (o € (0,1)). The
problem under consideration is the following:

/ V()22 (Va(z), Vy(z) — Va(2)) o d2
Q

_)\1({ |x(z)|p_za:(z) (y(z) — (2)) dz,
> [ ) - () ds (4.25)

Q
for all y € C,, with g € W1P(Q), g(z) <0 for a.a. z € Q
and for some u* € L¥ (Q), with

u*(2) € 0j(z,2(2)) for a.a. z € Q,

where p € (1, +00) and

Cy A {z e WaP(Q) : z(z) > g(2) for a.a. z € Q}.

Problem (4.28) is the weak form of an obstacle problem, with the obstacle
being the function g € W1P(Q) and with a nonsmooth potential (hence a
discontinuous right hand side nonlinearity). We approach the problem using
variational methods and in particular the critical point theory for convex
perturbations of locally Lipschitz functions (see Section 2.3).

In our hypotheses as well as in the analysis of problem (4.28), we shall
need the following quantities, which we already encountered in a semilinear
context (i.e. p =2) in the comparison of the different Landesman-Lazer type
conditions. We define:

df : *
in(2, = min u,
gmln( <) u*€0j(z,¢)

df .
z,{) = max u",
gmax(2,0) = ma

GO .
Gmin(27<) ﬁ {0 ¢ gmln(z,é_) igig,

@ ] PEO — gmax(2. Q) i ¢ #0
G 5 = C ’ ’
max(, ¢) {0 if ¢ = 0.
Our hypotheses for the nonsmooth potential j(z, () are the following:

H(j)a j: QxR — R is a function, such that
(1) for every ¢ € R, the function
Q32— j(2,0) R

is measurable and j(z,0) = 0 for almost all z € ;
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486 Nonsmooth Critical Point Theory and Nonlinear BV Ps

(79) for almost all z € 2, the function
R>3¢—j(z¢ R
is locally Lipschitz;
(797) for all M > 0, there exists apr € L*(2), such that

lu| < ap(z) fora.a. zeQ, all || < M and all u € 95(z,);

(iv)

lim ——— = 0 uniformly for almost all z € { and all u €
¢l =+ [C[P

9j(z,¢);
(v) there exist functions G4, 9 € L?' (Q) (% + 1% = 1), such that

G+(z) = liminf G(z,()

(—+oo

uniformly for almost all z € Q,

/G+(z)u1(z) dz >0
o)

and in addition

Gmin(z,¢) < ¥(z) for a.a.z € Q;

. pi(z0)
(vi) llIgljélp e

< 0 uniformly for almost all z € .

Let ¢1: Wol P(Q) — R be the locally Lipschitz function, defined by

dfl

er(e) L 2 |vall; - ||x||” /j(m(z))dz Ve WE(Q).

Q
Also let po: Wy (€2) — R be the function defined by

i _Jo ifxedy,
902(3:) - ch(ZIJ) - {—I—OO ifx¢097

i.e. the indicator function of the set C;. Since Cy is closed and convex in
WaP(€), we have that ic, € To (Wol’p(Q)) (see Definition 1.3.1). We set

af
Y = p1+p2.

PROPOSITION 4.1.9
If hypotheses H(j)a hold,
then ¢ satisfies the generalized nonsmooth PS-condition (see Definition 2.5.2).
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PROOF  Let {xn}nzj_ C Wol’p(Q) be a sequence, such that
lp(@a)| < Mg Yn>1
for some Mg > 0 and
A (@i —z0) +02(0) = @a(an) = —elv—allying — VveW"(Q)

Evidently {mn}n21 C Cy. We can find z}, € dp1(xy), such that

<pg (xn; v — xn) = {(x},v— a:n>W01,p(Q) )

This is a consequence of the fact that (9 (z,;-) is the support function of the
set dp1(x,) € WLP (Q) and the latter is weakly compact. We have

zt = Azn) — M|z P22, —ul Vn>1,

n

with A: VVO1 () — W1 (Q) being the maximal monotone operator, de-
fined by

(Al) wgr@) = /||W e (Va(2), Vy(2)) g dz ¥,y € WP (Q)

and u¥ € LV (Q), u’(z) € 9j (z,2,(2)) for almost all z € Q and all n > 1.
We claim that the sequence {z,},~; C WyP(2) is bounded. Suppose that
this is not the case. By passing to a subsequence if necessary, we may assume
that
||$n||W1,p(Q) — +00.
Let us set

g

Yn = Vn>1.

||$n||W1,p(Q)

Passing to a subsequence if necessary, we may assume that

yn =y in WyP(Q),
Yn —y  in LP(Q),
yn(2) — y(z) for a.a. z € Q,
lyn(z)| < k(z)foraa. z€Qandalln>1,

with k € LP(Q2). By virtue of hypotheses H(j)a(éii) and (iv), for a given
e > 0, we can find a. € L*(2), such that

lu| < @.(2)+¢€|¢P~r fora.a. ze€Q, all ¢ € R and all u € 95(z, ().

Using the mean value theorem for locally Lipschitz functions (see Proposi-
tion 1.3.14), we see that for almost all z € Q and all ¢ € R, we have

17(2,.0)] < |5(2,0)] +@:(2)¢] +el¢P < Be(2) + 2¢[CIP,
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with 3. € L™ (©)+. So we have

lim sup / w dz| < 2e.
n—+oo |JQ ||$n||wl,p(g)
Since € > 0 was arbitrary, we infer that
@) 4 g
||33n||W1,p(Q)

From the choice of the sequence {z,},; C WP (), we have

P(zn) 1 A1 J(z,20(2)) Mg
nllwtr ) p p $n||W1,p(Q) ||xn||W1,p(Q)

(note that ¢2(z,) = 0 because =, € Cy for n > 1). Passing to the limit as
n — 400, we obtain

1 A1
EHVZ/HZ < o lyll?
so from Proposition 1.5.5, we have

IVyll, = Ayl

hence y = £+ug or y = 0.
If y =0, then
||Vyn||wl,p(g) — 0

and so by the Poincaré inequality (see Theorem 1.1.6), we have that

. — 0 in Wo™(Q),
which contradicts the fact that [[yn[ly1,q) =1 for all n > 1. So y = Fus.
Note that z,(z) > g(z) for almost all z € 2 and so

yn(z) > | 9(2) fora.a. z€Q

|xn(2)”W1,p(Q)
and so passing to the limit as n — +o00, we obtain
y(z) > 0 fora.a.ze Q.

Therefore y = us.
Recall that for all n > 1 and all v € W3 *(Q), we have

(A(@n),v — Tn)wiwg) — M / |xn(2)|p72$n(z) (v —z)(2) dz
o)

- / (@) (0 —2)(2)dz + 92(0) — 2(@n) > —en [0 = Tallyrogy -
Q
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with €, \, 0.
Putting v = 0 € Cy, we have
||V$n|\§ -\ ||$n||§ - /U:L(Z)xn(z) dz < en HanWLP(Q) . (4.29)
Q

Also since ‘go(:vn)| < Mg for all n > 1, we have

—IV@alll + A [z} + /pj(z,xn(z)) dz < pMs. (4.30)
Q

Adding (4.29) and (4.30), we obtain

/ (03 (5, 20(2) — U5(2)2n(2)) d < en [tnllwrniy +0Ms,
Q

/(M —uZ(Z)yn(z)> L
Q

Hanwl,p(g) ||xn||W1,:D(Q).

SO

Let us set
igiﬁgﬁlﬁxn@)¢o,
0 if x,,(2) = 0.
Using also hypothesis H(j)a(v), we can write that
pMg

||$n||W1,p(Q)

g&&&ﬁw_/@@%@w

2 Hanwl,p(g)

/ phal(2) dz — / gimin (2, 20 (2))yn () d2

Q {yn <O}

En +

Y

— / Jmax (z, xn(z))yn(z) dz

{yn>0}

/ Gmax (2, 20 (2) ) yn(2) dz — / Grmin (2, 2n(2)) yn(2) dz
{yn>0} {yn <0}

/ Gmax (2, T (2))yn(2) dz — / H2)yn(2) dz. (4.31)

{yn >0} {yn <0}

v

Recall that y = u; > 0. So

ZTn(z) — 4oo fora.a. zeQ.
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Therefore, we have
[ {yn >0}y, — [QIx and |[{y.<0}|, — O.

Also from the definition of G+, for a given € > 0, we can find Mg > 0 =
Mo(e) > 0, such that

Gmax(7,() > G4+(z) —e for a.a. z € Q and all ¢ > Mo.
On the other hand, from hypothesis H(j)a(iii), we have
|Gmax(2,¢)| < ang(2) for a.a. z € Q and all ¢ € [-Me, Mo].
So, we have
Gmax(7,() > G+(z2) —e—a(z) foraa. ze€Qandall (>0, (4.32)

with @ € LP'(Q)+. Passing to the limit as n — 400 in (4.31) and using Fatou’s
lemma (note that (4.32) permits the use of Fatou’s lemma), we obtain

/G+(z)u1(z) dz < 0,
o)

which contradicts hypothesis H(j)4(v). From this contradiction, it follows
that the sequence {x,},~; C Cy is bounded and passing to a subsequence if
necessary, we may assume that

T =z in WP (),

xn, — x in LP(Q), (4.33)
with 2 € Cy. From the choice of the sequence {z,},-; € Cy we have
-2
(A(zp), zn — U>W1,p(Q) — Alg }xn(z)|p Zn(2) (;Un — ’U) (2)dz

— (fzu;‘l(z)(a:n —v)(2)dz < ep |0 — Ol VveCCy n>1.

Putting v = z € Cy, we have
-2
(A(zp), xn — x>W1,p(Q) — Alg ‘xn(z)|p Zn(2) (;Un — x) (2)dz

_ ({ufl(z) (zn —2)(2)dz < &y |20 — zllwim(q) Vn>1.
From (4.33), we see that

/|xn(z)|p72xn(z)(xn—x)(z) dz — 0
o)
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and

/ufl(z)(a}n —z)(z)dz — 0.
Q

So
limsup (A(zy,), zn _x>W1vP(Q) < 0.

n—-+oo

But A is maximal monotone, thus generalized pseudomonotone. Therefore,
we have

(A(zn), $n>W1,p(Q) — (A=), $>W1,p(9)
and so
||V$n||wl,p(g) - ||v||W1,p(Q) .

Since
Vz, - Vz in L?(Q;RY),

as before exploiting the Kadec-Klee property of the uniformly convex space
LP(Q;RY), we have that

Va, — Vz in L?(Q;RY),

hence
T, — x in WyP(Q).

We consider the direct sum decomposition
WoP(Q) = Rug @ Vi,

with

Vi 4 {U e Wyt(Q) : /Qul(z)p_lv(z) dz = 0}.

Next we show that ¢|r, 4, is anticoercive.

PROPOSITION 4.1.10
If hypothesis H(j)a hold, then

o(tug) — —oo ast— +oo.
PROOF  For every t > 0, we have that tu; € C; and so

o(tur) = —/j(z,tul(z)) dz.

Q
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From the definition of G+, we know that for a given € > 0, we can find
Mio = Mig(e) > 0, such that

kX (z) = G+(2) — e < Gmax(2,¢) V 2eQ\ D, ¢> My,
for some D C €, such that |D|y = 0. Thus

Gmax(5:0) _ k() d [ 1 k()
o C o T d_c(_ﬁ @1)' #34)

For all z € Q\ D, all ( > Mjo and all u € 9j(z,(), we have

Gmax (2, C) _ pi(z,¢) _gmax(Zao < pj(z,¢) U

P ¢t P Tt
From Corollary 1.3.7, we know that for all z € Q\ D and all > Mg, the
function ¢ — % is locally Lipschitz and

0 P0j(2,Q) = pi(z, Q¢ _ 0j(2.0)  pi(2,Q)
8( P ) < ¢2r ¢r ¢p+l (4.35)
Therefore using (4.34) and (4.35), for all z € 2\ D, all { > Mg and all
ved (](z O) we have

1 d (1 k()
v < _C_meaX(zac) < d<( -1 Cp l)l

For every z € Q\ D, the function ¢ — J(z 9 is locally Lipschitz on (Mo, +00)

and so it is differentiable at all ¢ € (Mlo, +00) \ E(2), with |E ’1 =0. We
define

w0(z,0) & {d%(j‘éf)) it € € (Mao, +00) \ B(2)

0 otherwise.

For fixed z € Q\ D and ¢ € (Mjo,+00) \ E(2), we have

e = 2 (159 < (10 - £ (1 K1)

If Mio < (1 < {2 < 400 and we integrate the above inequality on [(1, (2], we
obtain

(2, (2, ki 1 1
](C;Z) B J(ZCfCl) < p_(zl) < T C{’_l> , (4.36)

From the proof of Proposition 4.1.9, we know that

7(2, Q)| < Be(2) +2]GP  V2eQ\D, GeR,
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with (3. € L™ (Q)+. As e > 0 was arbitrary, we have

i 152 _
(a—+oo (5

Therefore, if in (4.36) above we let (2, — +00, we obtain

Q) L Ke) 1

d T op-1g
SO _ .
J (Z, Cl) > k:s (Z)
Ga — p-1
and since € > 0 was arbitrary, we obtain
1 f > G . 4.37
T 2 et (437

If the proposition was not true, we could find M1; > 0 and a sequence
{tn},>1 € R, such that ¢, — +oo and

—Mu < p(thur) = —/j(z,tnul(z)) dz,
Q
SO
(ot
My < o(tnul) _ _/](z, ul(z))ul(z)dz.

Because of (4.37), we can use Fatou’s lemma and obtain

/G+(z)u1(z) dz < 0,
o)

which contradicts hypothesis H(j)4(v). This proves the proposition. I

With the next proposition, we shall establish that ¢ satisfies a Mountain
Pass-type geometry.

PROPOSITION 4.1.11
If hypotheses H(j)a hold,
then
p(x) = B ||x||€[/1,p(g) — P2 ||33H113V1,p(9) Ve Wol’p(Q)a

for some B1, 82 > 0, n € (p,p*].
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PROOF By virtue of hypothesis H(j)a(vi), we can find € > 0 and 6 > 0,
such that -
J(z,€) < —];ICI” V¢ e[-0,0]. (4.38)
From the proof of Proposition 4.1.9, we know that
li(z, Q)| < B(z) +7¢C|P for a.a. z € Qand all ¢ €R,

with 3 € L>(Q)4+, ¢ > 0. Combining this with (4.38), we obtain that

j(z,¢) < —E|§|”—|—C5|C|77 for a.a. z € Qand all ( € R,
p

with ¢s > 0, n € (p, p*]. So for all z € Wy (Q), we have

1 A1 .
o@) = = [Val? - 22 || - / i(za(z)) dz
p p
Q
1 /\1 3
> Vel =22 ol + el = es el

p

Using the Poincaré inequality (see Theorem 1.1.6) and the fact that the em-
bedding Wy P (Q) C L"(2) is continuous (since n € (p, p*]), we infer that

p(x) = P ||33H€V1,p(g) — P2 Hxngvl,p(g) Ve WOLP(Q)a
with 81, 32 > 0. [

Now we are ready for an existence theorem concerning problem (4.28).

THEOREM 4.1.4
If hypotheses H(j)a hold,

then problem (4.28) has a nontrivial solution xo € W5 (Q).

PROOF Note that because of Proposition 4.1.11, if » > 0 is small, we
have
pl@) > s Ve WeP(Q), |2llyime =7

for some cg > 0. Also Proposition 4.1.10 implies that there exists ¢ > 0, such
that

e(tur) < (0) < 0.

These facts combined with Proposition 4.1.9 permit the application of Theo-
rem 2.3.3, which gives zo € Cg, such that

p(xo) > c6 > »(0)
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(hence zg # 0) and
©9(x0;:h) + @a(z0 + h) — 2(0) > 0V heWyP(Q).
From the second inequality, it follows that we can find z§ € 9p1(xg) and
v € Op2(x0), such that x§+v§ = 0 (the subdifferential of o1 is the generalized
subdifferential (see Definition 1.3.7), while the subdifferential of ¢, is the
convex subdifferential (see Definition 1.3.3)). We know that

zy = Alwo) — Ml|wo|P2x0 — ug,

with ug € LV (Q), uj(z) € 9j(z,x0(2)) for almost all z € Q and v§ €
Jdp2(x0) = N¢, (w0) (the normal cone to Cy at o), hence

<z87y - $O>W01wP(Q) S 0 Y Yy S Og
(see Remark 1.3.8). So, we have

<A($o) — /\1|xo|p_2330 — ug, (y — $0)>W01,p(9) >0 Vye Cy,

s0
/ [Vao(:)l532 (Vao(2), V(=) — V(=) v =
[ a0l 2ao() (g — 20 (2)dz
Q
> /ua(z)(y—xo)(z) dz Vyedl,
Q
and thus zo € WP () is a solution of problem (4.28). 0

EXAMPLE 4.1.2 Let r € (1,p). The nonsmooth, locally Lipschitz

function
ot eC—I—C—% if { < —1,
i€) = q —II" if ¢ e [-1,1],
C+sin¢—In(2¢ —1)—2if ¢ > 1
satisfies hypotheses H(j)a. I

4.1.4 Strongly Resonant Problems

We conclude this section with the analysis of a problem which is strongly
resonant in the sense described in the beginning of this Section. However, the
problem that we study is nonlinear driven by the p-Laplacian. Namely let
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Q C RY be a bounded domain with C*“ boundary (a € (0,1)) and consider
the following nonlinear elliptic inclusion:

—div (||Vx(z)||§}2 Va:(z)) — Al‘x(z)|p_2x(z) € 9j(z, x(2))
for a.a. z € Q, (4.39)
:E|aQ =0.

Our hypotheses for the nonsmooth potential j(z, () are the following:

H(j)s j: QxR — R is a function, such that

(1) for every ¢ € R, the function
Q52— j(2,0€R
is measurable and j(z,0) = 0 for almost all z € §;
(#i) for almost all z € €, the function
R>(—j(z,¢€eR
is locally Lipschitz;
(79t) there exists a € L*(£2), ¢ > 0 and r € [1, p*), such that

lu| < a(z)+cl¢[""t for a.a.z € Q, all¢ € Rand allu € 9j(z,);

(iv) there exist functions j+ € L*(Q), such that

/ji(z)dz <0

Q
and

limsup j(z,{) < j+(2)
(—+o0

uniformly for almost all z € Q;

(v) there exists 6 > 0, such that
j(z,{) > 0 fora.a. ze€ Qandall(€]0,0]

or
j(z,{) > 0 fora.a. ze€ Qandall ¢e[-0,0]

(local sign condition);

REMARK 4.1.4 Hypothesis H(j)s(iv) classifies the problem as strongly
resonant.
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We consider the locally Lipschitz energy functional : Wol Q) — R,
defined by

A1

daf 1 . )
IVl =22 fal - / i(ra(x)dz YoeWdnQ).
Q

Cp

p(z)

The next proposition reveals the main difficulty that we encounter with
strongly resonant problems, which is a lack of compactness, namely the non-
smooth PS-condition is not satisfied at all levels.

PROPOSITION 4.1.12
If hypotheses H(j)s hold,
then ¢ satisfies the nonsmooth PSc-condition for all ¢ € R, such that ¢ <

min {— [, j_(2) dz, — [ j+(z) dz}.

PROOF  Let ¢ < min{— [,j-(z)dz, — [, j+(2)dz} and consider a se-
quence {zn}, 5, C WgP(€2), such that

e(xn) — ¢ and m?(z,) — 0.

Let @, € Op(x,) be such that m?(zn) = |27 [[yy-1.07 () for n > 1. We have

zt = Alzn) — M|z P22, — u

n mn?

with A: W3P(Q) — W17 (Q) as in the proof of Proposition 4.1.9 and
ut e L7(Q), ui(z) € 85 (z,2,(2)) for almost all z € Q and all n > 1. We
claim that the sequence {x,},~, C Wy () is bounded. If this is not true,
then, passing to a subsequence if necessary, we may assume that

HanWLP(Q) — +00.

We set
T
ynﬁin Vn>1

Hmnle,p(g) B

and passing to a further subsequence if necessary, we may assume that

Yn — y in Wol’p(Q),
Yn — y in L°(Q),

for any s € [1,p*). By virtue of hypothesis H(j)s(iv) (the strong resonance
hypothesis), we can find M;, > 0, such that
j(z,0) —j+(2)] < 1 fora.a. ze Qandall > My,
j <1 for a.a. z € Q and all ( < —M3i2,

](ng) _37(2)
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S0
+1 fora.a. z€Qandall { > My,

+1 fora.a. z€Qandall { <—Mip.

iz 0] < 1i-(2)
On the other hand from the mean value theorem for locally Lipschitz functions
(see Proposition 1.3.14), we know that

|j(z,<) —j(z,0)| = |j(z,<)| = |u*(} for a.a. z € Q and all { € [—Mi2, M12],
for some u* € 95 (2, A(2)¢), A(2) € (0,1), so
17(2: Q)| < an,(2) M.
Therefore, we can say that
‘j(z,g)’ < a(z) fora.a.ze€Qandall (€R, (4.40)

with @ € L*(2)+. From the choice of the sequence {z,},~; C WyP(R), we
have a

M
gp(pxn) < 3 Vi1,
||$n||wlyp(g) ||xn||W11P(Q)

for some M3 > 0, so

1 A1 J(z, 0 (2)) M3

—||Vyn||”——|\yn||”—/7dz < M
p IVonlly = 2 llymly lenl? lenl?
Q

Note that
lally
=l

[demi,
Q

[l

So exploiting the weak lower semicontinuity of the norm functional in a Ba-
nach space, in the limit as n — 400, we obtain

1 A1
];IIVyHﬁ < lylly -

Using also Proposition 1.5.18, we have

IVylle = M llylly

and so y = ftug or y = 0.
If y = 0, then we have
IVynl, — 0

and so
Yn — 0 in Wol’p(Q),
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a contradiction to the fact that [[yn |y 1pqy = 1 for all n > 1. So y = Fus.
Suppose that y = u1. Because ui(z) > 0 for all z € €2 (see Proposition 1.5.18),
we must have that

ZTn(z) — 4oo fora.a. zeQ.

From the choice of the sequence {z,},~,; C Wol’p(Q)7 for a given € > 0, we
can find ng = ng(e) > 1, such that -

p(rn) < c+e vV n > ng,

SO

1 A1 .
; IV, |7 — " llznlly — /j(zwn(z)) dz < c+e.
Q

As M [|zn|l? < [V |2, we have

_/j(z,xn(z)) dz < c+e.

Q

By Fatou’s lemma and hypothesis H (j)s(iv), we have that

—/j+(z)dz < —/limsupj(z,xn(z)) dz
Q

n—+oo
Q
< —limsup/j(z,xn(z)) < c+e.
n—-+oo
Q

Since € > 0 was arbitrary, we obtain
—/j+(z) dz < ¢,
Q

a contradiction. If we suppose that y = —u31, then in a similar fashion we
obtain
—/j,(z)dz < ¢,
Q

a contradiction. Therefore the sequence {z,},~; C VVO1 P(Q) is bounded
and then arguing as in the last part of the proof of Proposition 4.1.9,
we conclude that ¢ satisfies the nonsmooth PSc-condition for ¢ <

min {— [, j+(2) dz, — [ j—(z) dz}. I

Using this proposition, we can have the following existence theorem for
problem (4.39).
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THEOREM 4.1.5
If hypotheses H(j)s hold, then problem (4.39) has a solution xo € Wyt ().

PROOF Without any loss of generality we assume that the first option
in the local sign condition (i.e. hypothesis H(j)s(v) holds), namely that

Jj(z,¢) > 0 fora.a.zeQandall (e (0,0].

The analysis is similar if the other option is in effect. From Proposition 1.5.18,
we know that u; € C#(Q) (8 € (0,1)). So we can find d; > 0, such that

0 < tur(z) < 0 VzeQ, te(0,d].
Then hypothesis H(j)s(v) (the local sign condition) implies that
j(z,tua(z)) > 0 fora.a. z€Q
and so
o(tug) < 0
(vecall that [|[Vua||? = M [uall}). Therefore

mo A inf ¢ < 0.
Wy P(Q)

Note that —oo < my, because ¢ is bounded below (see (4.40) in the proof of
Proposition 4.1.12 and recall that Ay [|z[|} < [|[Vzl|} for all 2 € WaP()).

If mp < 0, then by virtue of Proposition 4.1.12, ¢ satisfies the nonsmooth
PSpm,-condition and so we can find zo € Wy?(2), such that

p(wo) = mo < 0 = ¢(0)

(i.e. o # 0) and 0 € dp(zp). This last inclusion implies that zg € Wol’p(Q)
is a nontrivial solution of (4.39).
If mo = 0, then

p(tu) = 0 = mg vVt e (0,0]

and so ¢ has a continuum of minima, thus (4.39) has a nontrivial solution
z0 € WyP(Q).

4.2 Neumann Problems

In this section we study nonlinear Neumann problems driven by the p-
Laplacian with a nonsmooth potential. The natural space for the analysis
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of Neumann problems is the Sobolev space W1P(Q), where the Poincaré in-
equality is no longer true (see Theorem 1.1.6). This takes away a very con-
venient analytical tool and makes the study of the Neumann problem more
difficult. We shall examine two problems. The first with a homogeneous
Neumann boundary condition and the second with an inhomogeneous multi-
valued Neumann boundary condition. Both problems are approached using
variational methods based on the nonsmooth critical point theory and employ-
ing Landesman-Lazer type conditions, like the ones considered in the previous
section for Dirichlet problems.

4.2.1 Spectrum of (- A, Wh?(Q))

We shall start with some useful observations about the spectrum of
(— A, WHr(Q)). Let Q € RY be a bounded domain with C** boundary
(a € (0,1)). We cousider the following nonlinear eigenvalue problem:

—div <||Vm(2)||§}2 Vﬁc(z)) = )\’:v(z)‘pfzx(z) for a.a. z € Q, (4.41)

22 =0 on 09,
with A > 0, p € (1,00). Here g—i stands for the directional derivative in
the direction of the outward unit normal on 9€2. The boundary condition
is understood in the sense of traces. We say that A € R is an eigenvalue
of (— Ap, Wl’p(Q)), if problem (4.41) has a nontrivial solution, known as
an eigenfunction corresponding to the eigenvalue A\. Note that by nonlinear
regularity theory (see Remark 1.5.9), every eigenfunction of ( — A, W1(Q))
belongs in CYA(Q) (B € (0,1)). Moreover, A = 0 is an eigenvalue with
eigenfunctions, the constant functions. More precisely we have:

PROPOSITION 4.2.1
The eigenvalue Ao of (4.41) is the first eigenvalue and is isolated and simple.

PROOF First we note that problem (4.41) cannot have negative eigen-
values. Indeed, if A < 0 is an eigenvalue with a corresponding eigenfunction
x, if we multiply with z(z) and integrate on €0, via Green’s identity (see
Theorem 1.1.9), we obtain

IVl = A=l

which cannot be true for A < 0.
The simplicity of Ao = 0 is a direct consequence of the fact that
P
Vel

cewtr@ |zl
z #0

0 =
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Finally suppose that A\g = 0 is not isolated. So we can find a sequence
of nonzero eigenvalues {\,},~; of (= Ap, WHP(Q)), such that A, \, 0 as

n — +oo. Consider a sequence of associated eigenfunctions {z,},~,; C C*(Q)

with [[2, ||, =1 for n > 1. We have

IVl

A = ——5-
! [E[

= ||Vxn||g N0 V' n— 400

and so the sequence {z,},~,; € W?(Q) is bounded. By passing to a subse-

quence if necessary, we may assume that

Tp — xin WHP(Q),
Tn — x in LP(Q),

for some x € WP(Q). We have that [z], =1 and [[Vz|, =0, so

+1
-
Q%

xr=

Recall that

/||Vxn(z)||ﬁl_\,2 (Vxn(z), Vu(z))RN dz
o

=\ / |xn(2)‘p72xn(2)u(z) dz  YueWhr(Q).
Q

So if u = 1, we obtain

/‘xn(z)|p72$n(z)dz =0

Q

and so by passing to the limit as n — 400, we obtain

/}a:(z)|p_2x(z) dz = 0,
Q

a contradiction.

[

If A > 0 is a nonzero eigenvalue and v is an associated eigenfunction, then
integrating the partial differential equation in (4.41) and using Green’s iden-

tity (see Theorem 1.1.9), we obtain

/}u(z)‘pizu(z)dz = 0.
o)
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So naturally, we are led to the consideration of the following set

d -2
cw) £ {oews(@): ol =1. [ o) ol)az o0}
and of the function ,: W1P(Q) — R, defined by

daf
vp(e) = |Valy  VaeWhP(Q)
For these items, we consider the following minimization problem:

it y(e) = M) (4.42)

PROPOSITION 4.2.2
Problem (4.42) has a solution A1 = A1 (p) > 0 which is attained in C(p).

PROOF  Consider a minimizing sequence {z,},5; C C(p), i.e. ¥p(xs) \
A1. Evidently the sequence {z,},~; € WP(Q) is bounded and so, passing
to a subsequence if necessary, we may assume that

T, >z in WhP(Q),
T, — x  in LP(Q),
n(z) — x(2) for a.a. z € Q,
’;vn(z)‘ < k(z) fora.a. z€ Qand alln > 1,

with k € LP(€). Note that the sequence {|z,(-)[P"2z,(-)}, ., C L¥ () (with
1—1) + 1% = 1) is bounded and

pizx(z) for a.a. z € Q.

|xn(2)‘p72xn(z) — |a(2)]
So it follows that
[on ()" Pan () — [a()]"a() i 27 (9),
hence

/|x(2)‘p72x(z)dz =0 and |zf,=1,
Q

ie. x € C(p). Also from the weak lower semicontinuity of the norm functional
in a Banach space, we have that ||Vx||§ < A1, hence

V|, = A

Since = € C(p), then  is a nonconstant element in W1?(2) and so Ay > 0. [I
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An immediate consequence of Proposition 4.2.2, is the following Poincaré-
Wirtinger type inequality.

COROLLARY 4.2.1
If = € WhP(Q) is such that

/‘x(z)’pizx(z) dz = 0,
Q

Alzlly < IVall;.

In fact for p > 2, we can show that A1 > 0 is the first nonzero eigenvalue of
EUNRIZE)

PROPOSITION 4.2.3

If p>2,
then the number \1 is the first nonzero eigenvalue of ( — Ay, Wl’p(Q)).

PROOF Let z € C(p) be a solution of problem (4.42). Then by virtue of
the Lagrange multiplier rule, we can find a, b, c € R, not all of them equal to
zero, such that for all v € W1P(Q), we have

apg ||Vx(z)||§;2 (Vx(z), Vv(z))RN dz + bpf{ ‘a:(z)|p_2x(z)v(z) dz

+e(p—2) [ |x(2)‘p72v(2) dz+c | |x(z)’p72v(2) dz = 0.  (4.43)
Q Q
Taking v = ¢ and recalling that x € C(p), we obtain
(cz(p —-2)+ cz) / |x(2)‘p72 dz = 0,
Q
so ¢ = 0. Thus (4.43) becomes
o [ IVa) I (Va(a), Fe(e) g
Q

+ b/ ‘a:(z)‘p_zx(z)v(z) dz = 0 Yovewhr(Q).
Q

Suppose that a = 0. Then we have

b/}x(z)‘pizx(z)u(z) dz =0 VYoeWhr(Q).
Q
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Taking v = z, we obtain
bzl = 0,

hence b = 0, a contradiction to the fact that the Lagrange multipliers cannot
be all equal to zero. So a # 0 and without any loss of generality, we may
assume that ¢ = 1. So we have

/ V(=) |22 (Va(2), Vo(2)) g
Q
+ b/ |x(z)’p72x(z)v(z) dz = 0 VYwveWwhr(Q).
Q

Using as a test function v = x, we infer that b = — ;.
Then via Green’s identity (see Theorem 1.1.9), we conclude that z is an
eigenfunction of ( — Ay, Wt (Q)) for the eigenvalue A; > 0, which is clearly

the first eigenvalue. I

From this analysis we deduce that Ao = 0 is the only principal eigenvalue
of (—A,, WHP()). When a weight m(z) is introduced in the eigenvalue
problem (4.41), then the situation is more involved, in particular if the weight
m changes sign in 2. We continue with a bounded domain Q C RY which has
a C1* boundary 99 (« € (0,1)). We consider the following weighted version
of problem (4.41):

_div (||vx(z)||§;2 Vx(z)) — i (2)|2(2)|"2a(z) + g(2)
for a.a. z € Q, (4.44)

22 =0 on 09,

with p € (1,00) and m, g € L*°(2). We shall proceed in our study of prob-
lem (4.44), with (unless otherwise stated) the assumption that m changes sign
in Q,ie [{z€Q: m(z)> 0}|N >0and [{z€Q: m(z) < 0}|N > 0. Also
without any loss of generality, we may assume that ||m||_, < 1. From non-
linear regularity theory (see Theorem 1.5.6 and Remark 1.5.9), any solution
x € WLP(Q) of problem (4.44) actually belongs in C*#(Q) (3 € (0,1)) and so
the boundary condition “g—i = 0 on 0" is understood in the usual pointwise
sense.

We start with a form of the maximum principle, which will be helpful in
what follows.

PROPOSITION 4.2.4
If € WHP(Q) is a solution of the Neumann problem

—div <||Vx(z)||§}2 Va:(z)) + a(z)|a:(z)|p_2x(z) =g(z2)
for a.a. z € €, (4.45)
g—i =0 on 99,
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with p € (1,00) and a,g € L>(Q)+, g # 0,
then x(z) > 0 for all z € Q.

PROOF  As we observed for the solutions of problem (4.44), the solution
x € WHP(Q) of problem (4.45) actually belongs in C*%(Q) (8 € (0,1)) and
so the boundary condition is interpreted in the usual pointwise sense. We use
as a test function —x~ € WP(Q) (see Remark 1.1.10) and we obtain

||Va:_||z+/a(z)|x_(z)|pdz = —/g(z)a:_(z)dz < 0,

Q Q
so = = 0 and thus z(z) > 0 for all 2 € Q. Invoking Theorem 1.5.7, we
conclude that x(z) > 0 for all z € Q (recall that g—ibg =0). I

This Proposition suggests that for the problem

_div (||vx(z)||§;2 Vx(z)) = am(2)|a(2)]" 2(2)
for a.a. z € (Q, (4.46)
g—i =0 on 99

(with p € (1,00)) we should look for the principal eigenvalues (i.e. for the
eigenvalues with associated eigenfunctions which do not change sign). Evi-
dently, as was the case with problem (4.41), Ao = 0 is a principal eigenvalue,
with nonzero constants as eigenfunctions. Moreover, if we rewrite the equation
in (4.44) (with g possibly identically zero) as

—div (||Vx(z)||ﬁ}2 Vx(z)) + )\|x(z)’p72x(2)
= Am(z) £ 1)|x(2)|p72x(z) +g(z) foraa.zeQ

(here “47 is used if A > 0 and “—” if A < 0) and recalling that we have
assumed that |m(z)| < 1 for almost all z € Q, from Proposition 4.2.4, we
infer the following corollary.

COROLLARY 4.2.2
If x € CYQ) is a nontrivial, nonnegative solution of (4.44) or of (4.46),
then x(z) > 0 for all z € Q.

Let
Bp) & {a: e Whe(Q) /Qm(z)ya;(z)\”dz - 1}.
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LEMMA 4.2.1
If [om(z)dz <0,
then there exists ¢ > 0, such that

IVl = clzlly, V€ Ep)

PROOF Suppose that the lemma is not true. Then we can find a sequence
{zn},>1 € E(p), such that

1
p p
IVanll, < —llznll,-

First assume that the sequence {z,},~,; € LP(2) is unbounded. Passing to a
subsequence if necessary, we may assume that

[znll, — o0

Let
df Tn
Yn = .
Hxn”p

Then
1

IVynll, < Vn>1
n

and so the sequence {y,},~; € WHP(Q) is bounded. Passing to a further
subsequence if necessary, we may assume that

Yn — y in WHP(Q),
Yn — y in LP(Q),

for some y € E(p), such that [[Vy|, = 0, hence y = constant. But these
facts contradict the hypothesis that [,m(z)dz < 0. So we must have that
the sequence {z,},~; C LP(Q) is bounded. But then so is the sequence

{xn},5>; € WHP(Q) and repeating the above argument we reach again a

contradiction. Therefore the lemma is true. I
We introduce the following quantity

Ak Y inf {||Va:||£ RS Wl’p(Q),/Qm(z)|a:(z)|pdz = 1}. (4.47)

PROPOSITION 4.2.5
Let A}, be as above.

(@) If [m(z)dz<0,
Q

then X}, > 0, Ay, is a principal eigenvalue and (0, )\fn) does not contain
any eigenvalues of (4.46);
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(b)Iffm dz >0, then \:, = 0.

PROOF (a) From Lemma 4.2.1 and its proof, we see that the infimum
n (4.47) is obtained and so it follows that A¥ > 0. Moreover, if x € E(p)
is the function realizing this infimum, by replacing it with |z| if necessary,
we can assume without any loss of generality that z > 0, x # 0. From the
Lagrange multiplier rule, we can find a,b € R not both equal to zero, such
that

o [ 1922 (Val), Toe)) g 2
Q
+ b/m(z)|3:(z)|p_2x(z)v(z) dz = 0 VYoveWhr(Q).

If a = 0, then by using as a test function «x itself, we obtain

b/m(z)‘x(z)‘pdz = 0.
o)

Because x € E(p), it follows that b = 0, a contradiction to the fact that
(a,b) # (0,0). So a # 0 and we have

/ IV (2) |5 (Va(z), Vo(2)) gx d2
Q

+ /\/m(z)’a:(z)‘p_za:(z)v(z) dz = 0 VYoveWhr(Q),

with A & g From Green’s identity (see Theorem 1.1.9), we see that = solves
problem (4.46). Moreover, using once more as a test function v = x, we obtain
that A = ¥ . This proves that A}, is a principal eigenvalue. In addition, it is
clear that no A € (0,)},) is an eigenvalue of (4.46) (see (4.47)).

(b) If fm Ydz > 0, then E(p) contains constants, namely + 1

1>

(fQ m(z) dz) P
and so )\* = 0. The case f m(z)dz = 0 is a little more involved. Indeed, let
v € C(Q), be such that f m(z)v(z)dz > 0. For every ¢ > 0, we consider

df 1+ev
Le

(f m(2)(1 + ev(2))p dz)

Note that using the binomial expansion, we can check that for € > 0 suffi-
ciently small the denominator in the definition of x. does not vanish. Note
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that for all such small € > 0, z. € E(p) and

[Vae|) — 0 ase™\,0.
So A, = 0. 1

For C1(Q)-functions z > 0 and y > 0, Picone’s identity for p = 2 says the
following;:

195+ (53) 1921~ 255 (Va(2), T

= IVy@)lEx -V (£) (:)Va(z) = 0 vzeQ

This identity can be extended for any p > 1 (problems with the p-Laplacian).

PROPOSITION 4.2.6
If z,y € CYQ), x>0,y >0 and we set

Ly 2)(=) L IVyE) e + - 1) (%3) IVa() Iy
o (13)" IV (V2(2), V(=) g
Iy — V(@5 (Vo). ¥ (#5) ) -

then R(y,z) = L(y,z) > 0 and L(y,x) =0 if and only if V (%) (2) =0 on Q,
i.e. y =kx for some k € R.

1

R(y,z)(2)

PROOF By expanding R(y, z), we can easily check that R(y,x) = L(y, x).
Rewrite L(y, z)(z) as follows:

df 2\P~1 _
Ly 2)(z) LIVl —p (43) I92)IE2 1V () ey [95(2) e
2D\P
+ -1 (43) 1V2() g
z)

O N 2
+0(¥3)" V25 [Vl [V9(2) ]
—(Va(z), Vy(z))RN} . (4.48)

p—1
Note that if ¥ = |[[Vy(2)[l, and n = (38 ||Va:(z)||RN) and we apply

Young’s inequality with data 1, n (see Theorem A.4.2), we infer that

> p
IvyIE+ - 1) (%3) V()
> p(23)" IV L2 V2 V(A (4.49)
Z P z(2) RN RN Y\Z)||lgnN .
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(recall that p—1 = 5). Also from the Cauchy-Schwarz inequality (see Theo-
rem A.3.15), we have

z p—1 -
p(43)" V257 [V (@)lles V9 — (T2(2), V(2) g = 0.
Using (4.49) and the last inequality in (4.48), we conclude that
L(y,z)(z) >0 VzeQ.

If L(y,x)(20) = 0 and y(z0) # 0, we must have

IVyGolllar = (%) IV (z0) ln
(condition for equality in Young’s inequality) and

IV (20)l[gs [Vy(20)llzx = (Va(20), Vy(20)) -

So

Vy(z0) = (423) V().

hence

On the other hand, if

s ¥ {zeQ:y(z) =0},
then, from Remark 1.1.10, we have that

Vy(z) =0 Vzes

and so

V()(z) =0 Vzeb.
Therefore finally

V(%) () =0 VzeQ,

hence y = kz for some k € R. I

Using this identity, we can prove the following inequality.

LEMMA 4.2.2
If € CH(Q) is a solution of (4.44) or of (4.46) and x(z) > 0 for all z € 9,
then

p
% e ILMQ) Yue WP(Q)nL¥Q)NCHQ).
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/m pdz+/ <>x}‘§fﬁi dz < |Vl
Q

Moreover, equality holds if and only if uw = kx for some k € R.

and

PROOF  We use Proposition 4.2.6 with data « and u. Then for any
subdomain Qg C Q with compact closure in 2 (i.e. Qo CC Q), we have

0 < /L(u,x)(z) dz < /L(u,x)(z) dz = /R(u,x)(z)dz
Q o)

Qo

IVl / IVt (V(2), ¥ (220) (2)) g d. (4.50)
Q

Since z(z) > 0 for all 2 € {2, we have that -+ € W1P(Q). So it can be used
as a test function in equation (4.44) or in equation (4.46) to obtain

/ V()52 (V2(2), ¥ (225) (2)) g d2

0
= 2(2)|P (2 w(z)” z z u(z)” 2
- A!| ey d +Q/g( et

Using this equality in (4.50), we have

0 < /L(u z)(z)dz

HVqu /\/m pdz—/g(z) wz)? dz. (4.51)
o)

IN

x(z)p—1

From this, we have the inequality of the Lemma. Moreover, if equality holds,
then from (4.51), we have that L(u,x)(z) = 0 for all z € Qg and since g CC
Q) was arbitrary, we conclude that L(u,z)(z) = 0 for all z € Q. Invoking
Proposition 4.2.6, we have that u = kz for some k € R. I

Using this lemma we can show that problem (4.44) cannot have a nontrivial
nonnegative solution if [, m(z)dz < 0and A ¢ [0, A%,].

PROPOSITION 4.2.7
If [om(z)dz <0 and A& [0,X;,],

) m

then pmblems (4.44) and (4.46) have no solution x # 0, > 0.
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PROOF  Suppose that 2o # 0, zg > 0 is a solution of (4.44) or of (4.46)
for some A € R. From Corollary 4.2.2, we have that xo(z) > 0 for all z € Q.

So we can apply Lemma 4.2.2 and obtain

/\/m(z)|u(z)|pdz < IVulf Y ue W) L2(9) N Q).

By virtue of Theorem 1.1.1 and Remark 1.1.10, the above inequality holds for

any u € WHP(Q). So from (4.47), we infer that A < A\ and —\ < —\*

Since [ —m(z)dz > 0, from Proposition 2.5.3(b), we have \*, = 0 and so
o)

A > 0. Therefore A\ € [0 AL ] and this completes the proof.

) m

This Proposition allows us to complete Proposition 4.2.5 as follows.

COROLLARY 4.2.3
Let fm dz <0.

(a) If fm dz <0,

then Ay, > 0 is the unique nonzero principal eigenvalue.

(b) If fm dz =0, then A\, = 0 is the unique principal eigenvalue.

Let ) & {xE Whe(Q) : /Qm(2)|:v(z)|pdz < 0}.

LEMMA 4.2.3
If fm Ydz # 0 and X > 0,

then
[Va||? — /\/m(Z) [z(2)[" dz > c|z|} ¥ xeF(p),

for some ¢ > 0.

[

PROOF Suppose that the Lemma is not true. Then we can find a sequence

{xn}nzl C F(p), such that

1
IVzally = X [ m@) a2l dz < ol

Let
af  Tp

T Tl
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We have
0 < Vil < I9wally - A [P de < = @s2)
o)
(since y,, € F(p) for n > 1). So
IVynl, — 0,
hence
Yn — cE€R in WHP(Q),
for some ¢ # 0. Then from (4.52), we have
)\/m(z)|c|p dz = 0,
Q
hence
/m(z) dz = 0,
Q
a contradiction. 0

Using this lemma, we can have the complete picture about problem (4.44),
when [m(z)dz <0 and X € [0,A%].
Q

PROPOSITION 4.2.8
If [m(z)dz <0 and g € L>(Q)+ \ {0},
Q

then problem (4.44) has no solution when A =0 or A = A}, and has a unique
solution which is strictly positive on 0 when X € (0, )\fn)

PROOF  Recall that if [m(z)dz = 0, then \;, = 0 (see Proposi-
Q

tion 4.2.5(b)).
If A =0, then we use as a test function v = 1 and obtain

0 = /g(z)dz > 0,

Q

a contradiction. So problem (4.44) has no solution in this case.

If A = XA}, first we show that if a solution = exists, then x > 0. Suppose
that this is not the case. Then = # 0 and we can use —z~ € WP(Q) as a
test function. We obtain

HVx*Hﬁ = /\fn/m(z)‘x*(z)‘pdz—/g(z)x*(z) dz.
o)

Q
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Since g > 0, we have that
/g(z)x*(z) dz > 0
Q
and so recalling the definition of A%, (see (4.47)), we have that
/g(z)x_(z) dz = 0

Q

and x~ is a solution of (4.47). Then as before from the Lagrange multiplier
rule, we have
{ —div (HVx’ (z)||§7\;2 Va~ (z)) = /\j‘nm(z)‘x’(zﬂpfzx*(z) for a.a. z € Q,

%2 =0 onoq.

Then from Corollary 4.2.2, we have that 7 (z) > 0 for all z € 2, a contra-
diction to the fact that [, g(z)z™(z)dz = 0. Therefore x > 0 and invoking

once more Corollary 4.2.2, we have that x(z) > 0 for all z € Q. Applying
Lemma 4.2.2, we have

)\fn/m(z)u(z)pdz—l—/g(z)% dz
Q Q

< Vallp Ve WHP(Q) N LX(Q) N CHQ)4
If we take as u the positive eigenfunction of (4.46) associated to A%, < 0, we

have (o)
[ots s <o
Q

which is impossible since u > 0, g > 0, g # 0 and = > 0.
Now we examine the case when A € (0, A},). First we establish the existence
of a solution. To this end, we introduce the energy functional

o(x) 4 % [Vl — gg/m(z)‘x(z)‘pdz - E2/g(z);1c(z) dz Ve Whr(Q).

Exploiting the compactness of the embedding W1?(Q2) C LP(Q) and the weak
lower semicontinuity of the norm functional in a Banach space, we see that ¢
is weakly lower semicontinuous on W1?(Q).

First suppose that x € W'P(Q) is such that [ m(2)|x(2)|p dz > 0.
From (4.47) and Lemma 4.2.1, we have

o@) = 1 (1= 50 ) Ivalf - Z o) (2) d=
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> ca||Vallp + ez ||z} - /g(z)x(z) dz, (4.53)
Q

for some c1,c, > 0. Next suppose that x € WP(Q) is such that
Jom(2)|z(2)|” dz < 0. Because A > 0, from Lemma 4.2.3, we have

o) = el - / g(2)a(z) dz, (4.5)

Q

while because X [ m(z)‘x(z)’p dz < 0, we have

(@) > }9 Ve - / g(2)a(z) dz. (4.55)
Q

Adding (4.54) and (4.55), we have

o(z) > ip||w|\§+§||x|\§— / o(=)(2) d=. (4.56)
Q

From (4.53) and (4.56), we conclude that ¢ is coercive. So by the Weierstrass
Theorem (see Theorem A.1.5), we can find 2 € W1P(Q), such that op(z) =
inf . We have ¢/(z) = 0 and this implies that x is a solution of (4.44). As
before using —z~ as a test function, we obtain that x > 0, z # 0 and then
Corollary 4.2.2 implies that = > 0 on €.

Finally let us prove the uniqueness of this solution. Suppose that y is
another solution of (4.44). We have y > 0 and using Lemma 4.2.2 with u = y,

we obtain
v y(2)P
/\/m dz—|—/g( )x(z)l’*l dz
Q
< Vol = A [mG bGP de+ [oGuEe @
Q Q
and so (21
ylz)
/g(z)y(z) (1 — x(z)l’l) dz > 0. (4.58)
Q
Interchanging the roles of x and y in the above arguments, we obtain
z(z)P~?
/g(z)x(z) (1 - y(z)P—l) dz > 0. (4.59)
Q

Adding 8) and (4.59) we get

(4.5
ZQ [ ( - 2222_1) + z(2) (1— ";Ez;z_iﬂ &z > 0.
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But because

2(2)? " +y(2)? 7t
x(z) +y(2)

w03 o - 22) 5o
So we infer that

! o2) [o2) (1= UL oty (1- 22N 0z = o

From this and (4.57), it follows that

/ merds+ [ o) 25 i = |9l

Q

w(2)P " y(2)P T <

)

we see that

and this by Lemma 4.2.2 implies that y = kx for some k£ € R. Returning
to (4.44) and since g # 0, we conclude that k =1, i.e. z =y.

PROPOSITION 4.2.9
If fm dz <0,

then the principal eigenvalues 0 and X}, are simple.

PROOF This is certainly clear for A = 0. Now let x be an eigenfunction
associated to Af,. As before, we can assume that x > 0. Similarly for any
other eigenfunction y, we can say that y > 0. Using Lemma 4.2.2 with u = y,
we have

x, /m Pz < [Tyl

and in fact we must have equality (see (4.46)). So once again Lemma 4.2.2
tells us that z = ky with k£ € R. I

4.2.2 Homogeneous Neumann Problems

Now we pass to the study of the nonlinear elliptic problems with nonsmooth
potential and Neumann boundary condition. First we investigate the prob-
lem with homogeneous Neumann boundary condition. More precisely on a
bounded domain Q C RY with a C1® boundary 99 (a € (0,1)), we consider
the following problem:

{ div <||Va:(z)||§1_v2 Vx(z)) € 9j(z,2(z)) foraa. ze€Q, (4.60)

2—220 on 0f).
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The boundary condition is understood in the sense of traces. We shall study
problem (4.60) using a general Landesman-Lazer type condition, which was
already used in the previous section. First we introduce the functions:

d . N
gmin(2.¢) £ - Sin U
af ]

Z, = e v
gmaX( <) u*e@j();o

piz,Q _ . . ;
oot ¢ {28 omle

GO .
Gmax(z7<‘) df {0 C gmax(Z,C) iigig’

Gmin(2,0) A lim sup Gmin(z, ¢),

(——o0
4 af 4. .
Gmax(2,¢) = %Lnirg Gmax(2, ()
Our hypotheses on the nonsmooth potential function j(z, ¢) are the following:
H(j)1 j: QxR — Ris a function, such that
(1) for every ¢ € R, the function

Q235z—j(2,0 R

is measurable;

(#i) for almost all z € €, the function
R3¢—(z¢) R

is locally Lipschitz;
(791) for every M > 0, there exists apr € L*°(2), such that

lu| < ap(z) fora.a. zeQ, all || < M and all u € 95(z,);

(tv) IClhm @L_l = 0 uniformly for almost all z € Q and all v €
—+00
95 (2, );
(v) Grins Grax € L1(2) and

/ Gri(2)dz < 0 < / G (2) de.
Q

Q
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We consider the locally Lipschitz energy functional ¢: W1P(Q) — R,
defined by

o) L 219alf~ [ () de

Q

PROPOSITION 4.2.10
If hypotheses H(j)1 hold, then ¢ satisfies the nonsmooth PS-condition.

PROOF By considering the potential function j1(z, () = j(2,¢) — j(2,0)
if necessary, we may assume that j(z,0) = 0 for almost all z € Q.
Let {zn},>1 C WLP(Q) be a sequence, such that

|o(zn)] < Mypforalln>1 and m®(z,) — 0,

for some M; > 0. We consider z, € dp(xy,) for n > 1, such that m¥(z,,) =
Hx;kLH(Wl,p(Q))*~ We have

xy = Alz,) —u) Vn>1,

with A: WP(Q) — (WLP(Q))* the nonlinear operator, defined by

(A@), Yoy L /I\Vx(z)llf@z (Va(2), Vy(2))gn dz Y,y € WHP(Q)
Q

and u¥ € L¥' (), with u*(z) € 9j (2,2, (2)) for almost all z € Q and alln > 1.
We claim that the sequence {z,,},~; € WHP(€) is bounded. Suppose that
this is not the case. Passing to a subsequence if necessary, we may assume
that

HanWLP(Q) — +00.
Let

df Tn

UYn Vn>1.

a HCCnle,p(Q)
Passing to a further subsequence if necessary, we can say that
Yn —=y  in WEP(Q),
yn — Yy in LP(Q),

yn(2) — y(z) for a.a. z € Q,
lyn(2)| < k(z)foraa.zeQandalln>1,

with k& € LP(Q)+. By virtue of hypothesis H(j)1(iv), for a given £ > 0, we
can find M, = M;(e) > 0, such that

lul| < el¢/P™t for a.a. z € Q, all [(| > M, and all u € 9j(z, ().
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On the other hand from hypothesis H (j)1(éii), we know that
lu| < aprpey(z) fora.a. ze€Q, all [(| < Mz and all u € 9j(z,(),
with apz, ) € LP' (). So we can say that
lul < anpe(2) +el¢Pt foraa. z € Q, all ( € R and all u € 95(z,().

Using the mean value theorem for locally Lipschitz functions (see Proposi-
tion 1.3.15), we obtain that for almost all z € 2 and all ¢ € R, we have

3z Q] < [i(z0)]+ullg] < Be(2) + 2¢[¢IP,

with 8. € LY(Q)+. So for all n > 1, we have

(2, Tn(2
FCEC IR P N W g D
2 lnllwz ) nllwn (o) nllin ()

Letting n — 400 and recalling that € > 0 was arbitrary, we infer that

)

lim
n—too ”3371”1;[/1,;:(9)
So, we have
1 M
Livol? < timing 2 o gy M
p n—=+o0 ||n [0 () n=+0 [|zn [j1.0(q)

hence y = ¢ € R (i.e. y is a constant function).
If £ =0, then
Yn — 0 in WHP(Q),

a contradiction to the fact that [[yn[ly1..qy = 1 for all n > 1. So { # 0 and
we may assume that £ > 0 (the analysis is similar if £ < 0). From the choice
of the sequence {x,,},; C WHP(Q), we have

<33:;ayn>wl,p(g)— M < €n+p7]\41 Vn>1,
||anW11P(Q) ||$nHW1,p(Q)
with €, \, 0, so
. . o
Mdz—/uj;(z)yn(z)dz < ep4—21 0 yp>1
Hxn”wlwp(s‘z) ||33n||wl,p(g)

Let us set

izan(2)) -
0 ite,(2)=0
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We have
HanWLP(Q) Tn(2)
Q
> / P (2)yn(2) dz—/u;i(z)yn(z) dz — Mdz
”anwl,p(Q)

{270} o) Q

> [ pnen@d = [ ma( @)l dz
{yn>o} {yn>0}
t [ @ d - [ ()l d:

{yn<0} {yn<0}

= / Gmax(z,a:n(z))yn(z) dz + / Gmin(z,xn(z))yn(z) dz.

{yn>0} {yn<o}

Let 0 < e < ¢. Then

{yn <0} C {yn<E—clU{yn>€+e} = {|yn — €| >}

But since
yn(2) — & fora.a. z€q,

we also have convergence in measure. Therefore

|{|yn_€|25}|N — 0,
hence
|{yn§0}|N — 0.

It follows that

So using Fatou’s lemma (its use is permissible by virtue of hypotheses
H(j)1(4i%) and (v)), we obtain

a contradiction to hypothesis H(j)1(v). This proves that the sequence
{xn},5; € WEP(Q) is bounded. Passing to a subsequence if necessary, we
may assume that

T, — z in WhP(Q)

and we finish the proof as in Proposition 4.2.7. I

Next we show that @|g is anticoercive.
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PROPOSITION 4.2.11
If hypotheses H(j)1 hold,
then
p(c) — —oo as|c — 400, ceR.

PROOF  Arguing as in the proof of Proposition 4.2.11, we can show that
for a given ¢ > 0, we have

. 9*
liminf i(z,0) > £ (2) for a.a. z € Q,
Cc— 400 cC p—1

and

. 9-

lim sup i(z,¢) < £ (2) for a.a. z € Q,
c——00 C p— 1

where

9 () L Gro(z)—e and 97(2) L Goi(2) +e.

Now suppose that the Proposition was not true. Then we can find a sequence
{¢n},>1 € R, such that

for some M3 > 0. Suppose that ¢, — +00. We have

plcn) = —/j(z,cn)dz > —Ms
Q
and so '
e(cn) _ _/](z,cn) dz > M
Cn Cn Cn
Q

Via Fatou’s lemma, we have

/liminfwdz < 0,

n—-+oo CTL
Q

SO

/mdz<0.

p—1
Q

Let € \, 0, to obtain that
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a contradiction to hypothesis H(j)1(v). Similarly, if we suppose that ¢, —
—00, we obtain

again a contradiction. I

ci{xewlp /| ()P a(z }

Evidently this is a closed cone in WP (Q

Let

PROPOSITION 4.2.12
If hypotheses H(j)1 hold, then o|c is weakly coercive.

PROOF From the proof of Proposition 4.2.10, we know that for a given
e >0, we can find 3. € L*(Q)+, such that

J(z,0) < Bo(z) +2¢¢|P for a.a. z € Q and all ( € R.

So, from Corollary 4.2.1, if z € C, we can write that

v

1
p(x) ’ IVl — 2zl — 118l

1
> (5——) 192l — 16l

We choose € > 0 so that € < ’2\—11). Then from the last inequality and Corol-

V

lary 4.2.1, we conclude that ¢|c is weakly coercive. I

Having these auxiliary results, we can prove an existence theorem for prob-
lem (4.60).

THEOREM 4.2.1
If hypotheses H(j)1 hold, then problem (4.60) has a solution xo € WP(Q).

PROOF By virtue of Proposition 4.2.12, we can find My > 0, such that
o(r) > —My Vzedl.

Also because of Proposition 4.2.11, we can find ¢ > 0, such that ¢(£c) < —Ma.
Consider the sets

EZ {yewl’p(Q)i —c < y(z) <cfor a.a.zeQ},
By £ {+c}.
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We claim that F; and C link in WP(Q). To this end note that By N C = ()
and let ¥ € C(E;WYP(Q2)), such that d|p, = idy . Introduce the map
P WIP(Q) — R, defined by

u) A /|u(z)|p72u(z) dz
Q

and let 1 = 1) o J. Evidently ¢1 € C(E;R) and ¢1(—c) < 0 < ¥1(c). From
the intermediate value theorem, we can find zo € E, such that t1(x9) =
¥(9(z0)) = 0, hence ¥(zo) € C and so J(E) N C # (), which establishes the
linking of 1 and C in WP(Q) (see Remark 2.1.4). Apply Theorem 2.1.3 to
obtain zg € W1P(Q), such that 0 € dp(z0). We have

A(zo) = uyg, (4.61)
with ug € L¥' (), ug(z) € 85 (z,0(2)) for a.a. z € Q. Let n € CH(2). Since

—div (| Vazo|2n? Vao) € WL (Q) = (WP ()"

(see Theorem 1.1.8), after integration by parts, we have

/ Vaa(2E3? (Voo(2), ¥n(2) dz

= <—diV(||vx0(')||ﬁ7\72)7n>wl,p(g) = /US(ZM(Z) dz.

Q

Exploiting the fact that the embedding C°(£2) C W1P(Q) is dense, from the
above equality, we infer that

—div ( Hon(z)H%J_VZ Vo(z))
= uj(z) € 9j(z 20(z)) fora.a. z€ . (4.62)

Also from Green’s identity (see Theorem 1.1.9), for every v € WLP(Q), we
have

/ (div [ Vao(2)|[E32 Vao(2))u(z) dz

/||on e (Vao(2), Vo(2)) g dz = <g—f,fﬂo<x>>ma
where 5
3—2<z> L | V20(2) 1552 (Vao(2), n(2)) s
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with n(z) being the outward unit normal at z € 0Q and (-,-)yo denotes
the duality brackets for the pair (Wﬁ”’(ag),w—i’" (09)) (% + ﬁ =1).
From (4.61) and (4.62), we have that

axo o
<a—"p’%(m)>ag = 0.

Since o (WhP(Q)) = W77 (99), we conclude that

9%0 _ o i w (90).
ony
So g € WLP(Q) is a solution of (4.60). I

REMARK 4.2.1 Since in hypothesis H(j)1(ii), apy € L*(2), from
the nonlinear regularity theory (see Remark 1.5.9), we have zo € O/ (Qﬁ
(8 € (0,1)) and so the boundary condition is interpreted pointwise on 5.

We can reverse the inequality in hypothesis H(j)1(v) (Landesman-Lazer
type condition) and still have a solution of problem (4.60). More precisely,
our hypotheses on j(z, () are the following:

H(j)2 j: QxR — Ris a function, such that
(4)

1

(iv

<0~

g are the same as hypotheses H(5)1(¢), (i1), (¢i7) and (iv);
)

(v) there exist two functions G . G

min’ ~ mazx

€ LY(Q), such that

é,

min

(Z) = 1<1m inf Gmin(za <)7

G o (2) = limsup Gmax(z, ¢)

(—+o0

uniformly for almost all z € Q and

/@;am(z)dz <0< /@;un(z) dz.
o) ol

A slight modification of the proof of Proposition 4.2.10 gives the following
result.

PROPOSITION 4.2.13
If hypotheses H(j)2 hold, then ¢ satisfies the nonsmooth PS-condition.
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In this case we can show global weak coercivity of .

PROPOSITION 4.2.14
If hypotheses H(j)2 hold,
then
p(x) — +oo as ||$||W1,p(g)—>+oo.

PROOF Suppose that the result of the Proposition is not true. Then we
can find a sequence {z,}, 5, € W?(Q) and Ms > 0, such that

|Znllwipgy — +oo and @(x,) < Ms Vn>1.

Let
df T

Yn = Vn>1.

Hanwl,p(g)
Passing to a subsequence if necessary, we may assume that
Yn — yin WLP(Q),

Yo — y in LP(Q)

and as before we can check that y = £ € R, £ # 0. Assume that £ > 0. We
have

/ (2,20 (2 < #lEn) Ms (4.63)
||9Cn||W1 :D(Q) Hxn”WLP(Q) ||$n||wl,p(g)
A slight modification of the reasoning in the proof of Proposition 4.1.10 gives
that
(2, a+
lim sup iz y) < mas (?) for a.a. z € Q
y—+oo y p -
and N
. a-
lim inf iz y) > min(?) for a.a. z € Q.

y——oo Y - p-1

Via Fatou’s lemma, from the first inequality we have

a contradiction to hypothesis H(j)2(v). Similarly, if £ < 0, we obtain

f/@;un(z) dz > 0,
Q

again a contradiction to hypothesis H(j)2(v). 1
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The two Propositions above lead to the following existence result.

THEOREM 4.2.2
If hypotheses H(j)2 hold, then problem (4.60) has a solution xzo € WP(Q).

PROOF  From Proposition 2.1.2, we know that there exists zg € W1P((Q),
such that 0 € dp(xg). We finish as in the proof of Theorem 4.2.1. I

REMARK 4.2.2 Consider the locally Lipschitz function

" S —(—1 if¢ <o,
i) = {0 if¢=0,
2¢ +sin¢ — In(1 + ¢?) if ¢ > 0.
Then
e$ —1 if ( >0,
9j(¢) = ¢ 10,3] if ¢ =0,
2+ 2cos( — % if ¢ < 0.
A simple calculation reveals that G;, = —(p—1) and Gy = 2p—4. Soifp >

2, then Gy, < 0 < Ghax and the Landesman-Lazer type hypothesis H(j)1(v)
is satisfied. On the other hand the usual Landesman-Lazer condition, which
requires that

limsup max u* < 0 < liminf min u*,
¢——o0o u* €I (C) ¢—+oo u*€dj(¢)

is not satisfied since

liminf min «* = 2-2 = 0.
¢—+oo u*€dj(C)

4.2.3 Nonhomogeneous Neumann Problem

Next we pass to the nonhomogeneous Neumann problem. So we shall study
the following equation

{ —div (||v:x(z)||§7v2 Vx(Z)) €0j(z2(2) foraa ze€Q, (4.64)

g—i € 9k(z,70(z)(2)) for a.a. z € 09,
where p € (0,1) and 7o is the trace operator. In this case we shall employ the

usual Landesman-Lazer condition for the nonsmooth potential j(z,(). The
precise hypotheses on the data of (4.64) are the following:
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H(j)s j: xR — Ris a function, such that
(1) for every ¢ € R, the function
Q52— j(z,0)eR
is measurable;
(79) for almost all z € 2, the function
R>(—j(z,¢€eR
is locally Lipschitz;

(7i7) there exists a function a € L*°(2)+, such that

lu] <a(z) fora.a. ze€Q, all ( € R and all u € 9j(z,();

(iv) there exist functions fi, f_ € L? (Q)+, such that
gmax(2,¢() — f-(z) as({— —oo fora.a. ze€
and
gmin(2,() — f+(2) as{— +oo for a.a. z €9,

where

daf x o i ¥
2, o max u and in(2, = min u
gmax(, ) w*€85(2,0) gmin (2 ) u*€0j(z,0)

and

/f,(z)dz <0< Q/f+(z)dz.

Q

H(k) k:0Q xR — Ry is a function, such that

(1) for every ¢ € R, the function
N3z — k(z,() € Ry

is measurable and k(-,¢) € L}(99);

(#i) for almost all z € 99, the function

is locally Lipschitz (on 02 we consider the (N — 1)-dimensional
Hausdorff (surface) measure o);
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(#41) for almost all z € 99, all ¢ € R and all v € 0k(z,(), we have
o] < az) + ",

witha e L>*(Q),¢> 0, r € [1,p);

(iv) there exists M > 0, such that for almost all z € 9Q, all |{| > M
and all v € 0k(z, (), we have

pk(Z,C)—’UC Z 0.

In what follows yo: WP(Q) — LP(9Q) stands for the trace operator (see
Theorem 1.1.3). The energy functional p: W1P(Q) — R corresponding to
problem (4.64) is given by

o(z) e %HV;EHg—/j(z,x(z)) dz—/k(z,’yo(x)(z)) do.
Q Fro)

The function ¢ is locally Lipschitz (see Theorem 1.3.9).

PROPOSITION 4.2.15
If hypotheses H(j)3 and H(k) hold,
then ¢ satisfies the nonsmooth PS-condition.

PROOF  Let {zn},5q C WLP(Q) be a sequence, such that
lo(zn)| < Me Vn>1 and m?(z,) — 0,

for some Mg > 0. We consider z}, € 9¢(zy), such that |27, || g1y =

m?(x,) for n > 1. Let Jp: LP(8) — R be the integral functional, defined
by

Tuh) £ /k(z,h(z)) do Y heLP(OQ).
oQ
We know that Jj, is locally Lipschitz (see Theorem 1.3.9). Set
@ 7 .l
Ji = Jgoq: WHP(Q) — R.

Then Jy, is locally Lipschitz too and from the chain rule for locally Lipschitz
functions (see Proposition 1.3.15), we have that

OJp(z) C 50Tk (70(2)) VxeWhr(Q).

So, we have
v = Alwa) -y~ () Vn=1,
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with A: WP(Q) — (WLP(Q))* the nonlinear operator defined by

(A@), ) wir@) = /HV$(2)||§EZ (Va(2), Vy(2)) g dz Y,y € WHP(Q),
Q

uwr e LP(Q), ut(z) € 9j (z,2,(2)) for almost all z € Q, v, € L™ (09),
vy (2) € Ok(2,70(zn)(2)) for almost all z € OXY.

We claim that the sequence {z,,},~,; C WHP(Q) is bounded. Suppose for
the moment that this is not the case. Passing to a subsequence if necessary,
we may assume that

HanWLP(Q) — +oo.
We set

a @

Yn = Vn>1.

Hanwl,p(g)

Evidently, passing to a subsequence if necessary, we may assume that

Yn — y in WHP(Q),
Yn — y in LP(§),

for some y € WP(Q). From the choice of the sequence {z,,},~; W P(Q), we
have N

EIIVyan J(z,zn(2)) dz_/k(za"fop(xn)(z)) do < {1\746 .
HCCnlewp(Q) ||xn||W1wP(Q)
(4.65)
Note that without any loss of generality, we may assume that j(z,0) = 0
for almost all z € €. Then by virtue of the mean value theorem for locally
Lipschitz functions (see Proposition 1.3.14), we have

2 lzalliyn

li(z,Q)| < a1(2)+csl¢| fora.a. z € Qandall ( €R,
with a1 € LY(Q)+, c3 > 0 (see hypothesis H(j)3(iii)). Similarly, we have
|k(2,0)| < az2(2) +cal¢]” for a.a. z € 09 and all { € R,

with az € LY(0Q)+, c4 > 0 (see hypotheses H(k)(i) and (i4)). It follows that

7](2 Zn(2)) dz — 0 and /—Z 270(@n)(2)) do — 0.
Hanwl P(Q) ||9Cn||W1 P(Q)

So, passing to the limit as n — +oo in (4.65), we obtain [[Vy|[, = 0, ie.
y = ¢ € R. It cannot happen that £ = 0, because then

Yn — 0 in WHP(Q),
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a contradiction to the fact that [|yn[ly1.,q) = 1. So £ # 0 and we assume
that & > 0 (the analysis is similar if £ < 0). Recall that

lpe(zn)| < pMs  Vn>1
and

| @ 2n)winy | < enlZallwin V=1,

with £, \, 0, so

—HVang—l—/pj(z,mn(z)) dz—|—/pk(z,’yo(xn)(z)) do < pMs  (4.66)
Q lo)

and
Va2 - / () (2) dz— / on(2)90(0) (2)do < en [Enllyingy - (467)
Q o0Q

Adding (4.66) and (4.67), we obtain

/ (03 (2,20 (2)) — . (2)n (2) d

Q

4 / (Pk (2, 90(0) (2)) — va(2)70(2)(2)) dor
< Mg + 2 [y - (468)

We examine the first integral in the left hand side of (4.68). Since £ > 0, we
have
ZTn(z) — 400 foraa. z e Q.

For a given € € (0,1), from the mean value theorem for locally Lipschitz
functions (see Proposition 1.3.15), we have

i(zzn(2)) = j(z.e20(2)) +wi(2)(1 —€)zn(z) foraa. ze€Q\D,

for some D C Q, [D|y = 0, w};(2) € 05 (2, wn(2)), wn(2) = (1 —tn(2))zn(2) +
tn(2)exn (2), with ¢,(2) € (0,1), n > 1.

We may assume that z,(z) > 0 for all n > 1 (recall that z,(z) — +oo for
all z € Q\ D). So we have

wp(2) = 2p(2) = th(2) (1 —)zn(2) > zp(2) — (1 —e)zn(2) = exn(z2),

hence
wp(z) — +oo.

Then by virtue of hypothesis H(j)3(iv), we have that

w(z) — f+(2).
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We can find ng = no(e, z) > 1, such that, if n > ng, we have
|w;§(2) - f+(z)‘ < e.
So for n > ng, we have

pj(Z,ZCn(Z)) _ pj(Z,Eﬂfn(Z)) _ w* 2
S = PR - i),

Recall that
li(2,0)] < a1(2)+csl¢| fora.a. z € Qandall ¢ € R.
Hence, we can write that

—pal(z)x—(z;S”"(z) +p(1—e)(—e+ f+(2))

pian(z) _ paslz) +pescaa(2)

+p(1—¢)(e + f+(2)).
Since z,,(2) — +oo0 and € > 0 was arbitrary, we infer that

pj(z,2,(2))

o (2) — pf+(z) for a.a. z € Q.

Then, we have

e @ {2n 70}
B / p](%(z)(znyn(z)dz+ / pj(%(z)(z»yn(z)dz
{zn>0} (o0}

(recall that j(z,0) = 0 for almost all z € Q). Because

‘pj(% Zn(2))

} < az(z) foraa.ze€Qandalln>1

(by virtue of the mean value theorem and hypothesis H(j)3(iii)) and since
| {zn > 0} ]N — [Q|n (hence |{z, < 0} |N — 0), passing to the limit, we
obtain '

i (2, 2n(2))

A ”xnnwl,p(g)

dz — pf/f+(z) dz.
Q
Also, from hypothesis H(j)3(iv), we have

[uw@meas — ¢ [ 1@
Q

Q
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So finally
1 ] *
mg/ (pj (2, 20 (2)) — up(2)n(2)) dz
—&p—1) | f+(2)d=. (4.69)
/

Next, we examine the second integral in the left hand side of (4.68). We have

/ (Pk(2,70(20)(2)) — vn(2)70(2n)(2)) do

0Q

- / (Pk (2,70(20)(2)) — va ()70 () (2)) do
{lvo(zn)|>M}

4 / (0k (2, 70(70) (2)) — va(2)70(0) (2)) do
{lvo(zn) <M}

> / (Pk(2,70(20)(2)) — vn(2)70(2n)(2)) do
{lvo(zn) <M}
(see hypothesis H(k)(iv)), so
1

||$n||W1,p(Q)

[ k0t () - ot () do =

EA B ||xn||W1,p(Q)

3

for some 8 € R and

liminf;/(pk(z,’yo(xn)(z)) — v (2)70(20)(2)) do > 0. (4.70)

n—-+oo ||$"||W1’P(Q) 50

So, if we return to (4.68), divide with ||zn [|yy1,5(qy, Pass the limit as n — +o0
and use (4.69) and (4.70), we obtain

§p—1) [ f+(z)dz <0
/

and so

/f+(z)dz < 0,
o)

a contradiction to hypothesis H(j)3(iv).
Similarly, if we assume that £ < 0, we reach the contradiction 0 <

Jo f-(2) dz.
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Therefore the sequence {z,},~; C W1P() is bounded and passing to a
subsequence if necessary, we may assume that

T, — xo in WHP(Q),
xn, — xo in LP(§2),

for some g € WP(Q). From these facts as in previous proofs, exploiting
the maximal monotonicity of the operator A and the Kadec-Klee property of
Lr (Q; RN), we conclude that

T, — xg In Wl’p(Q).

We consider the direct sum decomposition
wirP(Q) = RaV,
with
v & {x e Whr(Q): /Qx(z)dz = 0}.
We examine the behaviour of ¢ on each one of the components of this direct

sum.

PROPOSITION 4.2.16
If hypotheses h(j)3 and H(k) hold, then ¢|v is weakly coercive.

PROOF For every v € V, we have
1

p(v) = CIVel, —eslol, = llaally = c2 o)z oy = llazla
1
- IVoll, = es lloll, = s [vll;, — e,

for some cs,c6 > 0. Invoking the Poincaré-Wirtinger inequality (see Theo-
rem 1.1.7), we obtain

1
olv) = 2 IVoll, = ez [Vl — s,

for some c7,cg > 0. Because r < p (see hypothesis H(k)(iii)), we conclude
that |y is indeed weakly coercive.

PROPOSITION 4.2.17
If hypotheses H(j)s and H(k) hold,
then
p(f) — —oco as |l — +oo, £ ER.
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PROOF Since k > 1, for all £ € R, we have

o) = - [iga- [Kegdr < - [0

Q 0Q Q

SO

o©) < —¢ [ j(zf) &z VE£O (4.71)
Q

But from the proof of Proposition 4.2.15, we know that for almost all z € ),
we have

Since )
](ZT’C‘ < az(z) foraa. zeQ,

from the dominated convergence theorem, we have that

Q/j(zT’Odz — Q/fi(z)dz as ¢ — oo,

so
p(() — —oo as (] — +oo

(see (4.71) and hypothesis H(j)3(iv)). I

These Propositions lead to the following existence result for problem (4.64).

THEOREM 4.2.3
If hypotheses H(j)3 and H(k) hold,
then problem (4.64) has a solution xo € WHP(Q).

PROOF  Propositions 4.2.15, 4.2.16 and 4.2.17 permit the use of the
nonsmooth Saddle Point Theorem (see Theorem 2.1.4), which furnishes an
zo € WLP(Q), such that 0 € dp(zo). So, we have

Azo) —ug = 70(v), (4.72)

where ug € LP (), uf(z) € 9j (z,0(2)) for almost all z € Q and v € L™ (69),
v(z) € Ok(z,70(20)(2)) for almost all z € Q. For every ¥ € C°(Q2), we have

(Ale0), ey~ [ w008 = [ v(0(@)(:)dr = 0

Q oQ
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(since yo(¥) = 0). We know that
—div ([|[Vao() [ Vao() € W) = (Wp”(2)”

(see Theorem 1.1.8). So, after integrating by parts (Green’s identity), we have
-2
(Alao) Py = [ IV20(IER? (Valz), V9(:)a dz
Q

— (= div (92001532 Vo) gy = (05 oy -
Recalling that the embedding C°(2) C W1P(Q) is dense, we infer that

—div ( ||Vaco(z)||§1_\,2 Vio(z))
= uj(z) € 9j(z 20(2)) fora.a. z€ . (4.73)

From Green'’s identity (see Theorem 1.1.9), for all y € W1P(Q), we have

/ Va0l (Vo). Ty(a)) g dz

8950

+/div(||on(z)||R}2 Vao(z))y(z)dz = <_

ony
Q

,m/)) . ()

oQ

where as before (-,-);5 denotes the duality brackets for the pair
(Wﬁ’p(aﬂ),Wfﬁ’p (092)). Because of (4.72), we have

/ Va0l (Vaoz), Ty(:)) g dz
- / i ()(=) dz + (©,70()) n (4.75)
Q

(recall that R(v) = Wﬁ’p(aﬁ); see Section 1.1). Using (4.75) and (4.74) and
taking into account (4.73), we obtain

(v,7%(Y)sq = <g—227%(y)>89 vy e whr(Q). (4.76)

We know that vo (WP (Q)) = Wﬁm(BQ). So from (4.76), it follows that

8%( ) = v(z) € 9k(z,70(w0)(z)) for a.a. z € ON.
ony,
Therefore zg € W1P(Q) is a solution of (4.64). I
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4.3 Problems with an Area-Type Term

In this section we shall use the methods of the nonsmooth critical point theory
(in particular the material from Section 2.5) to study a class of functionals
which includes as a particular case the area integral of the nonparametric
minimal hypersurface problem. In that problem, we seek to minimize the

integral
[+ 19ae) B s
Q

among all the functions x, such that x|sq = g. This is the problem of mini-
mizing the area of a hypersurface that can be represented as a graph over a
domain in Q € RY with a prescribed boundary (the points (z,g(z)), z € 99Q).
The Euler-Lagrange equation of this calculus of variations problem is the fol-
lowing Dirichlet problem (minimal hypersurface equation):

_div Velz) -0 inQ,

2
1+ [|[Va(2)|[g~
Z|log =g on .

The special feature of this problem is that it is only coercive on a nonreflex-
ive space built on L(Q2), which we shall introduce in the sequel. This fact
makes the variational methods for the minimal hypersurface problem really
challenging.

As we already mentioned, in this section we shall be concerned with a more
general problem which incorporates the minimal hypersurface problem as a
special case. So, let  C R™ be a bounded domain with a Lipschitz boundary
09Q. We are given two functions ¥: RY — R and f: Q x R — R satisfying
the following properties:

H() 9: RY — R is a convex, even function and there exist c1, ¢, c3 > 0,
such that

clullgy —c2 < Y(u) < 03(1—|—||u|\RN) vV ueRN,

H(f) f: QxR — Ris a function, such that

(1) for every ¢ € R, the function
N5z— f(z,) eR

is measurable;
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(79) for almost all z € €, the function
R>¢(— f(z,{) eR
is continuous and odd;

+4 =1)and ¢ > 0, such

(i7i) there exist p € (1, %), ac LV (Q) (% :

that

|f(z,0)] < a(z)+c[¢[’~" foraa. z€Qandall ¢ €R;

(iv) there exist p > 1 and M > 0, such that
0 < uF(z,¢) < (f(z,¢) foraa.zeQandall|(|> M,

where

s

¢
F(z0) & / f(er)dr
0

(the potential function corresponding to f).

We introduce the energy functional ¢, defined by

o(x) 4 /ﬁ(Vx(z)) dz—/F(z,x(z)) dz
Q

Q

and we assume homogeneous Dirichlet boundary condition, i.e. z € WO1 l(Q)
To have coercivity of ¢, the natural space to consider is the space BV (),
which is the space of functions of bounded variation on . So, let us begin
by introducing this space. A function x € L!(Q) is of bounded variation,
if its partial derivatives in the sense of distributions are signed measures of
bounded variation. More precisely, we make the following definition.

DEFINITION 4.3.1 We say that a function z:  — R is of bounded
variation (denoted by x € BV (Q)) if and only if x € L'(Q) and there are
signed measures pp: Q — R, k € {1,..., N} of bounded variation, such that

[e@Dwds = - [e@du ¥eoecE@), ke LN},
Q Q
Therefore Vx is a vector measure with finite total variation, i.e.
IVl ry @) = sup /x(z)div u(z)dz < +oo.

u € CZ(Q;RY) o
flull(o <1
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As usual, we set
g &
dive £ ZDkuk, Vu:(ul,...7uN)€Ccl(Q;RN).
i=1

The space BV (€2) endowed with the norm

df
Izl v = lzlli + [IVellry )

becomes a Banach space.

EXAMPLE 4.3.1 (a) If z € C'(Q), then z € BV(Q) and || V| py (o) =
[Vzl,. Indeed, let u = (u1,...,un) € C°(Q;RY). Performing an integra-
tion by parts, we obtain

/Q w(2)div u(z) dz

/Q(Vx(z),u(z))RN dz
< /||V9€(Z)||RN [u(z)llgn dz < ||u||oo/||vx(2)||]RN dz,
Q Q

SO
”vaTV(Q) < Vel .

On the other hand by a simple measurable selection argument, we can produce
a measurable function u: & — R such that ||u(z)|[py =1 and

(Va(z),u(z))gn = IV2(2)|lgy  for aa. z € Q.
Let {un},>; € C° (4 RY) be a sequence, such that
U, — u in Ll(Q;RN)

(recall that embedding CZ° (€; RY) C LP(€;RY) is dense for all p € [1, +00)).
Then, we have
/ (Va(2), un(2)) gy dz2 — / (Va(z),u(z))gn dz = V2|,
Q Q

hence

IN

IVzlly < IVl g -

Therefore, we conclude that

||Vx||1

IValry o) -
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More precisely, we have that W11(Q) C BV () and
IVall, = [Vellpy@ — VaoeW" ().

This is a multivariate analog of the well known fact that an absolutely con-
tinuous function h: [0, ] — R is of bounded variation and ||| 7y ) = [[A/[l;

(b) Let C C RY be a bounded open set with a C2-boundary dC. An appli-
cation of the divergence theorem reveals that x. is of bounded variation in
Q. Indeed, if u € C2°(Q;RY) with [Jul| <1, then

/divu(z)dz = /(u(z),n(z))RN don_1
c ac
< on-1(2Nn0C) < +o0, (4.77)

with n(z) being the outward unit normal at z € 9C and oy _1 is the (N —1)-
dimensional Hausdorff measure. Therefore ||V, [l7y () < +oo. In fact, we
have

||VXcHTV(Q) = UNfl(QﬁaC)'
To see this note that since by hypothesis C' is a C?-manifold, we can find an
open set U 2 9C, such that c?(z) & d(z,C) is C' on U \ 9C and
Vi) = 2 Prac(®)
d(z)

with proj, . (z) being the unique point in 952, which is nearest to z. So the
outward unit normal n to dC has an extension n € C} (RY), such that
|ﬁ(2)‘ <1 forall z € RY. So, if u € C(Q) and v = un, by the divergence
theorem, we have

/divv(z)dz = /div (un)(z)dz = /u(z)doN,l,
c c ac

SO

IVxellrve = swp [ u)doxo = oxoa(@n0C)
u € C=(Q)
<1 oC

lulloe <

and from (4.77), we get

”vXCHTV(Q) = UNfl(Q N 50).

REMARK 4.3.1 The Banach space BV ({?) is embedded compactly in
LP(Q2) (p € [1,+00)) (see Giusti (1984)).
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In this section we are concerned with the following minimization problem:

inf {¢(z) : x € BV(Q), with homogeneous Dirichlet boundary condition}.
(4.78)
Problem (4.78) can be viewed as the generalized Dirichlet problem for the
functional ¢. Since the functional ¢ need not be weakly lower semicontinuous
on BV (), to deal with (4.78) in an effective way, we need to pass to the
I'y-regularization of ¢. To describe this new functional we need to introduce
the following notion from Convex Analysis.

DEFINITION 4.3.2 Let vp: RY — R be proper, conver and lower
semicontinuous (i.e. ¥ € I‘O(RN); see Definition 1.3.1). The recession
Function ¥>° of ¢ is defined by

o) L sup (by+v) - o)
vedom Y
M )= ()
>0 t
_ oy Yty —y) o Yotty)
t—-+o00 t t—-—+o00 t

In fact the second, third and fourth equalities above are actually independent
of vedomy = {veRN: ¢(v) < +oo}.

Also we need to recall a definition and a classical result from Measure
Theory.

DEFINITION 4.3.3  Let M(Q;RN) be the space of all vector measures
on Q with values in RY which are of bounded variation. Let m € M(Q; RN)
and let p be a o-finite Borel measure on €.

(a) We say that m is an absolutely continuous measure with respect
to u (denoted by m <= ) if and only if |m|(C) = 0 whenever C' € B(Q)
and p(C) = 0.

(b) We say that m is singular with respect to u (denoted by m L p if
and only if Im|(2\ C) =0 for some C € B(Q) with u(C) = 0.

In what follows, for a given v € L'(Q;RY), we shall denote by u.u (or
simply by u when no confusion is possible) the element of M (€2; RY), defined
by

(wp)(C) 2 /u(z) du(z) YV CeBEQ).
C
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From the Radon-Nikodym Theorem, we know that if m << p, then m = u.p
for some u € L! (Q;RN). The function u is often denoted by ‘2—7} and it is
called the Radon-Nikodym derivative of m with respect to u.

The elements of M (Q;RY) admit the following decomposition, known as
the Lebesgue decomposition.

PROPOSITION 4.3.1
If me M(Q; RN),
then there exists a unique function u € L! (Q;RN) and a unique measure
m® € M(Q;RN), such that
(i) m =wu.u+m*;
(i) m® L p (clearly u.pu << ).
Using these notions from Convex Analysis and from Measure Theory, the

I-relaxation in BV (Q2) with the weak topology was calculated by Anzellotti,
Buttazzo & Dal Maso (1986), who obtained the following functional

B(a) L /ﬁ Va( dz+/z9°° (|v it )> d(|Va*])(2)

—/F(z,x(z)) dz V2 e BV(Q),
Q

where Vo = Vz® + Vz* is the Lebesgue decomposition of the vector measure
Vz (see Proposition 4.3.1), |Vz?®| is the total variation of the singular part,
Ig—faz\ is the Radon-Nikodym derivative of Va* with respect to |Va®| and 9>
is the recession functional of 4.

In what follows, for convenience, we set

Fo(z) & /19 (Va( dz+/19°°( a )) d(1v2*]) (2)

?, () g /F z,x(z)) dz YV x € BV(Q).

Evidently B, € T'o(BV(Q)) and , € C*(BV(12)). So @ =%, + P, fits in the
framework considered in Section 2.3. Then by virtue of Definition 2.3.1, we
have:

DEFINITION 4.3.4 We say that x € BV(Q) is a critical point of @
if and only if

Toly) > Bole) + / f(a(2) (g —a)(z)dz ¥ yeBVQ).
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We shall show that 3 has a sequence of critical points {zy},~; € BV ()
with corresponding critical values increasing to +oco. The presence of area-
type term P, causes some difficulties. First of all it makes the energy func-
tional nonsmooth and so we need to appeal to the nonsmooth critical point
theory in order to use variational methods in the analysis of the generalized
Dirichlet problem. Second, by having @ defined on BV (2), we are unable to
satisfy the generalized nonsmooth PS-condition (see Definition 2.3.2).

EXAMPLE 4.3.2 Let Q = (0,1) CR, 9(¢) = [{], f(z,{) = (. We can
check that for each n > 1,

e 1 1 1
(En()ﬁ 41fn—+2<2<§+n—+2,
0 otherwise

is a critical point of ¢ and ¢(z,) = 4. However, the sequence {z,}, -, has no
subsequence which strongly converges in BV (Q2). Therefore the generalized
PS-condition is not satisfied. 1

To overcome this difficulty, we extend the energy functional ¢ on all of
LP(2) by setting ¢(z) = +oo if x € LP(Q2) \ BV (). In the space LP(Q2) we
can recover the necessary compactness. To prove a multiplicity result for our
generalized Dirichlet problem, we need some abstract results, which essentially
are the adaptation to an equivariant setting of the material from Section 2.5.

DEFINITION 4.3.5 Let G be a topological group and X a complete
space.

(a) A representation of G over the metric space X will be a continuous
map u: G x X — X, such that if L(g) denotes the map x — u(g, x),
then L(g1g2) = L(g1) o L(g2) and L(e) = id, where e € G is the group
unit.

(b) A function p: X — R is said to be G-invariant, if
o(u(g,z)) = ¢(x) VgeQG.

(c) A set C C X is G-invariant, if its characteristic function is G-
nvariant, i.e. if
u(g,C) = C YV geQG.
(d) A function f: X — X is said to be G-equivariant, if
flulg,2)) = ulg, f(x)) V¥ (gz)€CGxX.

(e) A homotopy h: [0,1] x X — X will be called G-invariant, if for each
t € [0,1], the function h(t,-) is G-equivariant from X into itself.
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(f) The representation u is said to be isometric, if
u(g,2) —u(g,y)| = dy(z,y) VgeG, zyeX.

In what follows let G be a compact topological group which acts by iso-
metric transformations on a complete metric space X. We often say that
X is a complete metric G-space. In the next definition, we adapt to the
equivariant setting a notion introduced in Definition 1.3.10.

DEFINITION 4.3.6 Let p: X — R be a continuous G-invariant func-
tion and let x € X. We introduce |dgp|(x) to be the supremum of all £ > 0,

such that there exist an invariant neighbourhood U of x and a continuous map
H:[0,6] x U — X, such that

dy(H(t,u),u) <t and @(H(t,u),u) < o(u)—Et Y (t,u) € [0,0]xU

and for allt € T, H(t,-) is G-invariant (i.e. for all g € G and all uw € U, we
have H(t,gu) = gH (t,u); see Definition 4.3.5(d)). The extended real number
|dap|(x) is called the G-invariant weak slope of ¢ at x.

REMARK 4.3.2 The function |dgp|: X — R is invariant and lower
semicontinuous. Note that if G = {e} (the trivial group), then the above
definition reduces to Definition 1.3.10 (see also Proposition 1.3.20).

Consider the space X x R, which becomes a complete metric space when
endowed with the metric

df L
dXXR((xv)\)?(yhu’)) = (dx (m,y)Q + ()\_#)2)2.
Also for a given function ¢: X — R, we introduce the function E, : epip —
R, defined by
E,w ) LA V(2,0 eX xR,

which is Lipschitz continuous. Note that X x R becomes a complete metric
G-space through the action u: G X (X x R) — X x R, defined by

ﬁ(g, (w,)\)) 4 (u(g,x),/\).

Clearly, if ¢ is G-invariant, then so is F,. Using E, and Definition 4.3.6, we
can make the following definition.

DEFINITION 4.3.7 Let p: X — R be a lower semicontinuous, G-
invariant function and let x € dom . We set

doE,|(x, o(x )
|deol(z) g \/1 |—C;dG|E(¢|(z7((p)()x))2 if |dGE9°|(337‘P(33)) <1,
oo if [do Byl (v, ¢(2)) = 1.
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REMARK 4.3.3 An immediate question is whether this definition is
consistent with Definition 4.3.6. The answer is yes and this can be established
as in Proposition 1.3.22. So now we have the notion of the G-invariant weak
slope for lower semicontinuous functions ¢: X — R.

Now that we have the G-invariant weak slope, we shall consider critical
orbits instead of critical points (see Definition 2.5.1).

DEFINITION 4.3.8 Let ¢: X — R be a lower semicontinuous, G-
invariant function. An orbit C C dom ¢ is said to be critical, if |dao|(x) =0
for every (equivalently for some) x € C.

We can also extend to the present G-invariant setting, the PS-condition
introduced in Definition 2.5.2.

DEFINITION 4.3.9 Let ¢: X — R be a lower semicontinuous, G-
invariant function and let ¢ € R. We say that ¢ satisfies the extended non-
smooth G-Palais-Smale condition at level c¢ (extended monsmooth
G — PS.-condition for short), if the following holds:

“Every sequence {z,},~; C domg, such that
¢(n) — ¢ and |dgo|(zn) — 0,
has a strongly convergent subsequence.”

If this property holds at every level ¢ € R, then we say that ¢ satisfies the ex-
tended nonsmooth G-Palais-Smale condition (ertended nonsmooth
G — PS-condition for short).

For a lower semicontinuous, G-invariant function ¢: X — R and for every
¢ € R, we introduce the following two sets:

c 4 {zeX: p(x)<c},
daf

K¢ {zeX: |dael(z) =0, o(x) =c}.

A careful reading of the proof of Theorem 2.5.1, reveals that we can restate
that deformation result in a G-invariant form.

THEOREM 4.3.1 (Deformation Theorem)

If X is a complete metric G-space, ¢: X — R is a continuous G-invariant
function, ¢ € R and ¢ satisfies the extended nonsmooth G — PS.-condition,
then for a given €9 > 0, a G-invariant neighbourhood U of K¥? (if K¥ =
0, then U = 0) and ¥ > 0, there exist ¢ € (0,e9) and a continuous map
n: [0,1] x X — X, such that for every (t,z) € [0,1] X X, we have:
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(a) d (z,n(t,z)) <t
(b) o(n(t,z)) < p(x);
(c) if p(x) & (c—€o,c+€0), then n(t,x) = x;
(d) (1, \U) C ¢
(e) for every t €[0,1], n(t,-) is G-invariant.
Using this deformation result, we can have an abstract multiplicity result
for lower semicontinuous functions. For this purpose, we consider a Banach

space X and the symmetry group G = Zy. We consider the representation of
G over X consisting of {z’d, —id}. This way X becomes a G-space.

THEOREM 4.3.2

If ¢: X — R is a lower semicontinuous and even function, there exists
a strictly increasing sequence {Vi},>1 of finite dimensional subspaces of X,
such that B

(i) there exist a closed subspace Y of X, r > 0 and 8 > ¢(0), such that
X = VWaY and o¢lo.ny = 5

(i) there exists a sequence {Rn},s, C (r,+00), such that
pv) = 9(0)  VoeVn, |vlx > R

(iii) E, satisfies the extended nonsmooth PSc-condition for every ¢ > [3;
(iv) |daEy|(0,X) # 0 whenever X > 3

then there exists a sequence {(zn,\n)},,~; C epi, such that |dE,|(zn, A\n) =
0 for alln >1 and Ey(zy, \y) = Ay — +00.

PROOF Without any loss of generality, we can assume that ¢(0) = 0.
The function E,, : epi ¢ — R is Lipschitz continuous and G-invariant (since
by hypothesis ¢ is even). Moreover, it is easy to see that

deE,|(x,\) = |[dE,|(z,)) Yz #0.

Hence the function £, actually satisfies the extended nonsmooth G — PS.-
condition for every ¢ > . Also K¢ C (X \ {0}) x {c}.
Let
AL (C € X\{0}: Cisclosed, C=-C)
(i.e. A is the class of closed, symmetric (with respect to the origin) subsets
of X \ {0}). We consider the Krasnoselskii genus v: A — R, defined by

©) g [inf{m € N: there exists h € C(C;R™\ {0}), h is odd},
v | +o0 if no such m € N exists, in particular if 0 € C,
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for C # 0 and ~(0) 40, Note that for any C' € A, by the Tietze’s extension
theorem (see Theorem A.1.2) an odd map h € C(C;R™) can be extended to
a map h € C(X;R™) and in fact by considering iAz(x) 4 1(h(z) — h(-x)), we
can assume that this extension is odd too. The Krasnoselskii genus generalizes
the notion of dimension of a linear space and its properties can be found in
Proposition 2.1.5.

Let k £ dim V) and without any loss of generality assume that dimV,, =
k+n for n > 1. Let

D, & Bpg, NV,.
We introduce
g 4 {¢ € C(Dn;epigp) : ¢ is G — equivariant
and 1 (u) = (u,0) for all u € dBg, NV, }.
T, & {w(m) eV, n>i, CeAandv(C) Sn—i}.
The sets I'; possess the following properties:
(a) T; # 0 for all ¢ € N. Indeed note that id € U,,.
(b) T;41 C T'; (monotonicity). Let A = w(m) € T';11. Then ¢ € U,
n>i+1>i,CeAdandy(C)<n—(i+1)<n—iandso AeT;.

(c) If ¥ € Clepip,epiyp) is G-equivariant and ¥(z,0) = (z,0) for all z €
0Bpgr, NV, and all n > 1, then ¥(A) € I'; for all A € T'; (invariance). Let
¥ be as above and set A = ¢(D,, \ C) € I;. Then 9o is G-equivariant,
belongs in C(Dn; epip) and 9ot)|,, ., = (id,0). Therefore Joyp € U,,
and (o) (D, \ C) =9(A) € I;.

(d) fAeTl;,, E€ Aand y(E) < k < i, then A\ (E x R) € I';_j, (excision).
Let A= (D, \ C) €T; and C € A, with y(C) < k < i. We claim that

AV(EXR) = ¢(Da\ (CUP-L(E xR))). (4.79)
Suppose that (c,\) € ¥(Dy \ (CU¥™(E x R))). Then
(6,3) € $(Da\C)\ (EXR) = A\ (ExR) C A\ (B xR).

Hence
Y(D,\ (CUY™(ExR))) C A\ (ExR). (4.80)

On the other hand, let (¢,\) € A\ (E x R). Then (¢, ) = ¢(w), with

w e (D,\C)\¢v HExR) C D, \ (CUy¥L(E xR)).
So we infer that
A\(ExR) C ¢(D,\ (CU¥~(E xR))). (4.81)
From (4.80) and (4.81), we conclude that (4.79) holds.

© 2005 by Chapman & Hall/CRC



4. Elliptic Equations 547

(e) If AeT; and LY {(y,\) €epip: y€ 0B, NY}, then ANL #0. Let
p: X x R — R be the linear continuous map defined by p(z, ) = z.
Then we can easily check that

ANL #0if and only if p(C)NIB, NY # 0. (4.82)

Let A =1 (D, \ C). Then pot) € C(Dy;X) is odd and p o (] PN
Then from Rabinowitz (1986, Proposition 9.23, p. 57), we have that

p(A)NOB.NY #10
and this proves that AN L # () (see (4.82)).

We introduce the following minimax values of E,:

af . .
¢ = 14116111;1 (;1}15)%(0 E,(z, 1) Vi>1.

Claim 1. ¢; > (3 >0 for all 1 > 1.
If A €T, then from (4.82) and hypothesis (i), we have that

>
max () = B,

hence ¢; > (3 for all 1 > 1.

In the next claim we show that the numbers c; are critical values of E, and
also make an observation about their multiplicity.

Claim 2. If ¢; = -+ = ¢j4m = ¢, then y(K¥) > m + 1.

We have p(0) = 0 and ¢ > 3 > 0 (see Claim 1). Therefore 0 ¢ K.
Because K¢ C X is compact (due to the extended nonsmooth PS-condition),
we have K¢ € A. If v(K?) < m, then from the continuity properties of the
Krasnoselskii genus (see Struwe (1990, Proposition 5.4(5), p. 87)), we can find

§ > 0 such that v((K&)s) < m (here (K¢)s 4 {zeX: d.(z,K¢) <6}).
We apply Theorem 4.3.1 for the functional E, with U g (K¥#)s x R and
o2 g We can find n € C([0,1] x (X xR), X xR) and ¢ € (0,&0) such that
n(t,-) is odd for every t € [0,1] and

(1, ES\U) C BS <. (4.83)
We choose C' € T';4,, such that

max F,(z, < c+e.
(@.n)eC oo 1)
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From (d) (the excision property of the family {I';},.,), we have that C'\ U €
I';. By virtue of hypothesis (i) and Theorem 4.3.1(c), we have that

0L omg v = oy e ¥ 1.

So from (c) (the invariance property of the family {I';},,), we have that
n(1,C\U) € T;

and thus from (4.83), we infer that

max F, < c—g,
n(1,C\U)

a contradiction to the definition of c.
The next claim completes the proof of the Theorem.
Claim 8. ¢; — +00 as u — +00.

Because of (b) (the monotonicity property of the family {I';},.,), we have
that the sequence {c¢;};~; is increasing. Suppose that the claim is not true
and the sequence {¢;},~, is bounded. We have that

¢ — € asi— +o00o.

If ¢; =€ for all i > i, then by virtue of Claim 2 we have that y(KY) = 400,
which is not possible since K is compact. Therefore ¢ > ¢; for all ¢ > 1. Let
us set

S L {(@p) e XxR: ¢ < Ey(w,p) <& |dE,|(w, 1) = 0}.

This set is compact too (since E, satisfies the extended nonsmooth PSc-
condition for ¢ > ) and so v(S) < +o00. We can find 6 > 0 such that

3 (S5) =(8) =k

where
Ss L {(w,p) € X xR: d((w,p),S) < 6).

Theorem 4.3.1 with ¢ 4 C, €0 ¥ ¢—cpand U 4 S5 yields an ¢ > 0 and a
continuous odd deformation map such that

77(17 EZ*E \ U) - Ei’a.
Choose i € N such that ¢; >¢—¢ and A € ', such that

maxFE, < ¢t+e.
A
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Arguing as in the proof of Claim 3, we obtain A\ U € T'; and the same
holds for n(1,A\ U) provided that n(1, MNonp av, = id for all n > i. But

v, <Oforalln>1landc—ey =cx >¢co >0 > 0.
Therefore n(1,A\ U) € I'; and so

by hypothesis E¢|aBR

¢ < max F, < ¢t—¢ < ¢

n(1,A\U)

a contradiction. I

REMARK 4.3.4 The hypothesis that |dgFE,|(0,A) # 0 for all A > 3
cannot be removed. Indeed let X be an infinite dimensional Banach space
and let p: X — R be defined by

(x)lﬁ 0 ifx =0,
PET 1 — o)l if 2 # 0.

Then all the other hypotheses of Theorem 4.3.2 are satisfied. However, the
only critical points of E, are (0,0) and (0,1).

In the three propositions that follow, we examine the weak slope of functions
© = @o + p1 with o lower semicontinuous and p; € C*(X) or ¢; locally
Lipschitz.

PROPOSITION 4.3.2
If © = o+ @1 with o proper, lower semicontinuous, 1 locally Lipschitz,
x € dom g and

lo1(y) — o1(2))

lim sup = 0,
r=0% y 2 € B.(a) Hy—z||
y#z
then for every A > ¢(x), we have
[dEp|(x,A) = [dEg,[(x, )
In particular |dp|(x) = |dpo|(z).
PROOF For A > ¢(x), first we show that
|dE 0| (2, X = p1(2)) < |dE,|(x, N). (4.84)

If |dE,, |(z, A — ¢1(x)) = 0, then (4.84) is immediate. So suppose that 0 <
T < |dEy| (2, A — p1(2)).

Let € > 0 be given and let 4 > 0 be small enough so that ¢; is Lips-
chitz continuous with constant e > 0 in Bgs(x) and there exists H: [0, d] x
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(Bs(z,¢(z)) Nepi¢) — X as in the definition of weak slope (see Defini-
tion 1.3.10). Let ¢’ € (0, 4] be such that

(v, —e1(y)) € Bs((m, A —¢1(x))  V (y.p) € By ((x, ).

Then let K: [0,0'] x (Bs ((z,A)) Nepiy) — epi¢ be defined by

K(t () < (K1(1+5 (y7u—s01(y))),
K2(1+5,(y,u—s01(y)))+<p1 (ﬁ,Kl (ﬁ,(y,u—wl(y)))))

From the triangle inequality, we have

d(K(A+¢)s, (g, n+1(9) )s (¥, 1+ 01(y)))
d(K (s, (y: 1), (g, 10+ 01(y) — o1 (Ka(s, (4, 1)))))

< d(K(s, (y, 1), (g, 1) + |1 (K1 (s, (y, 1)) — o1(y)|
< s+es = (1+¢)s.

Moreover, we have

E (K (t,(y,p)) = Ko (%ﬁ,(y,u—w ) (% Yo 1 — wl(y)))

1
< p—pi(y) - T1+5+s01( ( (yn— o1y ))))

<
< Bylyn) — (g —<)t.
SO -
dE. A) > —
AE,|(x.3) > T

Let € \, 0 to obtain that |dE,|(x, A) > 7, which implies that
|[dEy|(2, ) > |dEg| (2, A — ¢1()).

Therefore (4.84) is true.
On the other hand by replacing g with ¢ and ¢ with —p, we obtain

B, |(x. ) < |dEq,| (2, A — o1(2). (4.85)

From (4.84) and (4.85), we conclude that the equalities of the Proposition
hold.

Next we shall consider C! perturbations of convex functions. But first we

need to introduce and briefly comment on two notions related to the concept
of weak slope introduced in Definition 1.3.10.
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DEFINITION 4.3.10 Let ¢: X — R be a function.

(a) If ¢: X — R is proper, lower semicontinuous, * € dom ¢, the strong
slope |Doy|(z) is defined by

s [ tmsup o(r) — oY)

if z is not a local minimum,
[Del(z) = § voz  llz—ylx
0

if z is a local minimum.

(b) If p € To(X) and z € dom ¢, the extended subdifferential of ¢ at x
is the set

9" p(x) 4 )2 e X*: liminf ply) = elx) = @y — @) >0;.
e lz —yllx

We can easily verify the following properties.

PROPOSITION 4.3.3
If ¢: X — R s proper, lower semicontinuous and x € dom ¢,
then the following are true:

(1) If¢: X — R is Frechet differentiable at x, then
O (p+Y)(x) = {z"+¢/'(x): 2" €0 p(x)}.

(2) If z* € 0~ p(x), then

(x + Ah) — ()

vV helX.
h\ €

* R
<
(", h)y < hg\n\lgf

(3) If p is convex, then 0~ ¢(x) coincides with the convex subdifferential (see
Definition 1.3.3).

(4) If x* € 0~ p(x), then
dol(z) < [Del(z) < [[%]x. -
(5) 0~ p(x) C X* is strongly closed and convez.

Now we are ready to consider C'' perturbations of convex functions.

PROPOSITION 4.3.4
If = o + 1 with g9 € T'o(X) and ¢; € Cl(X),
then the following are true:

(1) |de|(z) = |Dep|(x) for all x € dom p;
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(2) for every x € dom, we have |dp|(z) < 400 if and only if O~ p(x) # 0
and in this case we have

dol(x) = min ] 5
del@) = min o’

PROOF  From Proposition 4.3.3 we know that 0~ ¢(z) is w*-closed and

0 p(x) = {3:* +i(z): x€d po(x) = 8(,00(33)}.
It follows that 0~ ¢(z) is w*-closed too. Hence, if 9~ p(x) # (), then we can

find 2§ € 0~ ¢(z) such that ||zl ;. = w*eglfw(w) l|l2* ]y -

Without any loss of generality we can say that ¢} (x) = 0. Then by virtue
of Proposition 4.3.2 we can assume that ¢ = 0.
By Proposition 4.3.3(4), we have

7o) 20 = [laglie) < IDelie) < min o7l (a5

Suppose that 0 ¢ 0~ p(z) and let 7 > 0 be such that
lz*]| o > 7 Va*ed o).
By virtue of Lemma 1.3.2, we can find y € X such that
ply) < e(@)—7ly—2lx-
Because ¢ is lower semicontinuous, we can find § > 0 such that
oy) < plz)—Tlly—zlly  V2z€Bs(a).

By decreasing § > 0 if necessary, we may assume that y & Baos(xz). We
define H: [0, 4] x Bs(x) — X by

H(tu) £ w2V (t,u) €[0,8] x Bs(x).
ly — ullx
Clearly H is continuous and ||H(t,u)—uly = t. Moreover, since 0 <
—Lt— <1, we have
lly—ullx ’
t
p(H(t,w) < @u) + —— (o) — ¢(w) < @(u)—1t,
ly — ullx
S0
|deol(z) > 7.

Therefore 0~ ¢(z) = () implies that |dp|(z) = +oo, while 0~ ¢p(x) # 0 implies
that

dol(z) > min T yu - 4.87
dol(a) = min [l (4.87)

© 2005 by Chapman & Hall/CRC



4. Elliptic Equations 553

From (4.86) and (4.87), we conclude that

dol(@) = min "] .

€0 p(x) |

COROLLARY 4.3.1

If peCY(X),
then |dg|(z) = |Dgl(z) = l¢' (@)l for all @ € X.

COROLLARY 4.3.2

If v =0 + 1 with g9 € T'o(X) and ¢; € Cl(X),

then for every x € dom with |dp|(x) < 400, there exists u* € X* such that
[l x- = ldel(z) and

wo(y) > wolz) — (i), y—a)x + (W y—z)y VyeX

The weak slope exhibits a better behaviour when we deal with a continuous
function. When ¢: X — R is proper and lower semicontinuous, we can still
transfer the analysis to the continuous case by considering the Lipschitz con-

tinuous function E,: epi¢ — R defined by E,(x, \) 4 \. Then by virtue of
Definition 4.3.7, |de|(z) = 0 if and only if |dE,|(z,¢(z)) = 0 and {z,},~, C
X is a Palais-Smale sequence for ¢ if and only if {(z,, p(zn))} ., Cepiy is
a Palais-Smale sequence for E,. The main difficulty in dealing with ., is that
in general we do not know the behaviour of |[dE,|(x, A) when ¢(z) < A\. How-
ever, this can be remedied when we deal with a C' perturbation of a convex
function, as is the case in the problem of this section (see also Section 2.3).

PROPOSITION 4.3.5

If ¢ =0+ ¢1, o € To(X) and 1 € C1(X),
then for every x € domp and A > ¢(z), we have E,(z,\) = 1.

PROOF  Clearly we may assume that ¢)(xz) = 0. This by virtue of
Proposition 4.3.2 permits us to assume that ¢; = 0.
Let H: [0,6] x Bs((z,\)) — epi¢p be defined by

4 t(z—y) tu—p(x))
H ta 9 - ) - )
(t: (. 1)) <y+ Vo=l Hu—e@r F \/IlywlliJruw(w)Q)

with § > 0 such that p(z) < A — 24. Since

s(z—y) < s _
4 (y - \/Iywliﬂus&(w)Iz) < PO+ e ) — v )

w— (,LL - 90(17)) Vily—zl%+p—e(2)]?’

IN
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we infer that H (t, (y,,u)) € epip. Clearly H is continuous and

d(H(t, (y, 1), (y, 1)) = t.
On the other hand we have
s

Ep(H (s, () = 1~ (n—9@) Vlly —al% + i — ()2
Y—T|x H—ex
= Ey(y,p) — e ’
Vi = el + b el
A—0d—pla)
< E@(y,ﬂ) - \/52 + A+ —p(x))? "
S0
=6 — o(x)
BN @A) = e T s
Let 6 \, 0, to conclude that |dE,|(x, A) > 1, hence [dE,|(z, ) = 1. '

As a consequence of this Proposition, we have:

PROPOSITION 4.3.6
If o =0+ ¢1, o €lo(X), g1 € CHX) and ¢ is even,
then for every (x,\) € epi we have

(1) if p(x) < A, then |daE,|(z, ) = |dEy|(x, A) = 1;
(2) ldcEy|(z, p(x)) = |dE,| (2, ¢(x));
(3) WE, (0, 9(0)) = 0.

PROOF  The only thing that needs to be proved is that [dE,| (0, ¢(0)) = 0.

Without any loss of generality we assume that both ¢y and ¢; are even. So
we have ¢} (0) = 0 and by virtue of Proposition 4.3.2, we may assume that
¢1 = 0. Then ¢ is convex, even and so 0 is a minimizer of ¢. Hence (0, ¢(0))
is a minimizer of E, and so |dE,|(0,¢(0)) = 0.

Now we are ready for an abstract multiplicity result for the generalized
Dirichlet problem under consideration.

THEOREM 4.3.3

If o= o+ 1, o €To(X), o1 € CHX) and ¢ is even,
then there exists a strictly increasing sequence {Vi},,>1 of finite dimensional
subspaces of X such that B

(1) there exist a closed subspace Y of X, r >0 and 5 > ¢(0) such that
X =WaeY and Q0|aBTmY > f;
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4. Elliptic Equations 555
(2) there exists a sequence {Ry},~, C (r,+00) such that
p(v) < @)  VoeVy, [vllx = Ru;

(8) (a generalized nonsmooth PS-condition) if ¢ > 3, {z}}, <, C X*, z}, —
0in X*, {zn},s; € X, p(zn) — c and B

po(u) = wo(an) = (Pr(xn), v —an)x + (25, u—2n)y YueX, n>1,

then the sequence {xy},~, admits a subsequence which is strongly con-
vergent in X,

then there exists a sequence {zn},~, C dom¢ such that p(x,) — +oo and
po(u) > @o(wn) — (Pi(an) u—zn)xy  VyeX
(i.e. —p)(xn) € Opo(xy) forn>1).
PROOF By virtue of Corollary 4.3.2 and Proposition 4.3.6, we see that
E, satisfies the extended nonsmooth PS-condition for ¢ > 8. Moreover,
dE,I(0,0) #0 VA28

(see Proposition 4.3.6). So we can apply Theorem 4.3.3 and obtain a sequence
{(@n, An)},>1 € epiyp such that

|[dE,|(xn, An) = 0 and  Eg(z,An) = Ay — F00.
Then according to Proposition 4.3.6, we have
olzn) = A Vn>1,

while
|[do|(z,) = 0 Vn>1.

This completes the proof of the theorem. I
Now we can start dealing with our generalized Dirichlet problem. Our aim
is to eventually apply the abstract multiplicity result in Theorem 4.3.3. To

this end we need some auxiliary material. Recall that ¢: LP(2) — R is
defined by

df | po(z) + ¢p1(z) if x € BV (),
{ 400 if z € LP(Q) \ BV (Q),

with

&

vo(z) £ / 9(Va(2)) dz + / 9> <|§z:|(z)) d|Vz®| ()
Q

Q
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and

v1(x) g —/F(z,x(z)) dz.
Q

The lemmata that follow will pave the way for a multiplicity theorem based
on Theorem 4.3.3.

LEMMA 4.3.1
If {zn},>, € BV(Q) is a sequence such that o(z,) — c € R, uj, — 0 in

LP () and

polw) = golien) + [ F(z00(2) (v~ 70) ()2
Q

+ /u;(z)(y—xn)(z) dz Yy e LP(),
Q

then the sequence {xy},~, € BV(Q) admits a subsequence which converges
strongly in LP(Q). B

PROOF  Choosing as a test function y = 2z, and using hypotheses
H(j)(iit) and (iv), for all n > 1 we have

po(22) > olwn) + / F (2020 (2)en(2) dz + / () (=) dz
Q Q

> wolTn) + uF(z,xn(z)) dz + /u;(z)xn(z) dz — ¢y,

Q

ZO\

for some ¢4 > 0, so

pp(ea) = [u @) ds +ea 2 (n+ Do) — pol2an).
Q

By virtue of hypothesis H (1), we have that ¢ is Lipschitz continuous and

by 200 —9Qu) 9(0) _
l[ull —+o00 [ ] l[ul—+oo [|ull
and so 1
(1 +1)9(w) = 9(2u) > Eo—=v(u) M, (4.88)
for some M; > 0 and
(1 + 1) (1) — 9°(2u) > “?_11900(@. (4.89)
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Also we have
s |zl gy —c6 < wolu) < e (1 + ||5C||Bv(fz)) Ve BV(Q), (4.90)

for some ¢, ¢g, ¢7 > 0. Then using (4.88), (4.89) and (4.90), we obtain that

* H
pp(@n) + lunlly [ @nll, +ca > po(@n) — Mi|Q| N

> B-
- 2
and thus the sequence {z,},~; € BV (Q) is bounded.

Because the embedding BV (2) C LP(Q) is compact, we have the result of
the Lemma.

1
(es lznll gy (@) — c6) — Mi|Qn

LEMMA 4.3.2 o
There exists a strictly increasing sequence {V”}n>1 of finite dimensional

subspaces of BV (Q) N L*(2) and a strictly decreasing sequence {Y,},~, of
closed subspaces of LP(Q) such that B

Q) = V,0Y, and (Y, = {0}
n=1

PROOF Let m > & and let {en}, > be an orthogonal basis of the Hilbert
space H~™(Q2) = (H,S”(Q))* consisting of elements of Hi (). Let

= d S d
V., £ span{ex}r_, and Y, g Span {ex ey i1-

Then R
H'Q) =V,aY,
Evidently
Y. = {0}
n=1
Let us set

Y, LY,nLPQ) va>Ll

Then the sequences {V"}n>1 and {Yn}nZl have the desired properties. I

LEMMA 4.3.3
If the sequence {Y,}, ., is as in the previous lemma,
then B

sup inf po(z) = +oo.

n>1x € Y
lzll, =1
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PROOF  Suppose that the result of the Lemma is not true. Then we can
find a sequence {zy},,~, C BV(2), with 2, € Yy, [[znl, = 1 and {¢(zn)},,5,
is bounded. By passing to a subsequence if necessary, we may assume that

xn, — x in LP(Q)

for some z € LP(Q2) with [z, = 1. Also
ze [V, = {0},
n=1

a contradiction. I

Now we are ready for the multiplicity result for the generalized Dirichlet
problem.

THEOREM 4.3.4

If hypotheses H(9¥) and H(f) hold,
then there exists a sequence {zn},,»1 € BV(Q) of critical points of the func-
tional o such that p(x,) — +o0o.

PROOF  Let {V,} _, and {Yn},>1 be sequences of subspaces as in
Lemma 4.3.2. Note that ¢; is bounded on bounded subsets of LP(Q2) (see
hypothesis H(j)(ii7)). So by virtue of Lemma 4.3.3 we can find ng > 1 such
that

o) > ¢(0)+1 V€Y, |z],=1

Let us set YV A Yy, and V, & Vnoin- Because of hypothesis H(5)(iv), we
have

F(z,¢) > %F(z, M)|C|# —€&(2) foraa.zeQandall( eR, (4.91)

for some ¢ € LY(). From (4.90) and (4.91) we deduce that for some R,, > 1
we have

e(zn) < ¢(0) Ve Vn, HCC”p > Rn.
This combined with Lemma 4.3.1 permits the use of Theorem 4.3.3, which
gives the desired sequence of critical points of . I

4.4 Strongly Nonlinear Problems

In this section we study boundary value problems driven by general nonlin-
ear differential operators (which include as a special case the p-Laplacian)
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and have unilateral constraints (hemivariational inequalities and variational
inequalities). We consider three different boundary value problems, none of
which is in variational form. So now our approach is different and it is based
on nonlinear operator theory (in particular operators of monotone type) and
on degree theoretic arguments.

We start with hemivariational inequalities. Let Q C RY be a bounded
domain with a C'*-boundary 9. The first problem that we shall study is the
following;:

—diva(z,z(2), Va(z)) — 8j(2,2(2)) 3 f(z, 2(2), V()
for a.a. z € Q, (4.92)
$|()Q =0.

Here a: @ x R x RN — 28" \ {¢} and for every z € W,y P (), the first
multivalued term in (4.92) is interpreted as

{divv: ve LY (Q;RN), v(z) € a(z,2(2), Va(z)) for a.a. z € Q},
with 1 < p/ < 400 (ie. v € S’ 2(),Va(- ))) Then by a solution of prob-

lem (4.92), we mean a function x E WyP(Q) (% + i = 1) for which there
exist v € Sa( 2(),Vz() and u € S@]( 2()) such that

—divu(z) —u(z) = f(z,2(2),Va(z)) foraa.ze .
Our hypotheses on the data of (4.92) are the following:

H(a); a: QxR xRN — Py, (RN) is a multifunction, such that

(i) a is graph measurable;
(79) for almost all z € Q and all ¢ € R, the function
RY 5 ¢ — a(z,(,€) € Pre(RY)
is strictly monotone;
(731) for almost all z € Q, the function
R xRN 3 ((,€) — a(z,(,€) € Pe(RY)

has closed graph and for almost all z € Q and all £ € RY, the
function
R> < E— a(27<7€) € Pkc(RN)

is lower semicontinuous;

(iv) for almost all z € Q, all ¢ € R, all £ € RN and all v € a(z,(, ),
we have that

[ollax < b1(z) +en (KP4 [1€lRn" ),
with by € L¥ (Q)4, ¢1 > 0, p € (1,400), £ + & =1;
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(v) for almost all z € Q, all ¢ € R, all £ € RN and all v € a(z,(, ),
we have that

(0, v = m €l — n2,
with 71,172 > 0.

REMARK 4.4.1 A possibility for the multifunction a(z,(,§), is when
a(z,(,€) = B(2,0)06(z,€), B a Carathéodory function (i.e. z — 5(z,()
measurable and ¢ — ((z, () continuous), 3 > 0 and ¢(z, () is Carathéodory
too and for almost all z € Q, the function & — ¢(z,&) is strictly convex,
not necessarily differentiable. By 9¢(x, £) we denote the subdifferential in the
sense of convex analysis of the function ¢(z,-) (see Definition 1.3.3). If 5 =1
and ¢(z,€) = ¢(§) = 1 [[€[|z~, then the resulting differential operator is the

p-Laplacian. I

H(j)1 j: QxR — Ris a function, such that
(7) for all ¢ € R, the function

N3z—j(z,¢) R

is measurable;

(#i) for almost all z € Q, the function
R3(—j(z¢) eR
is locally Lipschitz;
(7i7) for almost all z € Q, all ¢ € R and all u € 9j(z, (), we have that
u| < ba(2) + ol
with by € LOO(Q), ca>0,1<r<ph

(iv) there exists ¥ € L>°(€)4, such that

u
limsup ————= < 9(z),
[Cl—+oo [SP72C

uniformly for almost all z € Q and all v € 9j(z,¢), with
9(z) < Amy for almost all z € Q and the inequality is strict
on a set of positive measure (as before \; is the first eigenvalue
of (= A, Wy?(Q)) and 7y > 0 is as in hypothesis H(a);(v)).

H(f)1 f: QxR xRN — R is a function, such that
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(i) for all (¢,€) € R x RY, the function
Q52— f(z,¢E€eR

is measurable;

(77) for almost all z € Q, the function
RxRY 3 (C,€) — f(2.(,€) €R

is continuous;

(iii) for almost all z € 2, all ¢ € R and all £ € RY, we have that
£ GO] < belz)+es (I + €len)

with bg € LV (Q), ¢3 > 0,1 < 9 < p.

We consider the multivalued operator V: Wy (Q) — Pupe (W‘l’p,(ﬂ)),
defined by

L TR p’ 1,p
V(z) = { divw : UESG(_@(_),VI(.))} Ve Wyt(Q).
Moreover, for fixed =z € WO1 P(Q), we consider the auxiliary operator
Ky WaP(Q) — 2W "7 (D) defined by

df . / ;
Ko(y) £ {—dlvu e sg(_)m(_))vy(,))} Yy € WP (Q).

LEMMA 4.4.1
If hypothesis H(a), hold and = € WP (),
then the operator K, is maximal monotone.

PROOF By virtue of hypothesis H(a);(i), for every z,y € Wy(Q2), the
multifunction
Q32+ a(z,2(2), Vy(z)) € Prc(RY)

is measurable and so via the Yankov-von Neumann-Aumann Selection Theo-
rem (see Theorem 1.2.4) and hypothesis H(a);(iv), we infer that

p/
Saw() vy * -

Therefore K, has nonempty values which clearly are convex, closed, bounded
(thus convex, w-compact). Because of hypothesis H(a)1(i7), K, is monotone.
So according to Proposition 1.4.6, in order to establish the desired maximality
of K, it suffices to show that for every y,h € Wol’p(Q), the multifunction

[0,1] 3t +— K,(y+th) € oW (@) g upper semicontinuous from [0, 1] into
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W12 (Q),. To this end let C € W17 (Q) be a nonempty, weakly closed
subset and let us set

vo(t) LK (y+th) Yy he WT(Q).
We need to show that
(Ryn) (C) = {telo,1]: Ry,()NC #0}

is closed in [0,1] (see Proposition 1.2.1). Let {t,},~; C ( Z)h)f(C) and
assume that ¢, — t. Let us take v,, € Rz,h(tn) N C for n > 1. We have that

v, = —divu,, with u, € Stlz)(»7w(»)7V(y+tnh)(-))'

Because of hypothesis H(a)i(iv), we see that the sequence {un},.; C

v (Q; RV ) is bounded and so, by passing to a subsequence if necessary, we
may assume that )
Up —= u in LP (Q;RN).

Invoking Proposition 1.2.12 and exploiting hypothesis H(a)(iii), we infer

that u € Sg(.@(.)y(yﬂh)(.))' Note that

—divy, — —divu in W*Lp/(Q)

and so
v = —divu € Ry,(t)NC.

Hence t € ( v, h)f(C) and we have proved the desired upper semicontinuity
of t — K, (y + th). I

Using this Lemma, we can prove the following result concerning the multi-
function V.

PROPOSITION 4.4.1
If hypotheses H(a)1 hold,
then V' is an operator of type (S)_ (see Definition 1.4.9).

PROOF  Let {zn},5, C WyP(€) be a sequence, such that
Tn — x in Wy P(Q)

and let v} € V(z,) for n > 1 be such that

IN
o

: *
lim sup (v}, x,, — x>W01,p(Q)
n—-+4oo
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We need to show that
T, — x in WyP(Q)

(note that because of hypothesis H(a)1(iv), V is bounded). We have that

v, = —dive, with v, € Sa( ()Y ())"
We may assume that
vy % v in LP(Q;RY)
(see hypothesis H(a);(iv)). Hence
— v* = —dive in W Q).

*
Un

Let y € Wy() and let w € Sa( 2(),Vy(y)- For each n > 1, we introduce
the multifunction L,,: Q — 2RN, defined by

L, (2) 4 {¢ € a(z,zn(2), Vy(2)) :
lw(z) = Ellpn = dy (w(2), a2, 2n(2), Vy(2))) -}

Evidently L, (z) # 0 for almost all z € Q and GrL,, € £ x B(RY), with £
being the Lebesgue o-field of Q and B(RY) the Borel o-field of RY. So via
the Yankov-von Neumann—Aumann Selection Theorem (see Theorem 1.2.4),

we produce w, € Sa( (.Y () such that
wp(z) € Ly(z) fora.a.zeQ.
We have

lw(z) —wn(2)llan = dx (w(2),a(2,20(2), Vy(2)))
< by (a(z,2(2), Vy(2)),a(z, zn(2), Vy(z))) for a.a. z € Q. (4.93)

Since the embedding W, (Q) C LP(f2) is compact, we may assume that

Tn — x  in LP(Q),
Tn(z) — x(2) for a.a. z € Q.

From (4.93) and hypothesis H(a);(#i7), we have that
wp(2) — w(z) fora.a. z€Q

(see Definition 1.2.5(b)). Then from the Extended Dominated Convergence
Theorem (see Theorem A.2.1), we infer that

w, — w in L”/(Q;RN).
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Exploiting the monotonicity of a(z, Zn(2), ) and Green’s identity (see Theo-

rem 1.1.9), we have that

0 < / (vn(2) — wn(2), Va,(z) — Vy(z))RN dz

I
D\D

(vn(2), Va,(2) — Va:(z))RN dz + / (vn(2), V(z) — Vy(z))RN dz

Q

+ / (10(2), Vy(2) — Vi (2) o 2

Q

+ [ (00020, 95(2) = Vi ()

Q

By hypothesis, we have that

: *
lim sup (v}, z, — x

n—-+4oo

Ywir @)

<Un, ITn — x>W01‘p(Q) + / (Un(z)a VI‘(Z) - Vy(z))]RN dz

(4.94)

IN
o

Also, recall that v, — v and w,, — w in L’ (Q;RN). So passing to the

limit as n — +oo in (4.94), we obtain

0 < / (v(z), Va(z) — Vy(z))RN dz + / (w(z), Vy(z) — V;v(z))RN dz

Q

But (y,
follows that

Q

(—=dive — (—=divw),z — y>W01,p(Q) )

—divw) € Gr K, was arbitrary. So, by virtue of Lemma 4.4.1, it

—divv € K,(2), hence v € Sa( 2(),Va()

As above through a measurable selection argument, we can generate u,, €

s

a(,zn (1), V() for n > 1, such that

Uy — U inL”/(Q;RN).

Let
d .
U A —divu,

We have that

d .
and v* & —divw.

tmsup (v, = 0% 20 = T)yrr ) < 0,
$0
lim sup [(v:; — U, X, — x>W(},p(Q) + (ur —v* 2, — x)Wol,p(Q) <0

n—-+oo
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Thus

171211;5) (v @y — a:>W01,p(Q) + BET;E (uy, —v*, zy — $>W(}vp(n) <0

. . p— /
and since v} — v* in W1 (Q), we have

lim sup (v}, — u), T, — $>W01‘P(Q) < 0. (4.95)

n—-4o0o
On the other hand, from the monotonicity of a(z, Zn(2), -), we have
(vy —u), Ty — $>W01,p(ﬂ) = / (Vn(2) = un(2), Van(z) — Va:(z))]RN dz > 0,

Q

SO

Y
o

liminf (v — uy, x, — a:}Wol,p(Q) (4.96)

n—-+o0o

From (4.95) and (4.96), it follows that

(vy —uy, @y, —x)Wol,p(Q) = /(Un(z)—un(z),Vxn(z)—Vx(z))RN dz — 0.
Q

Note that the integrand

daf
On(z) = (vn(z) — un(2), Va,(z) — Va:(z))]RN
is nonnegative and so we may assume that
Bn(z) — 0 fora.a. zeQ

and
|Bn(2)| < ki(2) foraa. z€Qandalln>1,

with k; € L1(9).
Because of hypotheses H(a)1(iv) and (v), for all z € Q\ D, |D|y = 0, we
have that
k1(z) = (vn(2) — un(2), Vo, (z) — Vi (z)) g
m (IVan )y + IV2(2)[Rr) — 202
~Vea(@lle (b12) + ealan(2)]" ™ + e [Va(z) 52

— 92 g (b1(2) + ealan()[" " + 1 IVaa()BR") - (4.97)

vV

Since x,, — x in VVO1 "P(Q), by passing to a subsequence if necessary, we may
assume that
Ty — T in LP(Q),
xn(z) — x(2) for a.a. z € Q,
‘xn(z)| < ko(z) for a.a. z € Q and all n > 1,

© 2005 by Chapman & Hall/CRC



566 Nonsmooth Critical Point Theory and Nonlinear BV Ps

with ko € LP(€2). So from (4.97), it follows that for all z € Q\ D, the sequence
{Vz, (2)}n21 C RV is bounded. Thus by passing to a subsequence if necessary

(the subsequence in general depends on z € Q \ D), we may assume that

~

Va,(z) — &(2).

Fix z € @\ D. We can find

such that

[vn(2) = gn(2)llpny = d,y (va(2), a(z, 2(2),&(2)))
< 1ty (a(za(2), Van(2)),a(z,2(2),6(2)))  Vn>1. (4.98)

From the definition of the excess function h* (see Definition 1.2.4), we see
that we can find s,(2) € a(z, 2, (2), Vo, (z)), for n > 1, such that

o~ o~

d y (5n(2),a(z,2n(2),£(2))) = he (a(z,2n(2), Van(2)),a(z, 2(2),£(2))).

Evidently the sequence {s,(z)},~; € RY is bounded (see hypothesis
H(a)1(iv)) and so, by passing to a subsequence if necessary, we may assume
that

sp(z) — s(z) in RV,

We have
(zn(2), Van(2),s,(2)) € Gra(z,-,-) Vn>1

and so from hypothesis H (a);(iii), we have that

o~

(x(z), (z),s(z)) € Gra(z,-,-),

hence

o~

he (a(z,2n(2), Van(2)),a(z,z(2),£(2))) — 0.
By virtue of (4.98), it follows that

||vn(2)—gn(z)||RN — 0.

o~

Note that {g.(2)},51 € a(z,2(2),£(2)) € Pre(RY). So, we may assume that

~

gn(2) — G(2) € a(z,2(2),£(2)) VzeQ\D.
Recall that for all z € Q\ D, we have

Bn(z) — 0.
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Therefore, in the limit as n — +o0o, we have that

o~

(9(2) —v(2),&(2) = V(2)) gn = 0,

with g(z) € a(z,x(z),g(z)) and v(2) € a(z,z(z), Va(z)) for z € Q\ D.
But a(z,z(z),-) is strictly monotone. So it follows that

o~

&(z) = Va(z) VzeQ\D.
Thus, for the original sequence {Vz,(2)},,,, we have that
Van,(z) — Vaz(z) VzeQ\D.
Also from (4.97), for all z € Q\ D, we have

M [V (2)llgx
< ki(z) +m [Va(2)llga + 202

+ [ Vaa(=) e (1) + erlea(@)]" " +erVa(=) 53
V() lrx (b1(2) + ealaa()]" " + e Ve (2)IE")
Using Young’s inequality (see Theorem A.4.2) with & > 0 small, we obtain
1a(e) [Van (2l < Ka(2) +m [ Va(=)[Ba + 202
() () + a2 + 1V [ )

1
+ 01(2) [|V2(2)[p + 1 |za(2)|" [Va(2) | 5n
+ n5(e) ||Vx(z)||£1\, VzeQ\D, n>1,

with 13(€), na(e),m5(¢) > 0. Thus the sequence { ||V, (-)|[ax }, -, is uniformly
integrable. a

Applying the Extended Dominated Convergence Theorem (see Theo-
rem A.2.1), we obtain

Va, — Vz in LP(Q;RY)

and so
T, — x in Wy P(Q).

This proves that V' is of type (S), . I
Let G: Wy P(Q) — Pure(L7 (Q)) be the multifunction, defined by

d g 7
G(z) = Shiacy Yz eEWFP(Q)
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and let Ny: WP () — L¥'(92) be the Nemytskii operator corresponding to
the function f, i.e.

Ni@)() £ f(a(), V() YV ae Wit

We introduce the multivalued operator R: W, P(2) — Puke (W‘l’p,(ﬂ)),
defined by

R(z) = V(z) — G(x) — Ny(x) Yz e Wyt ().

PROPOSITION 4.4.2
If hypotheses H(a)1, H(j)1 and H(f)1 hold, then R is pseudomonotone.

PROOF  Observe that R is defined on all of W, *(£2), has convex, closed

values and it is bounded. So according to Proposition 1.4.11 in order to
show that R is pseudomonotone, it suffices to show that R is generalized
pseudomonotone. So suppose that

Tn — 2 in Wy P(Q), (4.99)
ot gt in WP (Q),
xy € R(xy,) forn>1

and

limsup (27, 2n — @) yyir ) < 0.
n—-+4oo 0

We have to show that z* € R(x) and <x;§,xn>W01,p(Q) — (x*,x)WDl,p(Q) (see
Definition 1.4.8(b)). From the definition of R, we have

z; = vy —gn — Nf(xn) VYn>1,

n

with v} € V(xy,), gn € G(xy,) for n > 1.

Note that because of hypothesis H(j)1(iii), we have that the sequence
{gn},>1 C L™ (Q) is bounded and so, by passing to a subsequence if nec-
essary, we may assume that

gn % g in L7(Q). (4.100)

From (4.99) and the compactness of the embedding W, * () C LP(Q), passing
to a further subsequence if necessary, we have that

Ty — T in LP(Q),
Zn(z) — x(z) for a.a. z € Q,
|zn(2)| < ki(2) for a.a. z € Qand alln > 1,

for some ki € LP(Q2). Then using Propositions 1.2.12 and 1.3.11, we obtain
that g € G(z).
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Moreover, since r < p*, we have that
Ty — x in L7(Q)

and

(Gn,Tn — $>W01*P(Q) = /gn(z) (zn —2)(2)dz — 0.
Q
Also, from hypothesis H(j)1(iii), we have that the sequence {Ng(xyn)}, <, C
L' (2) is bounded and so B

(N¢(xn), xn — Wlp /f (z,2n(2), Van(2)) (zn — 2)(2) dz — 0.

Thus, finally

lim sup (v}, x, — x>W1 w(g = limsup (z}, 2, —2) < 0. (4.101)

n—-+oo n—-+4oo

But from Proposition 4.4.1, we know that the operator V is of type (S), .
So (4.101) implies that

T, — x in WyP(Q).
Then ) )
Ni(zn) — Ny(z) in LP(Q) and in WP (Q).
Similarly, from (4.100) and the continuity of the embedding L™ (Q) C
W=LP(Q) (since 1 < r < p*), we have that
gn 5 g i WE(Q).

Also
v) = —divo, Vn>1,

n

with v,, € s’
assume that

(o (),Vn() for n > 1. Passing to a subsequence, we may

Up —= v ian,(Q;RN),
with v € L¥' (Q;RN) and so
vy — v* = —dive in W*Lp/(Q).

Moreover, v € SS;, 2(),92()) and so v* € V(z). In the limit as n — 400, we
have
" = v —g— Ny(z),

with v* € V(z), g € G(x) and so
z* € R(z).
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Also, from the fact that ,, — 2 in W, ?(Q), we have that
<$nvxn>w(}*?(ﬂ) — (= 7x>W01‘P(Q)

and this finishes the proof. I

PROPOSITION 4.4.3
If hypotheses H(a)1, H(j)1 and H(f)1 hold, then R is coercive.

PROOF First we establish the following claim.

Claim 1. There exists # > 0, such that

=

v@) Lo |al - [ 0@ ds
Q

V

BlIValE Ve WyP(Q). (4.102)

Note that ¢ > 0 (see Proposition 1.5.17 and hypothesis H(j)1(iv)). Suppose
that the claim is not true. Then we can find a sequence {z,}, -, C Wy (Q)
with |V, |, = 1, such that ¢(z,,) \, 0. Using the Poincaré inequality (see
Theorem 1.1.6), we may assume that

T, —5 x in W P(Q)

and by the Sobolev embedding theorem (see Theorem 1.1.5), passing to a
subsequence if necessary, we may assume that

T, — x in LP(Q).

Because of the weak lower semicontinuity of the norm functional, in the limit
as n — 400, we have

0 < U@ = m|Val} - [ @) dx < o
Q

ie. ¥(z) =0 and so

mVal = [ &z < mau el (4.103)
Q

thus * = 0 or * = Zwu;, where u; is the normalized eigenfunction of
(- Ap,Wol’p(Q)) corresponding to Ay > 0. If z = 0, then [[Vz,[|, — 0,
a contradiction to the fact that ||Vz,[|, =1 for all n > 1. So = £uy. Then
from (4.103), hypothesis H(j)1(iv) and since u1(z) > 0 for all z € Q, we have
that

I92l2 < A a2,
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a contradiction. This proves the claim.

By virtue of hypotheses H(j)1(4i%) and H(j)1(iv), for almost all z € © and
all uw € 9j(z,(), we have

(9614 27 leP=2c +n) it¢ 20

IN

u

<
v

Aip :
(96 + 27 ) 1e=2c = mz) itc <o,
with v, € L™ (Q)4 For 2* € R(z), we have
¥ = v —u" — Ny(x),

with v* € V(z) and u* € G(z). As v* = —divv, v € SZ;-,r(-),Vz(-)) and using
hypothesis H(a)1(v), we have

(" D @)

= (v*,x>W01,p(Q)—/u*(z);v(z)dz—/f(z,x(z),Vx(z))x(z) dz
Q Q

/(U(z),Vx(z))RN dz—/u*(z)x(z) dz—/f(z,x(z),Vx(z))x(z)dz

Q Q Q

> o0 |Vl — melflx — [ @)alz) d
—/f(z,x(z),Vx(z))x(z) dz. (4.104)
Q
Also, we have
” )\
[ < [ @6+ 2] ds + ol llel,
Q Q

/f(z,w(Z),Vﬂf(Z))ﬂf(Z)dZ < bl 2], + e llzlwrn o) + s IVl |

for some ¢4, c5 > 0 (see hypothesis H(j)1(9i7)).
Using these inequalities in (4.104), we obtain

<CC*,$>W01,p(Q) > m ||V$||§—T]2|Q|N _/ﬁ|x(z)’pd - 5 || ||p
J [V
= Nl Mzl = osll, NIzl = callzllwro@) — s IV,
B 9
> 29alt - co IVal] - e
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for some cg,c7 > 0 (see (4.102)). This implies that R is coercive (recall that
9 < p). 1

Now we are ready for the existence result concerning problem (4.92).

THEOREM 4.4.1
If hypotheses H(a)1, H(j)1 and H(f)1 hold,

then problem (4.92) has a solution xo € Wy'* ().

PROOF  Propositions 4.4.1 and 4.4.2 permit the application of Theo-
rem 1.4.6, which gives an element xy € W, (), such that 0 € R(x). So we

can find v € Ss(»7mo(»)7v10(»)) and u* € G(xp), such that
—dive = u*+ Ny¢(zo) € L°(Q),
with s = min{r/, p’}, thus

{ —divu(z) = u*(2) + f(z,20(2), Vao(z)) for a.a. z € Q,
$0|89 - 07

ie. zg € Wy () solves (4.92). I

The second problem that we study in this section is again a hemivariational
inequality, not in variational form and at resonance at infinity. More precisely,
the problem under consideration is the following:

—diva(z, Va(z2)) — )\*}x(z)‘p%x(z) € 9j(z,2(2))
for a.a. z € Q, (4.105)
$|BQ = Oa

where \* = Aic1, ¢1 > 0, p € (1, 4+00).
Our hypotheses on the functions a(z,£) and j(z,() are the following:

H(a)y a: QxRN — RY is a function, such that

(i) for every £ € RY | the function
Q32— a(z,¢) eRY

is measurable;

(77) for almost all z € 2, the function
RY 3¢ a(z,€) e RY

is continuous and strictly monotone and a(z,0) = 0;
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ii1) for almost all z €  and all ¢ € RY, we have that
(iid)

(Q(Z,g),f)RN > ||€||ﬁ1\1

REMARK 4.4.2 If ¢ € L=(Q); and a(z,€) = 9(2) [|€]|2x7 €, then we
have a generalized p-Laplacian operator.

H(j)2 j: QxR — R is a function, such that
(1) for all ¢ € R, the function
Q32— j(2,0) eR

is measurable;

(79) for almost all z € 2, the function
R>(r—j(z,¢)eR
is locally Lipschitz;
(#4¢) we have that
lu] < B(z) fora.a. ze, all ( € R and all u € 9j(z, (),
with 3 € L' () (where L + L =1);
(i) if

df . df
Y = d Y = )
R

there exist functions g_, g, € L'(Q), such that
g—(2) = lciminfgl(z,g) for a.a. z € Q,

g+(2) = limsupga(z,{) fora.a.z €
{—+o0

and

/g+(z)u1(z) dz < 0 < /g_(z)ul(z) dz.

Q Q

REMARK 4.4.3 Hypothesis H(j)2(iv) is a Landesman-Lazer type condi-
tion. Assuming without any loss of generality that j(-,-) is Borel measurable,
we can easily check that the function

OxRxR3(2,h) — %z,¢h)€eR
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is Borel measurable and so

Grdj € B(QxRxR) = B(Q) x B(R) x B(R),
where

Groj = {(z,¢,u) e QxR xR: uedjz()}

and with B(2), B(R) being the Borel o-fields of © and R respectively. For
every u € R, we have

{(27C)€Q><R: gl(z,C)<u} = projan(Grajﬁ(QxRx(—oo,u))).

Since the subdifferential multifunction is compact-valued, from the second
projection theorem (see the Theorem 1.2.14), we have that

{(z,0) e QxR: gi(2,() <p} € BOQXxR) = B(Q) x B(R),

i.e. g1 is a Borel measurable function. Similarly, we show that g2 is a Borel
measurable function.

Our approach will be based on the multivalued Leray-Schauder alternative
theorem (see Theorem 3.1.1).

THEOREM 4.4.2
If hypotheses H(a)z and H(j)2 hold,
then problem (4.105) has a solution xo € Wy™*(€2).

PROOF  Let A: W, P(Q) — W~ (Q) be the nonlinear operator, de-
fined by

(A(z), y>W01,p(Q) 4 / (a(z, V(2)), Vy(2)) gn dz Yo,y € WyP(Q).
o)

It is easy to check that A is strictly monotone, demicontinuous, thus maximal
monotone. Let A be the restriction of A in LP (), i.e. A: LP(Q) D D(4) —
L? (Q) is defined by

Aiz) L A(x) Ve DA,

with .
DA) L {zeWiP(Q): Ax) € 1Y ()}
(recall that LP (Q) € W17 (Q2)). We claim that A is maximal monotone.

Evidently A is monotone. We also show that if J: LP(Q) — L () is defined
by

J@)() L 2" 2a()
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(note that J is continuous, strictly monotone, hence maximal monotone), then
A + J is surjective, i.e. R(E-i- J) = LY (Q).

Note that the operator A+.J: Wy (Q) — W' () is maximal monotone
(see Theorem 1.4.5) and coercive. Thus it is surjective (see Theorem 1.4.4). So
for a given h € L¥' (), we can find = € Wy?(Q), such that A(z) + J(x) = h,
hence A(z) = h — J(z) € L? (Q), i.e. € D(A) and so A(z) = A(z). Since
h € L¥ (Q) was arbitrary, we infer that R(A + J) = L¥' (Q).

Using this surjectivity, we can show that A is maximal monotone. Indeed,
let y € LP(Q) and v € LP () be such that

~

(A(x) — v,z — y>LP(Q) >0 YV x e D(A). (4.106)

Since A + J is surjective, we can find z; € D, such that
Alzr) + J(z1) = v+ J(y).
So, if in (4.106), we set x = x1 € D(A), we obtain

() = J(@1), 21 =)y = 0 VaeDA).

Recalling that J is strictly monotone, we conclude that y = z; € D(A) and
v = A(z1), which shows that A is maximal monotone.

Next, let V T A+ LP(Q) D D(A) — L¥' (). This map is maximal
monotone, strictly monotone and coercive. So V~': LF(Q) — D(A) C
WyP(Q) is well defined.

Claim 1. V1 is completely continuous.
Let {vn}, >, € L () and {zn},>1 € D(A) be sequences, such that
vn —% v in LP(Q),

for some v € LP (Q) and x,, = V~'(v,) for n > 1. We have

-~

A(zy) + J(xn) = vp,

thus N
<A($n)’$">LP(Q) + <J(xn)7xn>Lp(Q) = <Un’$">LP(Q)'

Using hypothesis H(j)2(ii1), we get
€1 ||vxn||§ + |\9Cn||§ < HU"Z”p’ ”anp

and so the sequence {z,},~,; C WyP(€) is bounded. By passing to a subse-
quence if necessary, we may assume that

Tn — xin WP (Q),
Tn — x in LP(Q),
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for some z € W,"*(€2). Since (,,v,) € GrV and V is maximal monotone,
we have that (x,v) € GrV (see Corollary 1.4.1), hence z = V~1(v). Also, for
all n > 1, we have

-~

<A($n)v$n - x>LT—'(Q) + <J($n)a Tn — x>LP(Q) = <11n,xn - x>LP(Q)’

S0
(A(zn), zn — x>W01,p(Q) + (J(zn), zn — x>Lp(Q) = (v, Tn — x>LP(Q).

Because the sequences {J(xn)},~1,{®n}t,>1 C L¥(Q) are bounded and
T, — x in LP(Q), we have that B

<J(xn),xn—x>“,(m — 0

and
<vn,a:n — a:>Lp(Q) — 0

and so

lim (A(zyn), 2 = 0.

— X
n—-+4oo >Wolp(Q)

But from Proposition 4.4.1, we know that V is of type (S)
that

4+ So, it follows
r, — x in WyP(Q),
which proves the complete continuity of V.

Let G: LP(Q) — Pyke (LPI (Q)) be the multifunction, defined by

A
G(x) = Shi(a()-

Claim 2. G is upper semicontinuous from LP(£2) into LP (),

Since G is bounded (see hypothesis H(j)2(ii1)), it is locally compact into
L¥ (Q)y,. So according to Proposition 1.2.5 and because bounded sets in
LP'(Q),, are metrizable, it suffices to show that Gr @ is sequentially closed in
LP(Q) x L¥' (Q). So let {(xn,un)}n>1 C GrG be a sequence such that

Tn, — x in LP(Q),
Up — win L¥'(Q),
for some z € LP(Q) and u € L? (). We may assume that
Tn(z) — x(2) fora.a.ze
and using Proposition 1.2.12, we have

u(z) € conv limsupdj(z,x,(2)) C 9j(z,z(z)) fora.a. z€Q,

n—-+oo
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where the last inclusion is a consequence of the closedness of the graph of
¢ — 9j(z,() and of the convexity of the value of Jj. Therefore u € G(x)
and this proves the claim.

Let G = G+ (\* + 1)J|W01,p(ﬂ). Clearly G is upper semicontinuous from

WyP(Q) into L' (€),, with nonempty, weakly compact and convex values.
We consider the following multivalued fixed point problem:

r € VG (x). (4.107)

Because of Claims 1 and 2, to solve (4.107), we can use the multivalued Leray-
Schauder Alternative Theorem (see Theorem 3.1.1). So we need to show that
the set

S L {zeWyP(Q): x etV Gi(z), t€(0,1)}
is bounded uniformly in ¢ € (0,1). Suppose that this is not true. Then, we

can find z, € D(A) and ¢, € (0,1), n = 1, such that ||z lyy1 ) — +0o0,
t, — t and for all n > 1, we have

14 (%xn) = Wn,
with w, € Gi(z), wp, = ul, + (A* +1)J(x,) and u), € G(x,). Thus
1 1 _ * *
A (t—xn> +J(Exn) = w (V1) J(z)  Yn>1.  (4.108)

From hypothesis H(j)s(iii), we have that the sequence {u*}, ., C L¥'(Q) is
bounded and so we may assume that B

ut 5wt in Lp/(Q).

Let us set
df Tn

UYn Vn>l1.

||$n||W1,p(Q)
Passing to a subsequence if necessary, we may assume that

Yn — y in Wol’p(Q),
Yn — y in LP(§),

for some y € Wy (). We act on (4.108) with ——L——g, . We obtain

XY

tﬁl—l (A(yn), yn>W01’p(Q) * tﬁ%&‘](yn)’ yn>LP(Q)

- <ﬁyn> + N+ DT Un)s Yn) 1oy
LP(Q)

wbp(Q)
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SO

e [Vyally + llynllt < 271 (2 Un 2+ 1) [lyally
lenl” o)

wl.p(Q)

and recalling that 0 < ¢,, < 1 for n > 1, we have

alVinlly < o7 (i) N Il (@00
"iwlp () LP(Q)
Note that .
Um0 L (Q)
||xn||W1p Q)

(see hypothesis H (j)2(iéé) and recall that [|zy ||y, (q) — +00). So by pass-
ing to the limit as n — 400, we obtain

c [Vyllh < #7 I lyllh <

aAlylly

(since 0 <t <1). Thus
IVylly, = Allylly

and soy=t4u; ory=0and ¢, — 1.
If y =0, then
Yo — 0 in WyP(Q),

a contradiction to the fact that |[yn|ly1.q) =1 for all n > 1. So y = +u;.
First assume that y = u;. We have

e [Vylly + (1 =71 + 1)) [lynlly

< "7<u:,yn>mm) Vn>1.

[

Since t,, € (0,1) and A* = ¢1 A1, we see that

a[Vyly + (1= + 1) lyally > 0 Vn>1,

SO -
t
T (Uns Yn) o) > 0 Vn>1
lenll?) P(9)
and thus

(UnYn) Loy = /u:;(z)yn(z)dz > 0 Vn>1
Q

Since y = u;, we see that

ZTn(z) — 400 foraa. z € Qasn— +oo.
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We have u,(z) < g2(z,2n(2)) for almost all z € Q, hence

*

un(2)ur(z) < g2(z,2n(2))ui(z) for a.a. z € Q.
From Fatou’s lemma (see Theorem A.2.2) and since

uf 5wt e Lpl(Q),

n

we have that

0 < / ut(2)ur(2)dz < / g+ (2)ua(2) dz,

Q Q

a contradiction to hypothesis H(j)1(iv).
Similarly, if y = —u7, we obtain that

[ < [wEuea <o

Q Q

again a contradiction to hypothesis H(j)1(iv). This proves that S is bounded
uniformly in ¢ € (0,1) and so by Theorem 3.1.1, we can find xy € Wy (Q),
such that

V(IE()) e Gy (330),

A(zo) + J(zo) € G(zo) + (A" +1)J(z0).

Thus
A(J?()) — /\*J(QEQ) S G(QZQ)

and so

{ —diva(z, Vro(z)) — /\*|a:0(z)|p_2xo(z) € 0j(z,20(z)) for a.a. z €,
I0|()Q = 0.

Therefore xy € Wy (Q) is a solution of (4.105). 0

The third problem that we shall examine is a nonlinear elliptic variational
inequality:

{—diva(z, 2(2),Va(z)) + B(x(2)) 2 f(z,2(2)) fora.a.zeQ,

4.110
JL‘|aQ =0. ( )

As for problem (4.92), a: Q x R x RN — 28" \ {()} while 3: R —> 2%
is a maximal monotone graph in R? and so 3 = 94, with j € T'o(R) (see
Remark 1.4.6). As before

diva(z, z(z), Va(z)) g {div v(z): veE SZ(-,m(-),v;p(»))}’
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with ¢ € (1,400).
The precise hypotheses on the data of (4.110) are the following:

H(a)s a: QxR xRN — P (RY) is a multifunction, such that

(i) a is graph measurable;

(#t) for almost all z € 2 and all ¢ € R, the multivalued operator
RN > 5 L G(Z,C7€) € Pkc(RN)

is maximal monotone with 0 € a(z, (,0);

(i73) for almost all z € Q and all £ € RY, the multivalued operator
R> < L a(27<7€) € Pkc(RN)

is lower semicontinuous;

(iv) for almost all z € Q, the multivalued operator
R x RY 3 (¢,€) = a(z,¢,€) € Pre(RY)

has closed graph;
(v) for almost all z € Q, all ( € R, all £ € RN and all v € a(z,(, ),

we have
[vllgy < b1(2) + e (ICP~ + [I€l5R),

with by € LY (Q), ¢1 > 0, p € [2, +00), =1
(vi) for almost all z € Q, all ¢ € R, all £ € RY and all v € a(z,(, ),

we have
(0, )rn > M IEllzr — 12,

with 71,72 > 0.

H(B)1 8= 0] with j € Do(R), j > 0 and j(0) = min .

REMARK 4.4.4 Hypothesis H(#); implies that 0 € 9;(0). Moreover, it
is easy to check that for all A > 0, we have that

jx(0) = 0 and 0 = j4(0) = 85x(0)

(see Remark 1.4.6). ]

H(f)2 f:9QxRx — R is a function, such that
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() for all ¢ € R, the function

32— f(2,0) €R
is measurable;
(#7) for almost all z € Q, the function
Ro({r— f(z,{) €R
is continuous;

(797) for almost all z € 2 and all ¢ € R, we have
|f(z,Q)| < ba(2) + 2|,
with by € LY (Q), ¢z > 0, 9 > 1 is such that

9 <pif2<p, 1 1
{19<2 if2—p, 4 yry=l

As we did for problem (4.92), we consider the multivalued operator
V: Wy P(Q) — Pure(W™17(Q)), defined by
V(z) ¥ {—divv twe Ss;-,z(-),vw))} Ve WyP(Q).
A careful reading of the proof of Proposition 4.4.1 reveals that the following

is true about the operator V' (in fact the proof is now simplified).

PROPOSITION 4.4.4
1If hypotheses H(a)s hold, then V is pseudomonotone.

Now let jx: R — R be the Moreau-Yosida approximation of j, i.e.

0 L int [i(€)+ g5l -

¢’eR

(see Remark 1.4.9) and let G: LP(Q) — R be the integral operator, defined
by

Ga(z) L /j)\(x(z)) &z Ve lPQ)
Q
Then G,(+) is convex and

9GA(z) = Gi(z) = Ny (2),
with Nj; being the Nemytskii operator corresponding to j4, i.e.

Ny (@)(-) = ji(z()  Vaell(Q)
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Also let Ny: L?(Q) — LY () be the Nemytskii operator corresponding to
f, ie.
A 9
Np(@)() = f(2()  YzelL’(Q).
By virtue of the Krasnoselskii Theorem (see Theorem 1.4.6), this operator is

continuous and bounded. We consider the following operator inclusion:

0 € V(z)+ Gi(x) — Nf(z). (4.111)

PROPOSITION 4.4.5
If hypotheses H(a)s and H(f)2 hold and A > 0,

then problem (4.111) has at least one solution xo € Wy'*(€2).
PROOF  From the compactness of the embeddings W, *(€2) C L?(Q) and
WyP(Q) C LY(Q), we infer that the maps

W P(Q) 3 & — Gi(x) = Ny (z) € WHP(Q)

and )
WyP(Q) 3 x — Np(z) € WP (Q)

are completely continuous. From this and Propositions 4.4.4 and 1.4.13, it
follows that the map

WoP(Q) 3 &+ V(z) + Gi(a) + Ny(z) € W7 (Q)

is pseudomonotone.
If € W, P(), for every v* € V(z), we have

(v*,x) Lo Q)+<G/( T),x >W1P( Q) ~ (CC) >W1P(Q)
= (y*,a:>W01,p(Q)—|—/j (z(z dz—/f z,2( dz
Q
> V2]’ — malQw + / 7 (2(2))2(2) dz - / £ (52(2))(z) da
Q Q

(see hypothesis H(a)s(vi)).
Since j4 is monotone and j}(0) = 0, we have that

Ja(z(2))z(z) > 0 for a.a. z € Q.

Also from the Holder’s inequality (see Theorem A.3.12) and hypothesis
H(f)2(iti), we have that

/f z,x(z z)dz < C3H!EH19+C4 < C5HVCEH2+CG
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with c3,cq4,c5,c6 > 0. In the last inequality, we have used the fact that the
embedding W, *(Q) C L?(£) is continuous (in fact compact) since ¥ < p and
the Poincaré inequality (see Theorem 1.1.6). Therefore, we have
(v*, x>W01’P(Q) +(GA\(2), x>W01”’(Q) - <Nf(95)7x>W01’P(Q)
> i |Vally = mlQly = e |Vl - co.

Because 9 < p, it follows that the multivalued operator
r — V(z)+ G\(z) — N¢(x)

is coercive. But a pseudomonotone coercive operator is surjective (see Theo-
rem 1.4.6). So problem (4.111) has a solution zo € Wy?(Q2).

Next we shall pass to the limit as A — 07 to obtain a solution for the
original problem (4.110).

THEOREM 4.4.3
If hypotheses H(a)s, H((3)1 and H(f)z2 hold,

then problem (4.110) has a solution xo € Wy™*(€2).

PROOF Let {)\n}n21 C R be a sequence, such that A, N\, 0 and let z,, €

WyP(€2) be solutions of problem (4.111) when A = \,, (see Proposition 4.4.5).

Set,
un LNy (22) = Gh (x2) = 0Ga,(x2) Vn>1.

/7
For some v,, € S¥ ( we have

-,wn(-),V:En('))’
(—div vy, a:n>WO1,p(Q) + <un,xn>W01,p(Q) = <Nf($n),xn>wol,p(ﬂ) ,
thus

/ (0n(2), Virn (=) g = + / wun(2)an(2) dz = / F (2 2n(2))2n(2) dz
Q

Q Q

and so
9
m Vel = n2lQn < [INf(@n)lly llznlly < csIVanll, + cs,

with ¢5,c6 > 0 (see the proof of Proposition 4.4.5). Since ¥ < p, it follows
that the sequence {x,,}, -, € W, ?(Q) is bounded.

For every m > 1 let 1,: R — R be the Lipschitz continuous function,
defined by

1) LB, ()P 2B (r) VT ER,
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with 8y, : R — R being the Yosida approximation of the maximal monotone
map 5. We know that

Br, = Ojr, = Jr, Yn>1

(see Remark 1.4.9). From Theorem 1.1.13(a), we know that n,(2n(-)) €
Wy ?(Q). Using 1, (2,,(-)) as a test function, we obtain

/(Un(z),Vnn(xn(z)))RN dZ-f—/W,\n(xn(z)dez
)

f(z,20(2)) 0 (20 (2)) dz. (4.112)

I
SR

From the Chain Rule for Sobolev functions (see Theorem 1.1.12(b)), for every
ke {l,2,...,N}, we have

Dy (zn(2)) = (p— 1)‘@\” (xn(z))‘p%ﬁ;n (zn(2))Dyan(z) for aa. z € €,

SO

/ ), Vit (zn (2 )))]RN dz (4.113)
Q

p—2 o
= (- / 1B, (20 (2)) 7284, (2n(2)) (10 (2), Vrn(2)) o dz.

Note that 5 (#n(z)) > 0 for almost all z € Q, while from the monotonicity
of a(z,x,(2),-) and the fact that 0 € a(z,z,(z),0) for almost all z € Q (see
hypothesis H(a)s3(ii)), we have that

(vn(2), VEn(2)) gy = 0 fora.a. zeQ.

Therefore, from (4.113), it follows that

0 < /(Un(z),Vnn(xn(z)))RN dz.

Q

From hypothesis H(f)2(?i¢), we have that N¢(z,) € L (Q) C LP(Q) for all
n > 1. So, we have

/f(zvxn(z))nn (zn(2)) dz
Q

IN

||Nf(xn)||p ||77n($n)||p/

INp @)l 18a, )2
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Using this in (4.112), we obtain

1B, @a)lly < INg(za)ll, 185, (@)l ¥zl

But the sequence {Nf(xy)},~,; € LP(Q2) is bounded, hence the sequence
{Bxr, (@n)},>1 € LP(Q) is bounded. By passing to a subsequence if neces-
sary, we may assume that

Tn — o in Wy P(Q),
Tn — xo in LP(Q),
B, (xn) —= wp in LP(Q),

for some o € Wy (Q) and wy € LP(1).
Let G: WP () — R YRU {+0o0} be the integral operator, defined by

G(x) 4 /j(x(z)) dz.

Q

Evidently G € Ty (WO1 P (Q)) and its Moreau-Yosida approximation is given
by Gx. Note that

GA(y) = GAy) = B(y()) Y A>0, yeWyP(Q).

From Remark 1.4.9, we have that w € 0G(z) and so w(z) € B(z(z)) for
almost all z € €.
For every n > 1, we have

—dive, + G, (zn) = Ny(zy).
By virtue of hypothesis H (a)s3(7ii), we may assume that
vy % vy in LF (Q;RY)
for some vy € L?' (Q; RN) and so
dive, —% divey in WP (Q).

Taking duality brackets with x,, — zg, we obtain

(—div g, x, — W1 w( /5>\ Zn(2)) (2n — xo) (2)dz

= /f(z,xn(z)) (zn — m0) (2) dz.
Q

Because p > 2 (hence p’ < 2), we have that

Tn — m in LP(Q)
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and so

[, @(@)) (a0 =20} (212 — 0
Q

and

It follows that
nEIJPoo (—div vy, x, — x0>W01,p(Q) = 0.
Because V' is pseudomonotone (see Proposition 4.4.4), we infer that —div vy €
V() and 80 vo € Sa(..z0(-),Vao())- We have
—divug +wo = Ny(zo),
thus
—divyy = Nf(xo) —wo € LP(Q),
with wo(z) € B(xo(z)) for almost all z € Q. So

{ —divug(z) + B(wo(2)) 2 f(2,20(2)) for a.a. z € Q,
zolaa = 0.

This proves that xo € W, *(Q) is a solution of problem (4.110). 0

4.5 Method of Upper and Lower Solutions

In Section 3.3 we have seen the method of upper lower solutions in the
context of second ordinary differential inclusions. In this section we return
to this method and apply it to second order elliptic inclusions similar to the
ones considered in the previous section. The method of upper and lower
solutions provides a powerful and flexible mechanism to prove existence and
comparison theorems for a broad class of nonlinear elliptic partial differential
equations. The presence of the ordered pair of upper and lower solutions
permits the relaxation of the growth condition on the nonlinearity. However,
in our case the presence of the multivalued subdifferential term complicates
matters and requires more delicate reasoning. First, by coupling the method
of upper and lower solutions with appropriate truncation and penalization
techniques, we establish the existence of at least one solution in the ordered
interval [¢, 1] formed by an ordered pair {11} of a lower and of an upper
solution. Subsequently for a subclass of problems, in which the right hand
nonlinearity is independent of the gradient of the unknown function, we show
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that in the order interval [1), 1] there is a maximum solution and a minimum

solution (for the usual pointwise ordering, which the Sobolev space W, *(£2)
inherits form the Banach space L?(2)). Such solutions are known as extremal
solutions. In the context of semilinear problems, such solutions usually can
be obtained using some monotone iterative scheme which suggests ways for
the numerical treatment of the equation.

4.5.1 Existence of Solutions

Let © € RY be a bounded domain with a C! boundary 9. The problem
under consideration is the following:

—diva(z,z(z),Va(2)) + f(z,2(2), Va(z)) + 95 (2, z(2))
> 9(z(z)) foraa. z €, (4.114)
$|aQ =0.
As in the previous section, a: © x R x RY — 28" \ {f} and for every

x € WyP(), the differential operator diva(z,2(z), Va(z)) has the following
interpretation:

diva(z, z(z), Va(z)) 4 {divv(z) cve X (Q;RN),
v(z) € a(z,2(2), Vz(z)) for a.a. z € Q},
with %4— =1(le ve Sa( #(),va(-y))- Then by asolution of problem (4.114),

we mean a function x € WO P(Q) for which there exist v € Sa( 2(), V() and

u € ng(_,z(_)), such that
—divo(z) —u(z) = f(z,2(2),Vz(z)) for a.a. z €.

Again we introduce the multifunction V: W *() — Pupe (Wﬁl’pl (Q)) de-
fined by

df . ’ :
V(z) = {—leU NS SS(-,w(-),V:E(»))} Ve WP(Q).

We start the analysis of problem (4.114) with the definition of upper and lower
solutions for the problem.

DEFINITION 4.5.1

(a) A function p € WHP(Q), loq > 0 is an upper solution for prob-
lem (4.114), if there exist v € V() and uy € S T E+L=1,
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1 <r < p*) such that

gy * [ 1T TR + [ us ) dz
Q

Q

> [o@@NE e Vye W@,
Q

(b) A function ¥ € W'P(Q), Plaa < 0 is a lower solution for prob-
lem (4.114), if there exist v* € V(1) and u_ € Saj( ) Ayd=1,
1 <r < p*) such that

. / £ 002, Ve s+ [ u (2l dz

Q

< / Y@y dz Yy Wer(Q)y.
Q

We assume that there exists an ordered pair of upper and lower solutions.

Hy There exist an upper solution 4 and a lower solution 1 such that
Y(z) < ¢(z) foraa. z€q.

Now we are ready to introduce the hypotheses on the data of prob-
lem (4.114).

H(a); a: QxR xRN — Py (RN) is a multifunction, such that

(i) a is graph measurable;

(79) for almost all z € Q and all ¢ € R, the multifunction
RY 5 ¢ — a(z,(,€) € Pre(RY)

is strictly monotone;

(#41) for almost all z € €2, the multifunction
RxRY 5 ((,§) — a(z,(,€) € Pre(RY)

has closed graph and for almost all z € Q and all £ € RY, the
multifunction

R3¢ a(z,(,8) € Prc(RY)

is lower semicontinuous;
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(iv) for almost all z € Q, all ¢ € R, all £ € RN and all v € a(z,(, ),
we have that

[ollar < b1(z) + e (KPP + [1€lE~" ),
with bl € LPI(Q)-F? c1 > 07 pE [2,+OO), % + ﬁ = 1,

(v) for almost all z € Q, all ¢ € R, all £ € RN and all v € a(z,(, ),
we have that

(0, Opn = m lIEllgy — 2,
with ni,M2 > 0.

REMARK 4.5.1 These hypotheses are the same as hypotheses H(a); in
Section 4.4. [

H(j)1 j: QxR — R is a function, such that
(7) for all ¢ € R, the function

Q32— j(2,0) €R

is measurable;

(79) for almost all z € 2, the function
R>(r— j(2,¢) €R

is locally Lipschitz;

(iii) for almost all z € 0, all ¢ € [1(2),¥(2)] and all u € 9j(z,(), we
have that
ul < ba(2),

with by € "' (Q) 1 <r <p*, L+ L =1

r!

H(f)1 f: QxR xRY — Ris a function such that

(i) for all (¢,€) € R x RV, the function
O35z f(2,(,§) eR

is measurable;

(77) for almost all z € Q, the function
RxRY 3 ((,€) — f(2,(,6) €R

is continuous;

© 2005 by Chapman & Hall/CRC



590 Nonsmooth Critical Point Theory and Nonlinear BV Ps

(iii) for almost all z € Q, all ¢ € [1)(2),¥(2)] and all ¢ € RV, we have

that
’f(27<7€)‘ < b3(Z) +c3 HSHRN )
with by € LP'(Q) (3 + & = 1), 3 > 0.

H(¥) 9: R — R is a function such that
() we have 9(9(-)), 9 (2 () € LF' ()
(#3) for some M > 0, the function
R>({ — ¥(()+M¢eR
is nondecreasing.

As we already saw in Section 3.5, the method of upper and lower solutions
involves truncation and penalization techniques, which aim at exploiting the
fact that we control the data of the problem in the interval [¢(2),1(z)] (see
hypotheses H(j)1(i4i) and H(f)1(#i%)). So we introduce the following items.

First the truncation map 7: WP (Q) — WP(Q) is defined by

It is easy to see that 7 is continuous. Second, we introduce the penalty
Junction 3: Q) x R — R defined by

g [P0 ) <
Az = {0 , Tol) < C<9(2),
[CP=2¢ = ()" e i ¢ < ()

Evidently §(z, () is a Carathéodory function (i.e. measurable in z € Q, con-
tinuous in ¢ € R). Also we have

|8(2,Q)] < ba(2) +cal¢|P™" for a.a. z € Q and all  €R,

with by € L” (©), ¢4 >0 and

/6 z,x(2))x(z)dz > c5 Ha:Hp 6 Ve LP(Q),

with ¢5,cg > 0. Third we introduce a penalty multifunction Q: Q xR —
Py, (R) defined by

Q(z¢) L {R it () <
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Finally, we set

E(z,2(2)) g 9j(z,7(x)(2)) NQ(z,z(2)) Yz e W, P().

In what follows by K we denote the following order interval in WP (Q):

KZ [V, Y] = {x e W'P(Q) 1 (2) < z(z) <1P(2) for aa. z € Q}
Now for fixed w € K we consider the following auxiliary problem:

—diva(z,7(z)(2), Va(z)) + f(z,7(z)(2), VT(2)(2))
+M71(x)(2) + 0B(z,2(2)) + E(z,2(2)) (4.115)
> 9(w(2)) + Mw(z) for a.a. z € 9, '

$‘aQ =0, o>0.

First we solve this auxiliary problem. For this purpose we introduce the
multifunction V;: Wol’p(Q) — Puke (W‘l’p (Q)) defined by

df : ' _
Vi(z) = {—le’U twe Ss(,ﬁ(r)(,)yz(_))} Ve WyP(Q).

From Proposition 4.4.1 we know the following (the presence of the truncation
map does not affect the argument, only simplifies it):

PROPOSITION 4.5.1
If hypotheses H(a)1 hold,
then Vi is an operator of type (S), (see Definition 1.4.9).

Next we introduce some more maps. So let Ny ,: WP () — L¥' () be
defined by

daf ,
Nir(@)() = f(r(@)(), Vr@)() Yz eWP(Q)
and let Ng: LP(Q) — L¥' () be defined by
af
Na(@)() = B(z()  VweLP(Q)
Also let Np: Wy (Q) — Py.(L™ () be defined by
d. ’

Recall that the embeddings L? () € W12 (Q) and L™ (Q) € W1 (Q) are
compact (we have assumed that r < px). So we can define the multifunction

Uyp: WyP () — Puie (W17 (Q)) by

U,(x) ¥ Vi(z) + Ny - (x) + M7(x) + oNg(x) + Ng(z) Vze Wol’p(Q).
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PROPOSITION 4.5.2
If hypotheses Ho, H(a)1, H(j)1, H(f)1 and H(J) hold,
then U, is pseudomonotone and for o > 0 large enough, U, is coercive.

PROOF  Because U, has values in Py (W‘l’p,(Q)) and it is bounded,
it suffices to show that U, is generalized pseudomonotone (see Proposi-
tion 1.4.11). To this end, let

T, —2 xin Wy P (Q),
ot 5z in WL (Q),

with z} € U,(x,) for n > 1 and suppose that

limsup (2}, 2n — 2) 10y < 0.
n—-+4oo 0

We need to show that z* € Uy(z) and
<$Za$n>wg4’(9) - <x*ax>W01*P(Q) .
We have
z;, = v+ Ny-(xn) + M7(2,) + oNg(zn) + gn Vn>1,

with v} € Vi(xy,), gn € Ng(zy) for n > 1. Because of hypothesis H(j)1(#i4),
we see that the sequence {g,},~; € L" () is bounded and so passing to a
subsequence if necessary, we may assume that

gn 5 g in L7(Q).

From the compactness of the embedding W, **(€2) C L?(Q) and the continuity
of 7, we have that
T, — x  in LP(Q),
T(xy) — 7(2) in LP(Q).

Moreover, by passing to a further subsequence if necessary, we may assume

that
Tn(2) — x(2) for a.a. z €

T(xn)(2) — 7(2)(2) for a.a. z € Q.

Using Proposition 1.2.12, we have

g(z) € conv limsup [aj(z,T(a:n)(z)) N Q(z,xn(z))}

n—-+o0o

N

conv [lim sup 05 (2, 7(z5)(2)) Nlimsup Q(z, xn(z))}

n—-+o0o n—-+4oo

N

conv [aj (z,7(z)(2)) N Q(z, a:(z))} for a.a. z € Q.
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The last inclusion is a consequence of the fact that both the multifunctions
¢ — 9j(z,¢) and ¢ — Q(z,¢) have a closed graph. So we infer that
g € G(z).
Also, because of the compactness of the embedding W, **(€2) C L"(Q) (recall
that r < p*) we have
T, — x in L"(Q).

Therefore

(gn,xn—x>wol,p(m = /gn(z)(xn—x)(z) dz — 0.
Q

Similarly since
xn, — x in LP(Q)

and the sequences {Ng(2n)}, <1 {Nsr(Tn)},>; € L¥(Q) are bounded, we
have
(Ng(zn), zn — x>W01~P(Q) — 0,
(Nfr(n),zn — wiv) — 0

So it follows that

IA
o

lim sup (v}, Ty, — ) 1.0
n—-+4oo " WO (Q)

But from Proposition 4.5.1 we know that V; is of type (S), . Hence we deduce
that
Tn — & in Wy P(Q)

and so
Njo(xn) — Njpo(z) in L (Q) (and in W17 (Q) too).

Also
Na(wn) — Np(z) i W7(Q).

By definition we have

vy = —divoy, Vn>1,

. p,
with v,, € S’a(_,T(zn)(.))Vzn(_)) and
v, — v in Lp/(Q;RN).

Hence
. w . . —1.0
vi = —dive, — —dive = v* in WP (Q).

Because
m(zn) — 7(z) in WyP(Q)
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(continuity of 7) and since Gra(z, -, -) is closed in R x RN x R¥ (see hypothesis
H(a)1(i31)), as before with the help of Proposition 1.2.12; we obtain

v(z) € conv liszrup a(z,7(zn)(2), Va(z))
C a(z,7(z)(2),Va(z)) fora.a. z€Q,
i.e. v* € Vi(z). Thus finally in the limit as n — +o0o, we have
¥ = v" 4+ Nyr(x) + M7(x) + oNg(z) + g,

with v* € Vi(z), L.e. z* € Uy(x).
Also it is clear from the above arguments that

<$:L, Z‘n>W01,p(Q) — <Qj*, $>W01’p(ﬂ) .

This proves the pseudomonotonicity of U,.
Next we show that for o > 0 large enough, the operator U, is coercive. Let

x € WyP(Q) and z* € U,. We have

<.T*’ x>W01,p(Q) = <U*7x>W01‘p(Q) + <Nf77—(x),x>wol,p(9) + <MT(.T),.T>W01,P(Q)
to <Nﬁ('x)7x>W01P(Q) + <gax>W01T—'(Q) . (4116)

From hypothesis H(a)1(v) we know that
(v*7x>W01,p(Q) > m IVall) = n2]Qn- (4.117)
Also from hypothesis H(f)1(ii1) we have that
(Npr (@) yingey = —crl@lfying 2, = cs lell, = co,

for some c7, cg, cg > 0. Using Young’s inequality with € > 0 we obtain

Iy ooy ll2ll, < == || IIPﬂL — IIxIIWm

(recall that p — 1 = L). So it follows that

(N1 @) gy 2 —er g lallilaey —er > lal,—cs el —eo. (4.118)
From the properties of the penalty function 3(z, () we have
0 <Nﬁ($)7x>wgvp(g) > ocs ||z} — ocs. (4.119)
Finally because of hypothesis H(j);(iii) we have

<g’x>W01’F’(Q) 2 —cuo ||$||W1,p(Q), (4.120)
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for some c19 > 0. Using (4.117), (4.118), (4.119) and (4.120) in (4.116) and
exploiting the Poincaré inequality, we have

P,
Doy = (en =% ) el + (o5 = 25) el

—C10 ||$||W1,p(9) —c12(0), (4.121)

for some ¢11, ¢12(0) > 0. First we choose € > 0 small so that ¢17 > 67%. Then
with this choice of ¢ > 0, we choose ¢ > 0 large enough so that gcs; > =&

ePp”’

With these choices, from (4.120) we infer that U, is coercive. 1

Having this Proposition, we can now solve the auxiliary problem (4.115).

PROPOSITION 4.5.3
1If hypotheses Ho, H(a)1, H(j)1, H(f)1 and H(?9) hold,
then for o > 0 large enough, problem (4.115) has a solution xy € Wol’p(Q).

PROOF From Proposition 4.5.2 we know that for o > 0 large enough, U,
is pseudomonotone and coercive. Hence it is surjective (see Theorem 1.4.6).
Therefore we can find 2o € Wy?(€) such that

Uy(xo) = d(w)+Mw € LY (Q) C W1 (Q)
(recall that 2 < p). Clearly this is a solution of (4.115). [

With the help of the auxiliary problem (4.115), now we shall solve the
original problem (4.114). This will be done with the use of the following fixed
point theorem of Heikkilad & Hu (1993), where the interested reader can find
its proof.

THEOREM 4.5.1
If X is a separable, reflexive ordered Banach space, K C X is a nonempty

and weakly closed subset and S: K — 25\ {0} is a multifunction with weakly
closed values, S(K) is bounded and

(i) the set

MY {xeK: :cgyforsomeyeS(x)}

is nonempty and

(i) if x1 < wy1, y1 € S(x1) and x1 < x9, then we can find yo € S(x2) such
that y1 < ys,

then S has a fived point, i.e. there exists x € K such that x € S(x).
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Using this fixed point theorem and the auxiliary problem (4.115), we can
prove the following existence theorem for problem (4.114).

THEOREM 4.5.2
If hypotheses Ho, H(a)1, H(j)1, H(f)1 and H(¥) hold,
then problem (4.114) has a solution xo € Wy™*(€2).

PROOF Let

A [V, 9] = {a: e whr(Q) : P(2) < x(2) < Y(2) for a.a. z € Q}

Clearly K is weakly closed in WP(2). We consider the multifunction
S: K — 2% (@) \ {0} which to each w € K assigns the set of solutions
of the auxiliary problem (4.115). From Proposition 4.5.3 we know that

Sw)£0 YweK.

Moreover, arguing as in the proof of Proposition 4.5.2, we can check that for
each w € K, the set S(w) C WHP(Q) is weakly closed.

Claim 1. S(K) C K.
Let w € K and z € S(w). We have
V" + Ny (z) + M7(z) + oNg(z) + 9 = Y (w) + Mw, (4.122)

with v* € Vi(x) (hence v* = —divv with v € SZ;, (2)() Vz(_))) and g € Ng(x).
Since 1p € WP(Q) is a lower solution for problem (4.114), using as a test
function (¢ — )t € WP (€) (recall that Plan < 0), we have

/(v P —2)t(2) ]RN dz—|—/f 2,0(2), Vi (2)) (¢ — 2) " (2) dz
Q
—l—b/u z)dz < /19 — )% (2)dz, (4.123)

where v* = —divv_ with v_ € Sa( SOV
Also if on (4.122) we act with (¢ — z)*, we obtain

/(U@W@—x)( RNdZ+/sz (2), Vr(2)(2)) (@ — 2)" (2) d=

Q

+ / 0B(z, 2(2)) (6 — 2)*+(2) dz + / 9(2)(® — 2)* (2) d

Q Q
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= /ﬁ(w)(z)(ﬁ — ) (2)dz + /M(w —7(2))(2)( —2)T(2)dz.  (4.124)
Q Q
Subtracting (4.124) from (4.123) and using the definitions of 7, 3, Ng and the

monotonicity of a(z,1(z), ) (see hypothesis H(a)1(ii)) and hypotheses H (9),
we obtain

0 / Bz, 2(2)) (W — )" (2) d
Q

< / (ﬁ(g)—kM%—ﬁ(w)—Mw)(z)(y—a:)(z)dz <0
{¢v>=z}
and so
- / (lz(2)P2a(2) — [ (2)[P~29(2)) (¥ — 2)(2) dz < 0,
{¢>=z}

a contradiction unless ¥ (z) < x(z) for almost all z € 2. Similarly we can
show that z(z) < ¥(2) for almost all z € Q. This proves Claim 1.

Claim 2. If wn € K, w1 < 21, 1 € S(w1) and wy < we, then we can find
x3 € S(ws) such that z1 < x5 (recall that in W?(2) we consider the partial
order induced by the positive cone LP(2),, i.e. the pointwise partial order).

Since z1 € S(w1) € K (see Claim 1), we have
Ng(z1) = 0, 7(x1) = x1, V7(z1) = Vz; and Q(z,ml(z)) = R.
So we can write that
vy + Ny(z1) + Mz +g = J(w1) + Muwy,
with vf = —diver, v € 57, () g,y Ni@n)() £ F(521(), Ve () and
gE ng(ﬂl(,)). Since w; < wa, from hypotheses H () we have
I(wi(z)) + Mwi(z) < F(wz(2)) + Mwa(z) for a.a. z € Q.
So for all y € WP (), we have

Wty + [ Fz01(:), T (@)u) da
Q

M / 21 (2)y(z) dz + / 9(2)y(z) dz
Q

Q

< / (9(w2) + Mws) (2)y(2) dz,
Q
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from which we infer that z; € WO1 P(£2) is a lower solution for problem

—diva(z,z(z), Va(z)) + f(z,2(2), Va(2))
+Max(2) + 0j(z, z(2))
> J(wa(2)) + Mwa(z) for aa. z € €,
$|aQ =0

(4.125)

(see Definition 4.5.1(b)). Note that v € WHP(Q) is an upper solution
of (4.125) too (see Definition 4.5.1(a) and hypotheses H(¥)). So arguing
as in the proof of Proposition 4.5.3 and the proof of Claim 1, we can produce
a solution x5 € W,"*(€2) of problem (4.125) such that

r1(2) < 29(2) < Y(2) foraa. z e Q.

Therefore xo € S(ws) and z1 < x3. This proves Claim 2.

Because of Claims 1 and 2, we can apply Theorem 4.5.1 with data X 4

wir(Q), K £ [,7] and S, the solution multifunction defined in the be-
ginning of the proof. Note that by virtue of the coercivity of U,, the set
S(K) C Wy*(Q) is bounded. We obtain zo € W,"*(Q) N K such that
xo € S(x0). Evidently this is a solution of (4.114). 1

4.5.2 Existence of Extremal Solutions

Now that we have established the existence of at least one solution for
problem (4.114) in the order interval [¢),1)], we ask the question of whether
among all these solutions, there is the greatest and the smallest solution for
the pointwise ordering on W, ?(Q). Such solutions, if they exist, are known
as extremal solutions of problem (4.114) in the order interval [1,¢)]. We
shall produce extremal solutions for a particular case of problem (4314) with
suitable monotonicity structure (variational inequality). More precisely, the

problem under consideration is the following:

—diva(z,z(2), Va(z)) € 0j(2,2(2)) + f (2, 2(2))
for a.a. z € Q, (4.126)
:E|aQ =0.

Our hypotheses on the data of (4.126) are the following:

H(a)y a: QxR xRY — RY is a function, such that

(i) for every (¢,€) € R x RY | the function
Q32— a(z,(€) eRY

is measurable;
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(73) for almost all z € €, the function
RxRY 3 ((,€) — a(,(,€) € RY

is continuous;

(#41) for almost all z € 2 and all ¢ € R, the function
RY S ¢ a(z,(,€) €RY

is monotone;

(iv) for almost all z € Q, all ¢,¢’ € R and all £ € RY we have
latz, ¢ E)llan < bi(=) +ex (ICP + IEER)

mmheLﬂmM¢q>Qp€R+mL%+%:1am
||CL(Z, Ca 5) - a(zv Clﬂ g)HRN
. ~1
< [o61+ 11+ el )™ 4+ ()] 1o =
with ¢ > 0, k € L (Q);
(v) for almost all z € Q, all ¢ € R and all £ € RY we have
(a’(27<7€)7§)RN > m ||§H:]1%N — 12,

with 71,172 > 0.

H(j)2 j: xR — Ris a function such that
(7) for all ¢ € R, the function

N3z—j(z,0) €ER

is measurable;

(79) for almost all z € , the function
R>(—j(2,¢) €R

is concave;

(iii) for almost all z € Q, all ¢ € [1)(2),%(2)] and all u € 9j(z,(), we
have that

lul < B(z2),
with § € L™ (Q).
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REMARK 4.5.2 By virtue of hypothesis H(j)2(i¢) for almost all z € €,

the function j(z,-) is locally Lipschitz and so the generalized subdifferential
in (4.126) makes sense and can also be interpreted as

97(z,¢) = {u eR: j(2,¢)—4(z,¢) <u(¢—-{) foral (' e ]R}

(concave subdifferential). In particular therefore, for almost all z € €, the
multifunction R 3 z — —85(z, () is maximal monotone.

H(f)2 f: QxR — R is a function such that

() for all ¢ € R, the function

Q35z+— f(2,0) eR

is measurable;
(#7) for almost all z € Q, the function
R3(— f(2,() €R

is continuous and nonincreasing;

(i4i) we have f(-,¢(-)), f(-,¥()) € L7 ().

REMARK 4.5.3 We have
flhz() € LP(Q)  Vzek,

K2 [, ¢] = {x e Whr(Q): P(z) <a(z) < P(z) for a.a. z € Q}
I

Our analysis of problem (4.126) begins with a result which shows that the
set of solutions of (4.126) exhibits a lattice structure.

PROPOSITION 4.5.4
If hypotheses H(a)z, H(j)2 and H(f)s hold and x,y € W,*(2) are solutions

of (4.126),
then v = min{z,y} € WyP(Q) and w = max{z,y} € WyP(Q) are both

solutions of (4.126).
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PBOOF Since z,y € W, ?(Q) are solutions of (4.126), we can find uy, uy €
L? () such that
—div a(z,x(z), Vi(z)) = wi(2)+ f(z,2(z)) fora.a. z€Q, (4.127)
with u1(z) € 9j(2,2(z)) for almost all z € Q,
—dlva( y(2), Vy(2)) = ua(z) + f(z,y(2)) foraa. z €, (4.128)

with uq(z) € 95 (z ) for almost all z € Q.
First We show that for every 9 € C}(Q) we have

/ (a(z,2(2), Va(z)), Vﬁ(z))RN dz

{y<z}

- / u1(2)¥(z) dz — / f(z,2(2))0(z) dz

{y<z} {y<z}

= / (a(z,y(z),Vy(z)),Vﬁ(z))RN dz

{y<z}

- / us(2)¥(z) dz — / f(z,y(2))9(z) dz. (4.129)
{y<az} {y<az}

To show this, for every e > 0 we introduce the truncation function o.: R — R

defined by
e if e<t,
o(t) £ {t it [t <e,

—cif t< —¢.

Clearly o is Lipschitz continuous and o.((z — y)*(-))9(:) € WP () (see
Theorem 1.1.12 and Remark 1.1.10). So using this as a test function, we
obtain

0= / (a(z,2(2), Va(z)) — a(z,y(z), Vy(2)), V(o ((z — y)+(z))19(z)))RN dz
uy — ug) (2)o:((z — y) T (2))V(2) dz
= f(z.9(2))) o= ((z = )" (2))9(2) d=.

e
o

Recall that
V(o:((z —y)*())I())

V(o ((z =) ()))00) + o= ((x — )T () VI()
{ﬁv(ﬁc—y)‘F(l‘—y)Vﬂon {0<z—y<el,

eV one<z—yy,
0 onirz—y<0
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(see Remark 1.1.10). So we obtain
0 = / (a(z, x(2), Va:(z)) - a(z,y(z), Vy(z)), V(x — y) (z))RNﬁ(z) dz
Q

+ [ (a(z 2(2), Va(2)) — a(z,y(2), Vy(2)), VI(2))gnoe ((# —y) T (2)) dz

(u1 — U2) (2)o ((x — y)+(2))19(2) dz

(f(z,2(2)) = f(2,9(2)) ) o= (@ — 9) " (2))9(2) dz.

O O O~

Dividing with € > 0, we get

D (). V5) ~ a(ep(e), Vo), V(o - 1) 2)) g 0(e) d
{0<z—y<e)

- /(a(z,y(z),Vy(z)) - a(z,x(z),Vx(z)),Vﬂ(z))RNMdz
Y PR CETLE LE
+ Q/ (f(z2(2) = f(2,4(2))) oe((2 = y);(’z))ﬁ(z) dz. (4.130)

Q

We estimate the left hand side of (4.130). Acting on (4.127) and (4.128) with
the test function o.((z —y)(-)) € W,?(€2) and then subtracting, we obtain

/ (a(z,x(z), Vx(z)) — a(z, y(z), Vy(z)), VO’E(({E — y)Jr(z)))RN dz

Q

B / (a(z,m(z),Va:(z)) —CL(Z,y(Z),Vy(Z)),V($—y)(z))RN dz
{0<z—y<e}

— / (ur — ug) (2)o((z — y) ¥ (2)) dz
Q
4 / (F(2.2(2)) = f(29(2))oe (& — 1) (2)) d.
Q

Note that —03j(z, () = 0(—j)(z, () (see Proposition 1.3.13(a)). So the function
x — —0j(z, ) is maximal monotone (see hypothesis H(j)2(i7)). Therefore
we have

/ (u1 — u2) (2)o:((x —y)T(2))dz < 0.

Q
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Similarly, by virtue of hypothesis H(j)2(ii) we have

[ (#Gato) ~ feuE))on (@ - ) @) ds < o

Q

Thus we can write that

(a(z,2(2), Va(2)) — a(z,y(2), Vy(2)), V(z — y) (z))RN dz < 0

{0<z—y<e}
and so
(a(z, z(2), Vx(z)) — a(z, z(2), Vy(z)), V(x — y) (z))RN dz
{0<z—y<e}
< [ (@) T5E) ~ a2, Vi) V(e - ) () g e
{0<z—y<e}

(4.131)
Using hypothesis H(a)2(iv) we have

(a(z9(2), Vy(2)) — a(z,2(2), Vy(2)), V(2 = y) (2)) g d2

0<z—y<e}
< ca(j2(2)] + ()| + 1V9(2) lgx )72 + k(2)| x
{0<z—y<e}
x|2(2) = y(2)| IV (@ — 9)(2) | ew d=
< [ uEIVE - DE e b (4.132)
{0<z—y<e}
with

n() L el + 1Ol + IVyOllen )" + k() € 27 (9).

Use this inequality in (4.131), note that the left hand side of (4.131) is non-
negative (see hypothesis H(a)2(iii)) and divide by € > 0, to obtain

0 < é / (a(z,2(2), Va(z)) — a(z, 2(2), Vy(2)), V(z — y) (z))RN dz
{0<z—y<e}
< 1(2) [IV(z = y)llg~ dz.
{0<z—y<e}

Note that as € \, 0,

{0<z-y<e} — {z=y}
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and

V(gc —y)(z) =0 fora.a. z€{x=y}

(see Remark 1.1.10). Therefore, it follows that

lim — / (a(z, x(2), Va:(z)) - a(z, x(2), Vy(z)), V(x — y) (z))RN dz
{0<z—y<e}
= 0. (4.133)
Also note that
1 +
gas((a: —t(2) — Xen(2) foraa zeQ ase\ 0
and for all € > 0 we have

1
0 < gas((a:—y)Jr(z)) < 1 fora.a.zef.

So from the Lebesgue dominated convergence theorem we have

o:((x —y) T (z
[ @130, 956) e, 9(2), V() LEDT
Q
- /(a( y(2), Vy(2)) — alz,2(2), Va(2)), V9(2)) o dz,  (4.134)
{y<z}
o ((x —y)t(z
/ (u1 _“2)(2)w19(z) dz
Q
— [ (- (4.135)
{y<=z}
and
o:((x —y) T (z
[ (G — o) ET D
Q
— [ () - fey@)ie) s (4.136)

{y<z}

ase \, 0. Returning to (4.130), passing to the limit as e \ 0 and using (4.133),
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(4.134), (4.135) and (4.136) we obtain

0 = / (a(z,y(2), Vy(2)) —a(z,x(z),Vm(z)),Vﬁ(z))RN

{y<a}

+ / (ul - u2)(2)19(z) dz
{y<a}

[ () — 1))
{y<=}

From this we obtain (4.129). In fact since the embedding C1(Q) € W, *(2)
is dense, it follows that (4.129) holds for all ¥ € W, ?(Q).

Let v 2 min{z,y} € Wy (Q) and let us set

~ df p’
U = Xpap Ul + Xgyeoy U2 € Saj(nv(-))'

Using (4.129), for all ¥ € W,"*(2) we have

/(a(z7v(z),Vv(z)),Vﬁ(z))RN —/ﬁ(z)ﬁ(z) dz—/f(z,v(z))ﬁ(z) dz

Q Q Q

= / (a(z,2(2), Va(2)), VI(2)) o + / (a(z,y(2), Vy(2)), VI(2)) o
{z<y} {y<z}
- / up(2)9(z) dz — / uz(2)9(2) dz

{z<y} {y<z}
- / f(z,x(z))ﬁ(z) dz — / f(z,y(z))ﬁ(z) dz

{z<y} {y<z}

/ (a(z,z(2), Va(2)), Vﬁ(z))RN + / (a(z,z(2), Va(2)), Vﬁ(z))RN
{z<y} {y<z}
- / u1(2)¥(z) dz — / u1(2)¥(z) dz

{z<y} {y<z}
- / f(z,2(2))0(z) dz — / f(z,2(2))0(2) dz

{z<y} {y<=z}

/(a(z,m(z),Va:(z)),Vﬂ(z))RN —/ul(z)ﬂ(z) dz

Q

Q
- /f(z,x(z))ﬁ(z)dz =0
Q
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SO

/(a(z,v(z),Vv(z)),Vﬁ(z))RN —/@(2)19(2) dz

Q

Q
- /f(z,v(z))ﬁ(z)dz =0 V9 e WyP(Q)
Q

and we infer that

—diva(z,v(z), Vu(z)) = a(z) + f(z,0(2)) € 9j(2,v(2)) + f (2, v(2))
for a.a. z € QQ,
U|aQ =0.

This proves that v = min{z, y} € W, ?(Q) is a solution of (4.126). In a similar
fashion we show that w = max{z,y} € W, *(Q) is a solution of (4.126). [l

Exploiting this lattice structure of the solution set of (4.126) we can estab-
lish the existence of extremal solutions on the order interval K = [g, m

THEOREM 4.5.3
If hypotheses Ho, H(a)2, H(j)2 and H(f)2 hold,
then problem (4.126) has extremal solutions in the order interval K = @, E]

PROOF Let

y 4 {x € K =[,9]: =€ W,P(Q)is asolution of (4.126)}.

From Theorem 4.5.2 we know that ) # (J (note that in the present setting
V' is only pseudomonotone, but this is compensated by the fact that f is
independent of the ¢ € RN-variable). Let 7 be a chain of the set in )
(i.e. 7T is a linearly (totally) ordered subset of ; recall that on W, *(Q) we
consider the pointwise ordering induced by LP(2)4, i.e. <y if and only if
2(z) < y(z) for almost all z € ). Note that Y is order bounded in L?(Q)
and so we can define w = sup7 in LP(§2). In fact we can find an increasing
sequence {z,}, -, such that w = sup z,, hence
- n>1
T, — w in LP(Q)
(monotone convergence theorem). By definition we have
—diva(z, z,(2), Van(2)) = un(z) + f(z,2n(2)) fora.a. z € Q,

with u,(2) € 9j(z,2,(2)) for almost all z € Q and all n > 1.
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By hypothesis H(j)2(iii) we have that
lun(2)| < B(z) fora.a. zeQ
and by hypotheses H(f)2(i¢) and (iii) we have

’f(z7xn(z))| < max {—f(z,¢(2)), f(z,¥(2))} fora.a.z€ Qandalln>1.

So multiplying with z,,(z), integrating over 2, using Green’s identity, exploit-
ing the above bounds and the fact that

|zn(2)| < max {¢(z),—¥(z)} foraa. ze€Qandalln>1

and using hypothesis H(a)2(v) we infer that the sequence {Vz,}, ., C

LP(9;RY) is bounded and so the sequence {@,},~; C WyP(€) is bounded.
Therefore it follows that B

Tn — w in WyP(Q).
If as before A: W, **(2) — W~12'(Q) is the nonlinear operator defined by
daf

= / (a(z,2(2), Va(z)), Vy(z))RN Va,ye Wol’p(Q),
Q

(A(z), y>W01’P(Q)

we know that A is a monotone, demicontinuous (thus maximal monotone)
and bounded operator. We have

A(zn) = upn+ Nf(zp) Vn>1

(recall that Nf(y)(-) = f(-,y(-))). Note that, by passing to a subsequence if
necessary, we may assume that

Un — u in L (Q)
and because Grdj(z,-) is closed for almost all z € Q, we have that u €
p/
S9i(w() Also /
Ny(wa) — Ny(w) in 2¥(2)

(see hypotheses H(f)2(i¢) and (i4i)) and as in previous proofs exploiting the
generalized pseudomonotonicity of A we have

Alzn) 5 A(w) in W7 (Q).
Thus in the limit as n — +o00 we have

A(w) = u+ Ny(w),
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with u € S’g;(. w(-y): Thus

{ —diva(z,w(z), Vw(2)) € 8j(z,w(2)) + f(2,w(z)) for a.a. z€Q,
w|aQ =0

and sow € Y. Applying the Kuratowski-Zorn Lemma (see Theorem A.1.1) we
infer that ) has a maximal element z,,,, € ). Because of Proposition 4.5.4
we have that x4, is the greatest element of ). Similarly we produce Zin €
Y the smallest element. Then {wmm,xmm} - WO1 P(Q) are the extremal

solutions of (4.126) in K = [¢), )] 0

4.6 Multiplicity Results

In this section we study resonant elliptic equations, semilinear (i.e. p = 2)
and nonlinear (i.e. p # 2) with a nonsmooth potential. We go beyond the
analysis conducted in Section 4.1 and look for conditions guaranteeing the
existence of multiple solutions. We start with semilinear problems and even-
tually move to nonlinear ones. Our hypotheses allow the nonsmooth potential
to interact asymptotically at +co with two consecutive eigenvalues of higher
order of ( — A, H(£2)). Such problems are often called double resonance prob-
lems. Note that, while the principal eigenfunction wu; is strictly positive and
% < 0 on 99 (by the maximum principle), this is no longer true in higher
parts of the spectrum, where the corresponding eigenfunctions change sign.
This is a source of difficulties and requires a more delicate analysis for prob-
lems resonant at higher parts of the spectrum. In addition our hypotheses
may also permit for double resonance at the origin too, in which case we can
speak of a double-double resonance problem.

Our approach is variational and a basic tool in our arguments is Theo-
rem 2.4.1.

4.6.1 Semilinear Problems

The first problem that we study is the following semilinear elliptic Dirichlet
equation. Throughout this section @ C RY is a bounded domain with a
C?-boundary 0.

{ —Az(z) — Mz (2) € 9j(2,2(2))  for aa. z € Q, (4.137)

.%'|aQ =0.

Here k > 1 is a fixed integer, {\,},~; is the increasing sequence of distinct

eigenvalues of ( — A, H{(€2)) (see Theorem 1.5.3), j(z,() is an integrand lo-
cally Lipschitz in the ¢ € R-variable and 9j(z,() denotes the generalized
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subdifferential of ¢ —— j(z,{). To obtain a multiplicity result for prob-
lem (4.137) we shall develop and use a nonsmooth version of the so-called
reduction method. As the name suggests, this method reduces the problem to
the search of critical points of a functional defined on a finite dimensional Ba-

nach space.

Dealing with a functional defined on a finite dimensional vector

space of course has obvious advantages.
Our hypotheses on the nonsmooth potential j(z, () are the following:

H(j)1 j: QxR — R is a function, such that

(4)

(i)

(iii)

for every ¢ € R, the function
Q32— j(2,0)eR

is measurable and j(z,0) = 0 for almost all z € Q;

for almost all z € 2, the function
R>¢—j(2,0) eR

is locally Lipschitz;

for almost all z € Q, all ¢ € R and all u € 9j(z, (), we have
Jul < a1(2) +erl¢" 7,

with a3 € L®()1, ¢1 > 0 and r € [1,2*) where as usual

2N
o ﬁ {mlfN>2,

400 if N < 2;

IClhm [Cu—24(2,¢)] = —oo uniformly for almost all z € Q and
— 400

all u € 9j(z,(Q);

there exists [ € L*°(Q) such that [(z) < Agp1 — Mg for almost all
z € Q, the inequality is strict on a set of positive measure and for
almost all z € Q, all (1,2 € Rwith (1 # (2 and all v; € 9j(z,(1),
vy € 9j(z,(2) we have

V1 — VU2

< U=z);

1 — T2

there exist § € L*°(Q)_ and dp > 0 such that for some integer
1 < m <k we have

ﬁ(Z) < )\m - )\k

with strict inequality on a set of positive measure and we have

2j(2,¢)

A1 — e < CT < B(z) for a.a. z € Q and all |¢| < dp;
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(vii) there exists v € L>®(Q)4 with v(z) < Agy1 — Mg for almost all
z € Q with strict inequality on a set of positive measure and

0 < timinf 20 < iy gup < HE0)
[¢l=400 |<|ﬁ+oo ¢

<(2)

uniformly for almost all z € Q.

REMARK 4.6.1 Hypothesis H(j)1(vi) implies that we have a double res-

onance at the origin. This resonance is complete from below and incomplete
from above. A similar double resonance situation occurs asymptotically at
+00, by virtue of hypothesis H(j)1(vii). So these two hypotheses H (j)1(vi)
and (vii) classify problem (4.137) as a double-double resonance problem. Re-
call that due to hypothesis H(j)1(ii) for almost all z € Q, the function
¢ — j(z,¢) is almost everywhere differentiable and hypothesis H () (iv)
implies that this derivative can only have downward discontinuities. In the
smooth case (i.e. j(z,-) € C), hypothesis H(j)1(iv) is a unilateral Lipschitz
condition on ji(z,).

EXAMPLE 4.6.1 The following function satisfies hypotheses H(j);. For
simplicity we drop the z-dependence.

—G¢—2p—4G ifC €
B2+ 3uC+2p if ¢ e

E —4),
GERE s if<e{ 1,1),
4

—1),

B2 —3u¢ +2u if ¢ € [1,4),
—Go€ — 2p — 4G if ¢ € [4,+00).

Here A\, — Ay < < min {)\k — Am—1s Met1 —)\k}, (1,¢2 € (0, ). We can take
[(z) = p and note that

j—é_g) — 0 as|¢| — +oo
so we have complete resonance at +oo. I

For each integer n > 1, let E(\,) be the eigenspace corresponding to the
eigenvalue \,. Recall that the eigenspace E(\,) C H}(Q) € C°°(Q2) has the
unique continuation property, namely if u € E(\,,) is such that it vanishes on
a set of positive measure, then u(z) = 0 for all z € Q. We set

k—1 O
X 42X =@EN amd XL X = @ EN
i=1 i=k+1

We know that
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Also we set

Xo L Xva EO) @ E(\
Let ¢: H}(Q) — R be the energy functional deﬁned by

o) L S IVel3 - lal ~ [i(ez@)ds Vo e Y@,
Q
We know that ¢ is locally Lipschitz (see hypotheses H(j)1(i7) and (i7i)). Let
u € X and consider the following minimization problem:

inf p(u+ v). (4.138)
veX

dfl

Because we do not identify Hg () with its dual, we have that
(Ho ()

We start with a straightforward lemma, analogous to the claim in the proof
of Proposition 4.4.3.

*

= H'YQ) = X, X"

LEMMA 4.6.1

If n>1and B € L>®(Q)4+ with B(z) < Apy1 for almost all z € Q and the
i;equality is strict on a set of positive measure,

then there exists & > 0 such that

Vel - [ Beta) d= > & lval}  Voe R

PROOF Consider the function 9: H}(Q) — R defined by

o) L Val~ [ B ol d
Q

From Theorem 1.5.3(b), we have that ¥ > 0. Suppose that the conclusion of
the Lemma is not true. Then we can find a sequence {z,,},,~; C X, such
that ||Van,|l, =1 for m > 1 and 9(z,,) \, 0. By passing to a subsequence if
necessary, we may assume that

Ty — x in HY(Q),
T, — x in L3(Q),

with x € )/fn Exploiting the weak lower semicontinuity of the norm func-
tional, in the limit as m — 400 we obtain

o) = [Val?- / B@)|e()[2dz < 0,
Q
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SO

2
vzl < / B)|2(2))Pdz < Al
Q

and thus
IVal3 = Ansa ll2l; (4.139)
(since z € X,; see Theorem 1.5.3(b)).
If x =0, then
IVzmlly — 0,
a contradiction to the fact that |V, ||, = 1 for m > 1. Hence = # 0 and so
from (4.139) it follows that z € E(A,+1). By hypothesis 8(z) < A,11 on a

set of positive measure and so by virtue of the unique continuation property
of E(Ap+1) we have

2
Vel = / B)|2(2)) dz < Mg 2],
Q

which contradicts (4.139). 0

The next proposition is the basic step in the implementation of the reduction
method to the present nonsmooth setting.

PROPOSITION 4.6.1
If hypotheses H(j)1 hold,

then there exists a continuous map 9: Xg — X such that for every u € X
we have

inf (u+v) = pu+d(u))
veX
and ¥(u) € X is the unique solution of the operator inclusion

0 € P_ dp(u+v),

with v € X fized and P_. being the orthogonal projection on X* = [7;} +

PROOF For a fixed u € X we introduce the map ¢, : H}(2) — R
defined by

culw) L putw)  YVwe HIQ).
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For every w,h € H(Q), we have that

‘Pg (w;h) = limsup u(w +th) — py,(w')
EN t
= limsup plutw +th) —plutw) _ @ (u+w; h),
EN !
SO
dpu(w) = dplutw)  Vwe Hy(Q). (4.140)

Let i: X — HL(Q) be the inclusion map and let 3, : X — R be defined
by ~
Pu(v) = plu+v) VoeX.

We have that ¢, 07 = 3, and so
A(pu oa(v) = 0Py (v) VueX. (4.141)
But from Proposition 1.3.15(b) (see also Remark 1.3.6), we have

A(pu oa(v) - ?‘&p@(v)) = P)?*ﬁgouﬁ(v)) VoeX,

since i* = P_,. Then from (4.140) and (4.141) it follows that

o~

9%.(v) C P_ 0pu(i(v)) = P_ dp(ut+v) VweX. (4.142)
Note that we have
¥ = A(z) — Mx —h Vx e Hy(Q), 2* € dp(z), (4.143)
with A € £(H{ (), H~'(2)) being the monotone operator defined by

<A(x),y>Hé(Q) 4 / (Va(z), Vy(2)) pn dz Yz, y € Hi(Q)
Q

and h € L" (Q) (where L + % = 1) such that h(z) € 9j(z,z(z)) for almost

all z € Q. So if vi,v2 € X and z} € 9p,(v1), x5 € 0P, (v2), using (4.142)
and (4.143) we have

i = P)A(*A(u +v) — Agv; — P

K2

hi  forie {1,2}, (4.144)

*

where h; € L (Q) € H-'(Q) (recall r < 2*) and h;(z) € 95 (2, (u+ v;)(2))
for almost all z € Q and ¢ € {1,2}. Since P, =i, we have that

(Pe. (A(w+ 1) = A(u+v2)) 01 —va) g

= (A(u+v1) — A(u+v2),i(v1) — i(”2)>Hg(Q)
= (A(u+v1) = A(u+v2),01 = v2) s ) = Vo1 = Va3 -
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By hypothesis H(j)1(v) we have that
hi(z) — ha(2)
v1(2) — v2(2)

Using (4.144) and (4.145), we obtain that

< l(z) for a.a. z € {v # v2}. (4.145)

<x*{ — x5, v — v2>5{

IVor = Vs[5 = Ag [|or — vaf5 — / (h1(2) = ha(2)) (v1(2) = v2(2)) d=

Q

Y

Vo1 — Vua||2 = Mg JJor — va) — /l(z)|v1(z) - vg(z)|2 dz.
Q

By hypothesis H(j)1(v), we know that
(z) < Agp1— N for aa. z € Q,

with strict inequality on a set of positive measure. So we can apply
Lemma 4.6.1 (with 3(2) g 1(z) + Ax) and obtain & > 0, such that

<x>{ — x5, v1 — Ug>5( > & ||Vor — va||§.

This implies that the multifunction v — 9@, (v) is strongly monotone in the
dual pair ()/(:,)/f*) Hence the function X > v — pu(v) € R is strongly
convex, i.e. the function X 3 v — 3, (v) — %1 ||v||§{1(9) € R is convex. This
means that v — 99, (v) is maximal monotone and strongly monotone in the
dual pair ()A(, )A(*)

Let v € X, 2* € 5,(v) and y* € 83,(0). Then we have

(@0 = (@ =y o)+ vg
> & IIWHz &y g1 IVl

for some & > 0, so the multifunction v — Jdy, (v) is coercive.
Therefore we have shown that the multifunction v — 0@, (v) is maximal
monotone, coercive. So it is surjective (see Theorem 1.4.4). Thus, we can find

v € )A(, such that

O S 8@11(1)0) and ll'lf; QO(’LL—’—’U) = So(u_i'_/uo)
veX

This minimizer vy € X is unique, due to the strong convexity of §,. So we
can define a map J: Xg — X which to each fixed u € X o assigns the umque
solution vy € X of the minimization problem (4.138). Then, from (4.142) w
have

0 € 0pu(d(u)) C P_, Op(u+d(u))
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and

inf (u+v) = p(u+0(u)).
veX

It remains to show that 1 is continuous. So let
U, — u in Xo.

If v, — v in X, then we have 3, (vn) — @u(v) (in fact it is easy to see
that actually @, — @, in C(X)). On the other hand, if
Uy —» v in )A(,

then because of the weak lower semicontinuity of the norm functional in a
Banach space and the compactness of the embedding H{(2) C L?*(Q) we
have

ou(v) < liminf @, (vp).

n—-+4oo
It follows that u
@un — Py
and so from Remark 1.2.10, we have

Grog,, X, Grogp, asn— +oo.

Because 0 € 09, (9(u)), we can find v € 9@, (vy), for n > 1 with v, —
J(u) in X such that v — 0 in X*. Recall that 0 € 99, (¥(uy)), for n > 1
and from the strong monotonicity of g, we have that

61| Von — VO(un)|5 < (vF, o0 —0(un)) 5,

for some & > 0, so

1
Vo = Vi(un)ll, < —llopllg-1i) — 0 asn — +oc.

&1
Thus

IV9() ~ V9u)l, < [99(w) — Voully + [ Vo, — Vo), — 0
and then from the Poincaré inequality (see Theorem 1.1.6), we have

(un) — O(u) in X.
This proves the continuity of ¥ and finishes the proof of the Proposition. I

Using Proposition 4.6.1, we can define the map %: Xg — R, by

) L o(u+dw) VueX.
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From the definition of 1, for all u, h € Xy we have that

Plut+h)—pu) = o(u+h+9u+h)) —e(u+d(u)
< p(ut+h+9w) —o(u+9(u). (4.146)
Similarly from the definition of 19, for all u, h € X we obtain

o(u+9(u) —@(u+h+9I(u+h))
o(u+d(u+h)) —p(ut+h+3I(u+h)). (4.147)

P(u) —p(uth) <
<

From (4.146), (4.147) and the fact that ¢ is locally Lipschitz, we conclude
that @ is locally Lipschitz.
Now we show that

0p(u) C Pr dp(u+i(u)  ¥ueXo (4.148)

Note that for all u, h € X we have

P(u’ +th) —B(u)

?°(u;h) = limsup

u —u t
£\ 0
. o(u +th+ 9 +th)) —o(u' +I(u))
= limsup "
o
’ ny _ ’ ’
< limsup (W +th+9(u )t) o(u + I(u)))
o

< @ (u+I(u);h).

Let 79: Xo — HE(Q) be the inclusion map. We have 7, = PYES' So for all
u, h € X we have that

P(u;h) < @ (u+9(w);io(h))
= sup u*,io(h) = sup P_, (u*),h)~ .
U*easo(u+19(u))< >H5(Q) u*easa(u+19(u))< X0 >X0

Suppose that u§ € 0%(u). From the definition of the Clarke directional deriva-
tive (see Definition 1.3.6) we have

(u by, < Ph)  VheX,
SO .
(ug h)g, < sl (P, (), h)x,  ¥heX

and thus
uy € P o (u+9(u)).
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This establishes inclusion (4.148).
In what follows ¢ = —%. Evidently ¢ is locally Lipschitz on the finite
dimensional space X. We introduce two more subspaces of Hg (€2).

m—1
y 2 PEN) and v E @E
=1 i=m

Here 1 < m < k is as in hypothesis H(j);(vi). We have
Xog = XOFE\) = YOV.

In the next proposition we show that 1) = —p satisfies the local linking con-
dition (see Definition 2.4.1).

PROPOSITION 4.6.2
If hypotheses H(j)1 hold,
then there exists 6 > 0 such that

P(u) <0ifu eV, |lull gy <6,
V() > 0ifu e, [lull g < 6.

PROOF  Because Y C C () is finite dimensional, we know that on it all
norms are equivalent and so we can find M7 > 0 such that

We consider 8 € L*>(Q2) and dp > 0 as in hypothesis H(j)1(vi). Thus if we

6/ f 60

choose , we have

sup |u(z)] < dg VueY, |lullgg < 5.
z€Q

By virtue of hypothesis H(j)1(vi), the definition of ¢ and Theorem 1.5.3(b),
for all u € Y with [lu[| () < 6" we have

1 A .
vla) = <o) = 5 [Val+ 5 Jull + [ (s u) dz
Q

> o [Vl 4 2 o 2
)\mfl

= 3 IVul+ 22l = o

Also for all u € V', we have
v(u) = —p(ut9I(u) (4.149)
= ——HV(u—i—ﬁ )||2+—|| +0(u)||3 + /j(z, (u+9(u))(2)) dz.
Q
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From hypothesis H(j)1(vi) we know that

i(z,¢) < %ﬁ(z)Cz for a.a. z € Q and all |¢| < d.

On the other hand, by the mean value theorem for locally Lipschitz functions
(see Proposition 1.3.15) and hypothesis H(j)1(¢i7), we see that

i(z.¢) < e¢|” for a.a. z € Q and all |¢] > &,

for some 2 < 7 < 2* and ¢y > 0. Therefore finally we can say that

i(z.¢) < %ﬁ(z)@ +e3l¢]" for a.a. z € Q and all ( € R,

with c3 4 ca2 + % 18]l > 0. Using this in (4.149), we obtain
Ak 9
P < =5 [V (ot G|+ 5 flu+ 9w (4.150)

)
‘fé/ﬁ ))(z)’ dz+ czllu+9); YueV.
Q

Since ((z) + Ak < Ay, for almost all z € Q with strict inequality on a set of
positive measure (see hypothesis H(j)1(vi)) and because

utdw) € X1 = EPEMN),
we can apply Lemma 4.6.1 and obtain & > 0 such that

19 € +0t) ;= [ (34 M) (a+ 9(w) (o) d:
Q
> a|[V+ow)}  Yuev.

Using this inequality in (4.150) together with the Sobolev Embedding Theo-

rem (see Theorem 1.1.5) and the Poincaré inequality (see Theorem 1.1.6), we
have

P(u) < —5HV(U—I—ﬂ(u))HQ—I—@HV(u—Fﬁ )H2 VoveV, (4.151)

for some ¢4 > 0. Recall that 2 < 5. So from (4.151) and the Poincaré
inequality (see Theorem 1.1.6), we see that we can find 6” > 0 such that

Choosing ¢ ¥ min{d’, 8"}, we conclude the proof of the Proposition. I
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Our aim is to use Theorem 2.4.1. For this purpose we need to show that
1) satisfies the nonsmooth C-condition. First we show this for the functional
. To do this we need the following addendum to the well known Egorov’s
theorem.

LEMMA 4.6.2
If CC RY is a measurable set with |C|y < +00, up: C — R forn > 1 is
a sequence of Lebesgue measurable functions such that

Un(z) — +oo for aa. z € C,

then for every § > 0, we can find Cs C C measurable with |C'\ Cs|ny < § such
that

Un(2) — +oo uniformly on Cs.

PROOF Without any loss of generality we may assume that
Un(z) — 400 VzeC.

For every n > 1 and M > 0 we define

—+oo

Conr L N {ze(]: |uk(z)|>M}.

k=n+1

Evidently C,,,ar is measurable, Cp, s C Cpy v if n < m and

C = [j -
n=1

So
Cly = Tim_|Conl s

from which it follows that

lim |C\ Cpum|y = 0.

n—-4o0o
So for every m > 1 we can find n,, > 1 such that

|C\Cn,M‘N < 2% Vn>n,.

Let us set

df ~
Cs = () Cnpnt:
m=1
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We have

|C\ Cs

v

[j (C\ Co )

N

Z|(c\cnm,M)|N < ZQim =4
m=1

m=1

IN

For every M > 0 let us choose mg > M. We have Cs C Cnmo,m0 and so
Un(z) > mo > M VN> Ny, 2 € Cs.

Therefore we have that u,(z) — +oo uniformly on Cs. 1

PROPOSITION 4.6.3

If hypotheses H(j)1 hold,
then ¢ satisfies the nonsmooth C-condition.

PROOF  Let {z,},5; € Hy(Q) be a sequence, such that
(z,) — ¢ and (14 Znll g1 ) Yym?(zn) — 0.

Since the norm functional is weakly lower semicontinuous and d¢(x,) C
H~1(Q) is weakly compact, from the Weierstrass theorem (see Theo-
rem A.1.5), we know that there exists z7; € 0 (zn), such that |27 |-
m?(x,,) for all n > 1. We know that

Q) =

xy = Alxn) — AgTn — hy Vn>1,

n

with A € L(H}(Q), H () being the maximal monotone operator defined
by

<A(x),y>Hé(Q) 4 / (Va:(z), Vy(z))RN dz V,y € Hy ()
Q

and h, € L"(Q) (with L + L = 1) is such that h,(z) € 9j(z,xn(2)) for
almost all z € Q (see Theorem 1.3.10). From the choice of the sequence
{zn},s1 C H}(Q) we have

‘(wi‘m xn>Hg(Q) —2p(zn) + 20‘

< ||$n||H1(Q) ||x:;||H—1(Q) + 2}‘?(9%) - C|
< (1+ @l g1 () Ym# (xn) + 2|p(zn) —¢| — 0. (4.152)
Note that
* 2
<xn,xn>Hé(Q) = <A(xn),xn>Hé(Q) — e Nlznlls — /hn(z)xn(z) dz.
Q
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Using this in (4.152), we obtain

/ (hn(z)a:n(z) _ 2j(z,xn(z))) dz

Q
= 2cp(mn)—<xz,xn>Hé(Q) — 2c. (4.153)

We claim that the sequence {z,},~,; C Hg(Q) is bounded. Suppose that
this is not the case. By passing to a subsequence if necessary, we may assume
that

Hxn”Hl(Q) — +oo.
Let

A In Vn>1

Yn = 77—
||33n||H1(Q)
Since [|yn| 1 () = 1, passing to a subsequence if necessary, we may assume
that
yn —y  in Hg (),
yn —y in L2(Q),
yn(z) — y(z) for a.a. z €
|yn(z)| < k(z) for a.a. z€ Qand alln > 1,

for some k € L?(Q). By virtue of hypothesis H(j);(vii), for a given € > 0 we
can find My = Ms(e) > 0 such that

1
j(z,¢) < E(W(z) +¢)¢® foraa. 2z € Qand all [(| > M.

On the other hand, as before via the mean value theorem for locally Lipschitz
functions (see Proposition 1.3.14) and hypothesis H (j)1(i7¢) we have

li(z,Q)] < & for a.a. z € Qand all [¢] < Mo,

for some £ > 0. So we can say that

1
j(z,¢) < §(v(z) +e)(®* +¢& foraa ze€Qandall (€R.
Then for every n > 1, we have
o(Ty 1 Ak iz, (2
) Ly - 2 g - [ L2 )
||33n||H1(Q) . ”3371”}11(9)

C5

)\k 2 1 2 9 2
2 - F - 5 [ ne) dz S Il -
Q

C6

)

2
”3371”}11(9)

for some c¢5,c6 > 0 (by the Poincaré inequality; see Theorem 1.1.6). Passing
to the limit as n — +o00, we obtain

1
0 > >(es = (M + Il +€) 193
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and thus y # 0.
By virtue of hypothesis H(j)1(iv), we can find M3 > 0 such that

u¢ —2j(z,{) < =1 fora.a. z€Q, all || > M;z and all u € 9j(z, ().
On the other hand, as above, we have
li(2,¢)] < & fora.a. z € Qand all (| < Ms,
for some & > 0. Therefore using hypothesis H(j);(ii), we see that
|u§ - 2j(z,§)| < & foraa. ze€Q, all |{| < M3 and all u € 95(z,(),
for some &5 > 0. Thus finally we can say that
u—25(2z,¢) < & foraa. z€Q, all( eR and all u € 95(z,(). (4.154)
Let
c¥ {ZEQ: y(z);é()}
Since y # 0 we have |C|y > 0 and for all z € C, we have that
‘xn(z)| — 400.

Using Lemma 4.6.2, for a given § € (0,|C|n), we can find a measurable
subset C7 C C such that |C'\ Ci|y < ¢ and

‘xn(z)| — 400 uniformly for all z € C;.
Then hypothesis H(j)1(iv) implies that
/ (hn(2)zn(2) — 24 (2,20 (2))) d2 — —o0.
C1
From (4.154) we know that
ho(2)xn(2) — 2j(z,2,(2)) < & foraa. z€ Q\Cy

and so
/ (hn(z)xn(z) —2j (z, xn(z))) dz
Q
< / (hn(2)zn(2) — 24 (2, 20(2))) dz 4+ &|(Q\ Cr)e|y — —o0,

Cy

which contradicts (4.153). This proves the boundedness of {z,},~, € H} ()
and so passing to a subsequence if necessary, we may assume that

T, — 20 in HY (),
Tn — xo in LP(§),
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for some zy € H}(£2). From the choice of the sequence {z,},~, C H} () we
have N
- x0>Hg(Q)‘

(a5
= [(AGe. 0 = 20) 0y = [ 20 o) )
Q

- / hi(2) (20 — 20)(2) d2
Q
< enllon — xOHHl(Q) )

with £, \, 0. Note that

/xn(z) (xn — xo)(z) dz — 0

Q

and

/hn(z) (zn — 20)(2)dz — 0.
Q
So it follows that

lim (A(zn), 2n

—x =
n——+o00 0>Hé(ﬂ)

From the maximal monotonicity of A we have
<A(.’tn), x">H& (Q) - <A($0)7 x0>H§(Q)

and so
[Vaully, — Vol -

Because Vi, — Vg in L? (Q; RN ), from the Kadec-Klee property of Hilbert
spaces, we conclude that

Vz, — Vzy in L?(QRY)

and so finally
T, — xzo in HY(Q).

[

Now we can show that  (hence 1 too) satisfies the nonsmooth C-condition.

PROPOSITION 4.6.4
If hypotheses H(j)1 hold,
then @ satisfies the nonsmooth C-condition.
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624 Nonsmooth Critical Point Theory and Nonlinear BV Ps
PROOF  Let c € Rand let {u,},5, C X be a sequence, such that
?(un) — ¢ and (1+ [unll g (o) Yym? (u,) — 0.

As before we can find 7, € 0%(un) such that m?(u,) = [T}, -1 (q)-
From (4.148) we know that we can find v}, € d¢(u,, + 9(u,)) such that

v = P_ v} Vn>1.
X0

Recall that forn > 1,0 € P_, 9¢(un +9(uy)) (see Proposition 4.6.1). There-

fore we may assume that v = 7% 40 for n > 1 with 7% € X,, 0 € X*. We
have

L+ lznllmo)) lonlm@ — 0 with v}, € dp(an +I(@n))-

Using Proposition 4.6.3, we can extract a subsequence of {z,}n>1, which is
strongly convergent. This proves the proposition.

Next we shall show that ©» = —p is bounded below. To do this we shall
need the following Lemma.

LEMMA 4.6.3

If 'V C H}Q) is a finite dimensional subspace with unique continuation
property and V. C L>(1),
then

(a) for every e1 >0 we can find (1) > 0 such that

{zeq: |a:(z)|<5(€1)||x||H1(Q)}|N < €1 VeV \{0}

(b) for every e2 > 0 we can find §(e2) > 0 such that

[{zeQ: |y(z)| > d(e2) Hy”Hl(Q)HN < & Vyev

PROOF (a) Since all norms on V are equivalent, we can consider the
|| ,-norm on V. Evidently it is enough to show that for a given ¢; > 0 we
can find d(e1) > 0 such that

{ze: |x(z)|<6(51)}|N < € YV z € 0B,.
To this end we show that for every = € 9B, there exists §(x, 1) > 0 such that

{zeQ: |v(z)| <6(:E,£1)}|N < g VoeV, v—alygq <d(ze1)
(4.155)
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4. Elliptic Equations 625

We argue by contradiction. So suppose that there exists xg € 0B, such that
for every n > 1 we can find v, € V such that

1
v — @oll g1y < o and |{z€Q: ’Un(z)|<ﬁ}‘N > g.
We introduce the set
Qnﬁ{zeQ: lon(2)| < &1} Vn>1.

Then
Qng{zeﬂz‘xo(z)|<%} Vn>1

and so
|{z€Q: ‘xo(z)|<%}|N > & Vn>1.

By the unique continuation property of V, it follows that xo = 0, a contra-
diction to the fact that zy € OB,. This proves (4.155).
Now consider the family {Bé(mfl)(‘r)}meaBl' This is an open cover of the

compact set B; (recall that V is finite dimensional). So we can find a finite
subcover {Bé(%m(xk)}?::l. Let

d(e1) Y min {5(96;.;, 81)}:;1.

Then this d(g1) > 0 does the job.

(b) Suppose that the result is not true. Then there exists €g > 0 such that
for every n > 1 we can find 3, € V+ with Hyn||H1(Q) = 1 satisfying

|{z e ‘yn(z)| > n}’N > ¢o.
By passing to a suitable subsequence if necessary, we may assume that
Yn — y in HY(Q).
Because of the compactness of the embedding H}(2) C L*(Q), we have that
Yo — y in L*(Q).
For every n > 1 we have
/}yn(z)|2dz > / |yn(z)|2dz > gon?
Q {z€Q|yn(2)|2n}
and so

n—-+o0o

lim /|yn(z)|2dz = +o0,
Q
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626 Nonsmooth Critical Point Theory and Nonlinear BV Ps
a contradiction to the fact that y, — y in L?(£2). 0

Using this lemma we can show that ¢y = —% is bounded below.

PROPOSITION 4.6.5
If hypotheses H(j)1 hold,
then 1 is bounded below.

PROOF  We show that —(¢|x,) is bounded below. Then because —1 =
? < (¢lx,), we can conclude that 1 is bounded below. To this end we proceed
by contradiction. Suppose that —(gp|y0) is not bounded below. Then we can
find a sequence {z,}, -, € Xy, such that

o(zn) > n Vn>1 (4.156)

and
@l 1) — oo

By virtue of hypothesis H(j)1(vii), for a given € > 0, we can find M, =
My (g) > 0 such that

—%§2 < j(z,¢) for a.a. z € Qand all |¢] > My.

On the other hand, as before via the mean value theorem for locally Lipschitz
functions, we can find & > 0 such that

|7(2,¢)| < & foraa. 2z € Qand all [¢] < Mj.

So finally we see that
—%@ —& < j(2,0) foraa. zeQandall(€R. (4.157)

We write
Tp =Tp +Tp, WwithT, € X, T, € E(\) n>1

First assume that _
IVZnll
[Vanll

Exploiting the orthogonality among X and E().), the fact that ||V§n||z =

Ak H%”H; and (4.157) we have

— oy # 0. (4.158)

plon) = 5 IVEl3 = 5 [l — [ (an(a) dz
Q

Ak

3

IN

1 — 2 —_ 2, € 2
§||V$n”2_ Hxn|‘2+§”xn|‘2+fﬁ|Q|N'
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4. Elliptic Equations 627

Using the variational characterization of A; given in Theorem 1.5.3(b), we

obtain
1 )\k _ 9
plrn) < 5(1- IVZall; + = llonlls + &N
2 A1 2
1 ) e )|vzn||§ €
< |V, 1-— + — | +&|9Q|n. (4.159
< 5l |<( o) o ) el (4159

Recall that by hypothesis

[Vanll, — oo,
so from (4.158) and recalling that Ay—1 < A, by passing to the limit as
n — 400 in (4.159), we see that p(z,) — —o0, a contradiction to (4.156).
Next assume that _
[VZn|l

IV,

Arguing as in the proof of Proposition 4.1.7, via hypotheses H(j)1(iv) and
(vit), for a given n > 0 we can find M5 = M5(n) > 0 such that

Jj(z,¢) > g for a.a. z € Q and all || > Ms.
Since 1 > 0 was arbitrary, it follows that
as ( — +oo uniformly for a.a. z € Q,

as ( — —oo uniformly for a.a. z € Q.

i(z,¢) — 400

Therefore
j(z,{) — 400  as|(| = +oo uniformly for a.a. z € Q. (4.160)

Using Lemma 4.6.3(a) we have that for a given £ > 0 we can find 7. > 0
such that
Hze: o) <relvlmeyty <& YveEO
(recall that F(\;) has the unique continuation property). Let us set

o, & {Zesz; |§n(z)|275||§n”H1(Q)} Vn .

We have that |2\ Cy |y <& for n > 1.
Now let us show that the sequence {Z,}, -, is bounded in H(Q). Suppose

that this is not true. We may assume that

Znll g1 () — o0
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628 Nonsmooth Critical Point Theory and Nonlinear BV Ps

Recall that

1 A
o(a,) < 5 (1 - )\k:> VT3 — /](z,xn(z)) dz Vn>1.
Q

Because of (4.160) we can find a constant op > 0 such that
j(z,{) >0 fora.a.ze€ Qand all |¢| > gg.

Hence it follows that

—/j(zwn(z)) dz = — / (2, xn(2)) dz

Q {2€Q: |zn(2)|>00}

- / j(z7xn(z)) dz
{z€Q: |2, (2)|<o0}

< - / J(zan(2)) dz < &Iy,

{2€Q: Jon(2)|<o0}
for some &7 > 0 (see hypothesis H(j)1(#49)). So we obtain that

1 Ak

p(zn) < = (1- ) IVELS + &9
2 Ak—1

Since Ag—1 < Ax and we assumed that ||Zy| ;o) — +0oo, we arrive to the
conclusion that
(p(xn) - T,

a contradiction to (4.156). This proves that the sequence {Z,}, -, is bounded
in H(Q). -

Because Z,, € X and the space X C C (Q) is finite dimensional, we can
find & > 0 such that

‘En(z)‘ < &g VzeQ, n>1.

By virtue of (4.160), for a given 1; > 0 we can find Mg = Mg(n1) > 0 such
that

Jj(z,¢) > m fora.a.ze Qandall (] > M.

Let
D, 4 {ZeQ:‘fEn(Z)‘ZMG} Vn>1.
If zg € C},, then

|zn(20)] > |Fnl20)| — |Znl20)] > 76 ||%”HH1(Q) — &
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Note that HEnHHl(Q) — +00. So there exists ng > 1 large enough such that
"Ys||§nHH1(Q)_€8 > Mg V' n>ng
and so zg € D,, for n > ng, i.e.
c, <D, ¥V n > ng.

Using (4.157) and the fact that |Q\ D, |n < e (as Q\D,, CQ\C,,), for n > ng
we have that

/j(z,a:n(z))dz = /j(z,xn(z))dz+ / j(z,xn(z))dz

z D, oD,

9 9
mIDuln = (5MZ + ) 19\ Duly > m|Daly — (M2 +66) €

> m(l0ly —¢) - (FME+&) e,

Y

V

SO

n—-+4oo
Z

liminf/j(z,a:n(z))dz > m(Qy —¢) — (gMGQ +§6) E.
Since € > 0 was arbitrary, we let € \, 0 and obtain

1iminf/j(z,xn(z)) dz > m|Q|n.

n—-+o0o
Z

Because 11 > 0 was arbitrary, we conclude that

/](z,mn(z)) dz — +o0.

Z

From the choice of the sequence {z,,},~, C X0, we have

1

Ak
< < — —
n < cp(ﬁcn) =35 <1 \

k—1

Il [iGan@)ds — -,
Z

a contradiction. Therefore —(gp|yo) is bounded below and so 1 is bounded
below too. 0

Now we are ready for our multiplicity result concerning problem (4.137).

THEOREM 4.6.1
If hypotheses H(j)1 hold,
then problem (4.137) has at least two nontrivial solutions.
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PROOF Note that (0) = 0. If inf¢p = 0, then by virtue of Proposi-
Xo
tion 4.6.2, all z € V with [|z||,, < J are critical points of 1.

So assume that inf ¢ < 0. Then Propositions 4.6.2, 4.6.4 and 4.6.5 permit
Xo

the use of Theorem 2.4.1, which gives two nontrivial critical points 1, z2 € Xo
of ¥, i.e.
0€ oyY(x;) fori=1,2.

Then 0 € 0p(x;) for i = 1,2 and finally from (4.148) we have

0 € P?S Op(z; +I(x;)) fori=1,2.

Recall that 0 € P__ o (2; +9(x;)) for i = 1,2, and X = YOL. So we infer that
0 € Op(x; +9V(x;)) fori=1,2.

Let us set u; = x; + 9(x;) for ¢ = 1,2. Then u; and ug are two nontrivial
critical points of ¢, thus they are two nontrivial solutions of (4.137). 0

Next we turn our attention to the following problem:

{ —Ax(z) = Ma(z) € 0j(z,2(2)) foraa. z€Q, (4.161)

$|()Q =0.

Now we will have a different set of conditions for the nonsmooth poten-
tial, which will allow for partial resonance at infinity and for full reso-
nance from above and below at the origin between successive eigenvalues of
(— A HF()). As before {)\,},~, is the sequence of distinct eigenvalues

of (—A,H}(Q)). In this case our hypotheses on the nonsmooth potential
function j are the following:

H(j)2 j: Z xR — R is a function, such that
(1) for every ¢ € R, the function
Q52— j(%0€R

is measurable and j(z,0) = 0 for almost all z € §;

(7i) for almost all z € Q the function
R>¢(—j(z,¢{) €eR
is locally Lipschitz;
(#i7) we have
lu] < a1(2)4c|¢] for a.a.z € Q, all¢ € Rand allu € 9j(z,(),

with a; € L*(Q)+, ¢1 > 0;
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(iv) there exists ¥ € L () such that ¥(z) < 0 for almost all z € Q
with strict inequality on a set of positive measure and

Y
lim sup j(zz’ 9
(l—+o00 €

< 9(2)

uniformly for almost all z € ;

(v) there exists § > 0 such that for almost all z € 2 and for all ( € R
with |(] < § we have

Ak =M)¢® < 2(2,0) < M =M VE>L

REMARK 4.6.2 Hypothesis H(j)z2(v) is satisfied if for example we have

.2 27(2,0) . 2j(2,¢)
A — A1 < liminf ——=—=* < limsu
k 1 ¢—0 <—2 - 0 CQ

< )\k;Jr]_ — A1 (4162)

Note that our requirement is more general than the above inequalities since we

. 2
allow interaction (resonance) of W near the origin with the successive

eigenvalues Ay, and Agy1, while condition (4.162) does not permit this. So with
H(j)2(v) we can have double resonance between A, and A4 at the origin. []

We consider the energy functional p: H}(Q) — R, defined by

ola) £ 219~ 2 Yol - / i(a(2)de ¥ e HY9).
Q

We know that ¢ is locally Lipschitz.

PROPOSITION 4.6.6
If hypotheses H(j)2 hold, then o is coercive.

PROOF By virtue of hypothesis H(j)2(iv) for a given £ > 0 we can find
M, = M;(e) > 0, such that

2j(2,¢) < ¢ foraa.z <€ Qand all [¢| > M. (4.163)

Then for every z € Hg(2) we have

oa) = 3 IVal} — 2 o2 - / i(z2(2)) d

\ Q
1 2 1 2
= L9l — A
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_ / j(z7 x(z)) dz — / j(z7 x(z)) dz. (4.164)

{I¢I=My} {I¢l<My}

Because of (4.163), we have

(2 a(2) dz < %mmg V2 e HY(Q). (4.165)
(IS1= 1)

Also from hypothesis H(j)2(i44) and the mean value theorem for locally Lip-
schitz functions (see Proposition 1.3.15) we have

li(z, Q)| < a2(2) + c2|¢|* for a.a. 2 € Q and all € R,

as € L>®(2)4 co > 0. Hence

j(z,2(2))dz < cs Vx e Hi (Q), (4.166)
{I¢l<M1}
for some c3 > 0. Using (4.165) and (4.166) in (4.164) we obtain

A1

1 €
o(@) = IVal3— S lals—Slall—es  VoeHYQ.  (4167)

For z € H}(Q) we write
z = z' 42t withz! € E(\), 2t € E(\)?t,

i.e. z! = tu; for some t € R, where u; is the normalized principal eigen-
function of (— A, H}(Q)). Exploiting the orthogonality between E();)
and E(A)* and the fact that ||Vu1||§ =X\ ||u1||§ (see Theorem 1.5.3(b))
from (4.167) we have

1 A
ola) 2 5|Vt = Flletl - gl —es Vo HI@. (@4168)

Recall that

2
IVolly
IVyll3

AﬂM@ Voe BT,
Myl YyeH(Q)

(AVANY)

(see Theorem 1.5.3(b)). So for all x € HZ (), we have

1 A € 2 € 2
o(z) > 5(1—)\—;—/\—1) ||VCELH2—2—/\1||CL'1H2—C3 Ve HY(Q). (4.169)

With the help of this estimate, we shall show that ¢ is coercive. To this end
consider a sequence {z,},~; C H(Q) such that

n 2@y — +oo.
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We have
T, = x}l—l—xi, with a:,llztnul, t, € R and xi EE(/\l)L Vn>1.
If the sequence {m}l}nZI C H}(Q) is bounded, then we must have
IVarll, — +o0
and so from (4.169) it follows that
p(en) — +o0,

i.e. @ is coercive.
1
So assume that the sequence {xn}n21
to a suitable subsequence if necessary, we may assume that

C H}(Q) is unbounded. By passing

|| = [tn] — Ho0.

1
nll i1 )
2
The sequence {W } .5, 1s in the interval [0, 1] and so passing to a further
nllg1(q) =
subsequence if necessary, we may assume that

th

e 1
||ffn||H1(Q)

with n € [0, 1].
Case 1. 0 <n < 1.

From (4.169) and since ||Vu1|l, = 1 we have

SO

e(@n) 1
2 -
[VZnlly 2

2
(1 R i) IVeall, e S (4.170)

2 o\, 2 2
A2 A I\anllg 2\ ”vanz Hvan2

Since H}(Q) = E(M) @ E(A1)*, we have

Vel Vel + B Val; _ [Ver|l+£
IVl IVl IVl
So, we obtain that
2
|V,
Vel -
[EX .
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By passing to the limit as n — 400 in (4.170), we obtain

o (Tn) 1 M€ en
lim inf 2>—<1____ (1_77)_2_)\1.

If we choose € > 0 small enough so that i—; + % <1 (recall that Ay < Ag) we
infer that

lim inf — 2 () 0,
n—-+oo ||xn||H1(Q)
hence
(p(xn) — +00,
which proves the coercivity of .
Case 2. Suppose that n =1, i.e.
th
2
[ H(Q)
We have )
1L
[
5 .
||V$n||2
First, we will show that
i(z,xn(2)) dz
lim sup fﬂj(—2()) < 0. (4.171)
n—+oo ||ffn||H1(Q)

From Lemma 4.6.3 we know for given 1,9 > 0, we can find 4; = d1(e1) €
(0,e1) and d2 = d2(e2) € (0,e2) such that

Hze: |v(z)| < b ||UH2}|N < €1 VoveE)

and
|{z€Q: ‘y(z)‘ > 09 ||Vy||2}‘N < &9 VyeEM)*L

We introduce the following two Lebesgue measurable subsets of :

A L {zeQ: |ah(2)] > 6 ||Val]l, }
C, {zeQ: |xi(z)| sészin }7

=

for n > 1. Evidently |2\ 4,|, < €1 and |2\ Cy|, < €2. So if we choose
€1,€2 > 0 small enough, we may have |A, N Crly # 0 for all n > 1. Because
E(A\1) € C (Q) is finite dimensional we can find ¢4 > 0, such that

[v(2)] < eal|Vol, VyeE(\), z€Q.
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Then for z € A, N C,, and n > 1, we have

@) @ el Vel | [V
[Vanlly, = [Vaally  IVaall, = [V, [Van|l,
and so
limsupMXA nen (2) < eq (4.172)
n—too ||Van |y 4"

uniformly for almost all z € Q.
Also for z € C,, N A,, and n > 1, we have

YO I TR 2 [N 7
||Vxn||2 N ||Vxn||2 ||V$n||2 N ||V$n||2 ||V$n||2
and so 1 (2)|
Tn(z
li f > 4 4.173
A W, ], e ) 2 1 7

uniformly for almost all z € Q.

From hypotheses H (j)2(iii) and (iv) and the mean value theorem for locally
Lipschitz functions (see Proposition 1.3.15) we infer that for a given € > 0,
we can find ¢5 = ¢5(e) > 0 such that

1

Jj(z,¢) < 5(19(z) +€)*+c; foraa. z€Qandall ¢ €R.

So using also (4.172) and (4.173), for a given &’ > 0, we can find ng = ng(e’) >
1 such that for all n > ng we have

izenz) o
/ IVaa

A,NCh
1 n 2 ATL n
< —/ (V(2) +¢) - (z)de + 65%
f A,NC, ||V$n||2 ||V$n||2
< §(C4+s’)2 / (V(2) +¢) dz
{9>—¢}
1
+ 5(51 —¢')? / (U(z) +e)dz + €
{9<—¢}
1 "2 +
< 5(644—6) (V(z) +¢) " dz
. Q
- 5(51 —5')2/(19(2) +¢e) dz + €. (4.174)
Q
On the other hand for z € C,, \ A,, we have
@) _ @ el g Vel Ve,
IVanlly = [Vaally  IVaall, = 7 Vel IVanll,
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tn Vx#
B L
[Van|l, [Vznll,
and so 2 ()
T (2
liIEJsrlg) Vel Xac, (2) < 61 (4.175)

uniformly for almost all z € Q.
Recall that
17(2,Q)| < a2(z) + 2l

as € L*®(2)4, ca > 0. Combining this with (4.175) we see that for all n > ng

we have
i 2
/ |J(Z,$n(22))|dz S/ ag(z)—|—62|a:;(z)| i
c\An [V Co\An Va2

<t +) 0\ Ay < &+ +€) e (4.176)

Finally, for all n > ng, we have

[ BenOl, o [ wGtoner,

V|2 - Vi,
e, | xn”z e, H xn”z

6I+66|Q\On|N < E/+0662. (4177)

IN

From (4.174), (4.176) and (4.177) it follows that
msup / (z,2n(2)) 4

n—too ) [ Va3
< %(64 +¢')? / (V(z) + 5)+dz — @ / (U(z) +¢) dz
QO 0

43¢’ 4 ¢o(01 + €)1 + coeo.

Recall that €,e’,e1,69 > 0 are arbitrary. Let €,¢’,e2 \, 0 and note that
V(=) + £)+ — 0and —(J(z) +&) — U(z) for almost all z €  (recall that
9(z) < 0 for almost all z € Q). So in the limit we obtain

limsup/wdz < —52/19 Ydz + cadie; < —51/19 )dz + o€}

e ) Va2 T2

(recall that 6; € (0,¢1)). Hence

(2. 20 1
hmsup/wdz < & (—/ﬁ(z) dz+6251>.
”_""‘X’Q ”vanz 2 Ja

Since [, (z)dz < 0 (see hypothesis H(j)2(iv)) and &1 > 0 was arbitrary, we
conclude that (4.171) is true.
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Now because Ap ||,]|3 < |[Va, |3 for all n > 1, we have

1 A . .
paa) = 5 IVanl = F Vol = [ian@)ds =~ [i(an(a) da

Q

2

SO

lon) sy _ [Haml),,
HvanQ HVCCnHz

Using also (4.171), we get

lim inf QO(QCn)Z
noteo ”vanz

From this it follows that at least for a subsequence we have that ¢(z,) —
+00. Because every subsequence of {¢(zy)},~; has a further subsequence
such that ¢(z,) — 400, we conclude that for the original sequence we also
have p(z,) — 400, hence ¢ is coercive in this case too.

REMARK 4.6.3 In particular the coercivity of ¢ implies that ¢ is
bounded below and satisfies the nonsmooth PS-condition.

Let

i £ PEN) ad i L @ EM).
=1 i=k+1

We have that
H&(Q) =YooV, Vi = Y,,CL and dimY; < oo.

In the next proposition we show that ¢ has the local linking geometry for the
direct sum decomposition Y, @ Vj (see Definition 2.4.1).

PROPOSITION 4.6.7
If hypotheses H(j)2 hold,
then there exists v > 0 such that

p(x) <0ifz €Y, 2] <
o(z) >0ifz eV, ||9C||H1(Q) =T

PROOF Note that Y3, C C(Q) and it is finite dimensional. So we can find
r1 > 0 such that

5
lz(z)] < 3 < 6 VzeQ zeY, [lzllgq S
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with & as in hypothesis H(j)2(v). Therefore, for x € Vi, with [|z[| 1 o) < 11
we have

1 A .
o) = 5 IVall3 = Pl — [ i(z.a2)) ds
Q

A ALy o2 1 2 A2
lelly = 51923 - 2 Jall3 < o.

1 2 1 2 Ak —
< S Ival - AL g2 - 2

Next, let z € V;. We decompose x as follows:

v =T+, withTeE\y)andZe P EN).
i=k+2

Using hypothesis H(j)2(v) and the fact that ||V§||§ = Akt1 H§||§ we have

1 A .
o) = 5 IVell3 = Pl ~ [ i(z.a2)) ds

Q
1 A1 . .
= S IVelE - F el - [ Ga@)de- [ i) i
{lz|<d} {lz|>8}
1, A1~ Ak+1 — A1 .
> e - e [ [ (et a:
{lz[<6}
A - A A - A
b [P et | d - A g
{lz[>6} \
1 oa2 k41 o2
2 gIV7l - 25 I
+ / %x(zf—](z,x(z))] dz. (4.178)
{lz[>6}

Moreover, we claim that we can find 7o > 0, such that for almost all z €
{lz] = 6} and all z € V' with [|z[| 1 ) < 72, We have

%|x(2)| < |7(2)]. (4.179)

Indeed, by virtue of the finite dimensionality of E(Ax+1) € C (Q), we can find
& > 0 such that

|u(2)‘ < & lullg g VzeQ, ue E(A\y1).

Let ro = % and suppose that [z ;1) < re. For almost all z € {|z| > 4},
we have

|2(2)|

IN

()| +[3(2)] < &llElge +12)] < & llollg g + [3)|
0
2

IN

+RE)| < 5] + ),
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4. Elliptic Equations 639

thus we have obtained (4.179).
In addition, by virtue of the fact that

li(2,Q)] < az(2)+c2f¢| foraa. zeQandall (R,

with az € L®(Q)4, ca > 0 (see the proof of Proposition 4.6.6), we can say
that
‘j(z,x(z))‘ < C7|$(Z)”Y for a.a. z € {|z| > d}, (4.180)

for some ¢; > 0 and with v € (2, 2*], where 2* is the critical Sobolev exponent,
i.e.

N -2
+oo f N <2

2N
Q*g{—ifN>2,

From (4.179), (4.180) and the continuity of the embedding H{(2) C L7(Q)
(as v < 2*) we can write that

/{z>5} [@WY _j(Z,x(z))] dz

<o [ a@[a < @l (a.15)

{lz|>4}

for some cg, cg > 0. Returning to (4.178) and using (4.181) we obtain

1. Akt1 2 ~
p(r) > §||V9€||22— 1Z]15 — co [IVZ]3
1 Ak+1 12 -
> —(1— 19212 - co V21
2 Ak42

(see Theorem 1.5.3(b)). Since v > 2, we can find 73 > 0 small enough so that

(p(iC) 2 0 Vxe ‘/, ||$||H1(Q) S r3.

Finally, choosing r g min{ry, 9,3}, we achieve the local linking geometry. I

Now we are ready for the multiplicity theorem.

THEOREM 4.6.2
If hypotheses H(j)2 hold,
then problem (4.161) has at least two nontrivial solutions.

PROOF  First note that ¢(0) = 0 (recall that j(z,0) = 0 for almost all
z € Q). Also if v € E(A—1) C C(Q) is such that |v(z)| < § for all z € €,
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640 Nonsmooth Critical Point Theory and Nonlinear BV Ps

then using hypothesis H(j)2(v) we have

1 A .
o) = 3 IV0l3 = 2ol = [ (e 0(e)) de

Q
1 2 AL, 2 Ae— AL, 2
< 5190l = 2L ol — 202 o
1 9 Ak 2 Ak—1 2 Ak 2
= 3 HVUHQ Y ||UH2 < ) ||U||2 Y ||U||2 < 0,

inf ¢ <0.

This fact combined with Propositions 4.6.6 and 4.6.7 permit the use of
Theorem 2.4.1 which produces two nontrivial critical points of ¢. These are
two nontrivial solutions of (4.161).

4.6.2 Nonlinear Problems

Next we consider nonlinear problems driven by the p-Laplacian differential
operator. So we consider the following nonlinear elliptic inclusion:

—div ( HV;zc(z)H%?v2 Vi(z)) — M ‘x(z)’pizx(z) € 9j(z,2(2))
for a.a. z € Q, (4.182)
x|aQ = Oa

with p € [2,+00). Recall that @ C R" is a bounded domain with a C?-
boundary 92 and A1 > 0 is the principal eigenvalue of (— Ap,Wol’p(Q))
(see Proposition 1.5.17). As we did for the semilinear problems considered
earlier, we shall establish the existence of at least two distinct solutions for
problem (4.182). Our hypotheses allow for different asymptotic behaviour of
9j(z,-) at oo. More specifically, we may have complete resonance at —oo
(see hypotheses H(j)1).

We begin our analysis of problem (4.182), by establishing the existence of
a smooth strictly positive solution. For this purpose, our hypotheses on the
nonsmooth potential j(z,() are the following:

H(j)s j: QxR — R is a function, such that
(1) for every ¢ € R, the function
Q352z—j(2,0 R

is measurable, j(-,0) € L>(), [, j(z,0)dz < 0 and 9;(z,0) C
R, for almost all z € §;

(#i) for almost all z € €, the function

is locally Lipschitz;
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4. Elliptic Equations 641
(797) for almost all z € Q, all ( > 0 and all u € 9j(z,(), we have

u > —co¢P!

and for almost all z € , all € R and all u € 95(z, (), we have
lul < ai(z) + ed ¢

with a; € L*°(Q)4, co,c1 > 0;

(iv) there exists ¥ € L>(Q) such that 9¥(z) < 0 for almost all z € Q,
the inequality is strict on a set of positive measure and

< 9(z)

. u
lim sup Cp—71 =

(—+o0

uniformly for almost all z € Q and all u € 9j5(z, {);

(v) there exists n € L>°(£2) such that n(z) > 0 for almost all z € Q,
the inequality is strict on a set of positive measure and

o Pi(z6)
hCIEéEfT > n(z)

uniformly for almost all z € Q;

(vi) there exists M > 0 such that
uw > 0 foraa ze€Q, all (> M and all u € 9j(z,()
or

u < 0 foraa.zeQ, all (> M and all u € 9j(z, ().

REMARK 4.6.4 If esssupd < 0, then hypothesis H(j)s(vi) follows from
Q
hypothesis H(j)s(iv). If p = 2 (semilinear case) and the potential is smooth

(ie. j(z,-) € C*(Q)), then hypotheses H(j)3(iv) and (v) incorporate problems
with right hand side nonlinearity which is sublinear at 07 and superlinear at
+o0. Finally note that hypotheses H(j)s(iv) and (v) imply that we may have
incomplete resonance at 07 and +oco (nonuniform nonresonance). I

Let
c 4 {x e Wy P(Q): x(z) >0 for aa. z € Q}

(i.e. C is the positive cone for WO1 P(Q) equipped with the usual point-
wise ordering). We introduce two functionals ¢ : WO1 P(Q) — R and
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642 Nonsmooth Critical Point Theory and Nonlinear BV Ps

©2: Wy P(Q) — R defined by

or(@) L LI x ) - / i(er2(2)) da
b Q
df . 0 ifzeC,
erl) Licto) = {050

(indicator function of C' € Py.(W,())).
We know that ¢y is locally Lipschitz and ¢o € I'g (WO1 P(Q)) (see Defini-
tion 1.3.1). We set

af
Y = P11+ p2.

Note that ¢ fits in the setting of Section 2.3 and so we can check whether it
satisfies the generalized nonsmooth PS-condition (see Definition 2.3.2).

PROPOSITION 4.6.8
If hypotheses H(j)s hold,
then o satisfies the generalized nonsmooth PS-condition.

PROOF  Let {z,},5, C WyP(€) be a sequence such that
le(zn)| < My Vn>1,
for some M; > 0 and

O @iy — on) + 02(y) — P2(wn)
> —enlly— CCnHWl,p(Q) Vye Wol’p(Q), n>1,

with e, \, 0.
Note that
r, € C Vn>1.

Let y = 0. We obtain
S0(1J(€Un7 _xn) 2 —En ||$n||W1p(Q) V n Z 1.

We know that ¢9(z,;-) is the support function of the subdifferential set
0p1(xy), which is nonempty, convex and weakly compact. So we can find
xk € Op1(xy,) such that

P (@n; —wn) = (T, —Tn) i)

So we have

<x;§,xn>WO1,p(Q) < enl@allwing) Vn>1.
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4. Elliptic Equations 643
We know that

zt = Axn) — M|z, |P 22, —ul

Vn>1,

with A: Wy (Q) — WP (Q) being as before the maximal monotone op-
erator defined by

(A@) vhwpre) @ / V22" (Va(2), Vy(2)) g dz - Vay € WP (Q)

and u® € L¥ (Q) with u*(2) € 8j (z,2,(2)) for almost all z € Q. So, for all
n > 1, we have

<x27xn>wolvp(9) = <A(xn)7$n>wolvp(ﬂ) -\ ||$n||§—/uil(2)$n(2) dz
Q
= [l = Mol — [un @) ds < enllonln - (1189
Q

We claim that the sequence {z,},~,; C WyP(€) is bounded. Suppose that
this is not true. Then by passing to a suitable subsequence, we may assume
that

Hznnwl,p(g) — +oo.
Let us set

g

Yn = Vn>1.

||$n||wl,p(g)
Passing to a further subsequence if necessary, we may assume that
Yo 5y in Wy P(Q),
yn — Yy in LP(Q),

yn(2) — y(z) for a.a. z € Q,
lyn(z)| < k(z)foraa.zeQandalln>1,

with k € LP(Q) and y € W, *(Q). From hypothesis H (j)s(iii) we have

() )

||$n||W1p Q) ”xn”vvl P(Q)

cl|yn(z)|IF1 for a.a. 2 € Q (4.184)

and so the sequence {¢} cr” (Q) is bounded.
>1

[
Thus, by passing to a subsequence if necessary, we may assume that

@) e g (),

||9Cn||W1 2 (Q)
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for some h € L¥' (). Since z,, € C' we have
Yyn € C Vn>1
and so y € C. This implies that
Tn(z) — 400 for aa. ze€ {y #* 0} = {y > O}.
For a given € > 0 and any n > 1, we introduce the set
Q. 4 {zeQ: xn(z) >0, uni(z) gﬁ(z)+a}.
’ N
Because of hypothesis H(j)s3(iv), we know that
Xo (2) — 1 foraa.ze{y>0}
Note that

()

X
lzallfi @)

= Xz, (?)
< x s (z)(ﬂ(z)—!—a)yn(z)p_l. (4.185)

Passing to the weak limits in L'({y # 0}) and using Proposition 1.2.12,
from (4.185), we obtain

h(z) < (9(z) +e)y(z)P~" foraa.ze€ {y>0}.
Since € > 0 was arbitrary, it follows that
h(z) < 9(z)y(z)P~" foraa. z€ {y>0}={y#0}.
Moreover, from (4.184), it is clear that
h(z) = 0 fora.a. z€ {y=0}.
Therefore, we conclude that
h(z) < 9(2)y(z)P~t for a.a. z € Q. (4.186)
Now we return to (4.183) and divide with ||z, |1, »(q)- We obtain
3alls Ml [ 22y < vz
J Tealltzrey ENE.

We pass to the limit as n — +oo. Using (4.186) and hypothesis H(j)s(iv),
we have

IVyll, = Allyll,
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4. Elliptic Equations 645
and so, from Propositions 1.5.18 and 1.5.19 and recalling that y € C, we have
y = uy or y = 0.

If y =0, then
Vy, — 0 in LP(;RY),

hence
Yo — 0 in Wy (),

a contradiction to the fact that ||ynly1.,q) =1 forn > 1. Soy = u;. We
know that

y(z) = ui(z) > 0 VzeQ

(see Proposition 1.5.18). So

/ﬁ(z)y(z)pdz <0

Q

and thus
IVylle < i llylly,

a contradiction.
This proves that the sequence {z,},~,; € C is bounded in W,yP(€2) and so
by passing to a subsequence if necessary, we may assume that

Tn — xin W, P(Q),
Tn — x in LP(Q),

with 2 € Wy?(Q). From the choice of the sequence {x,}, -, € C we have
that N

(A(@n),y = Tn)ying) — M1 / |xn(2)|p*2xn(z)(y — &) (2) dz
)

- / () (4 — 20) (2) dz + p2(y) — 9a(zn)
Q
> —€q ||y - xn”Wl,p(Q) A Y € C.

Let y = x € C. We obtain

(A(zy), xn — x)Wol,p(Q) -\ / |$n(z)‘p_2$n(z) (xn — x)(z) dz
Q

_ /u:;(z)(xn —z)(2)dz < ep @, — 1o (q) -
Q
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Clearly
/‘xn(z)|p72xn(z)(xn —z)(2)dz — 0,
Q
/u;i(z)(a:n —z)(z)dz — 0
Q
and
En ||$n - x”Wl,p(Q) — O
So

limsup (A(zn), Zn — @) yyieg) < 0.
n—-+o00 0
As before, exploiting the maximal monotonicity of A, we get
IVanll, — [V,
and this, via the Kadec-Klee property, implies that
Ve, — Va in LP(QRY),

hence
T, — x in Wy P(Q).

[

Using this proposition, we can prove the existence of a smooth strictly
positive solution for problem (4.182).

PROPOSITION 4.6.9

If hypotheses H(j)3 hold,

then problem (4.182) has a solution o € C}(Q) such that zo(z) > 0 for all
z €Q and %(2’) <0 for all z € 09).

PROOF We claim that ¢ is bounded below. To this end, note that

_ Jei(x)ifx e C, 1p
w(z) = {+oo otherwise, V€W (Q).

From hypothesis H(j)s(iv), we know that for a given € > 0, we can find
My = Ms(e) > 0 such that

u < (9(z)+¢e)P"" foraa. z€Q, all ( > M, and all u € 9j(z,().

For a given € C and every z € {2 we define the set

E(z) 4 {(/\,U) €(0,)xR: ve 8]'(2, Ax(z) + (1 — /\)Mg),

j(z,x(z)) —j(z, M) = v(x(z) — Mz)}
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From the mean value theorem for the locally Lipschitz functions (see Propo-
sition 1.3.15), we know that
E(z) #0 foraa.ze Q.
By redefining E on a Lebesgue-null set, we may assume that
E(z) #0 VYzeqQ.

Let us set
22,0 L da(z) + (1 - N M.

Then for every h € R consider the function

Yr(z, A) A jo(z, Z(z, h); h).

We claim that the function (z,A\) — ~y,(z,\) is measurable. From Defini-
tion 1.3.6, we have

n(z,\) (4.187)
_ sup J(z,2(z,A) + 1+ sh) — j(z,2(2, ) + 7‘).
ler,sGQﬁ(fi,%) §

Note that the function (z,{) — j(z,() is £ x B(R)-measurable, with £ being
the Lebesgue o-field of Q and B(R) is the Borel o-field of R. So from (4.187)
it follows that the function (z, A) — vn(z, A) is £ x B(0, 1)-measurable. Let
us set

S(z ) L 9j(z,5(2,\)
and let {h,},,~; be an enumeration of the rational numbers. Exploiting the
continuity of j°(z,%(z, A); -), we have

GrS = {(z,)\,u)EQx(O,l)xR: uES(z,)\)}
= ﬂ {(z,A,u)GQx(O,l)xR:
m>1
uhp < 5°(2,2(2,A); hm) = ’yhm(z,)\)}
€ LxB(0,1) x B(R).
Then we have

GrE

{(z,/\,u) eQx(0,1)xR: (A\v) eE(z)}
= GrSﬂ{(z,A,u) e x(0,1)xR:

J(z,2(2)) = j(z, M2) = v(z(2) — Mz)}
€ LxB(0,1) x B(R).
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So invoking the Yankov-von Neumann-Aumann selection theorem (see Theo-
rem 1.2.4), we obtain measurable maps A: & — (0,1) and v: @ — R such
that

(M2),v(2)) € E(z) fora.a. ze Q.

Hence we have
i(z,2(2)) —j(z, M2) = v(2)(z(z) — Ma) for a.a. z€Q

and
v(z) € 9j(z,A(2)z(2) + (1= A(2)) M) for a.a. z € Q.

Evidently v € LP' () (see hypothesis H (j)3(iii)). We have

/j(z,a:(z)) iz = /v(z)(a:(z)—Mz) dz+/j(z,M2)dz

Q Q Q
= / v(z)(z(2) — Ma) dz + / v(z)(2(z) — M3) dz
{z>M>} {z<M2}
+ [ J(z, Mz) dz. (4.188)
/

Since v(z) € 0j(z, A(z)z(z) + (1 — A(2))M3) for almost all z € Q, from the
choice of My > 0 in the beginning of the proof, we have

v(z) < (9(z) + &) (M2)a(z) + (1= \(2)) Mp)P ™"

D(2)ME™" 4 ex(z)P~t for aa. z € {x > My},

ARVAN

SO

v(2)(x(2) = Ma) < 9(2)ME " (2(2) — Ma) + ex(2)P~ (2(2) — M)

<
< ex(z)? for a.a. z € {z > My}

(recall that 9(z) < 0 for almost all z € Q; see hypothesis H(j)s(iv)). So we
can write that

v(2)(x(2) = M2) dz < ez} . (4.189)
{z=>My}

Also from hypothesis H(j)s(iii), we have
‘v(z)‘ < ar(z) + e METY foraa. z € {z < My}

It follows that

0<z<Mas} {0<z<M>}

© 2005 by Chapman & Hall/CRC
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< 2M, / [v(2)|dz < e, (4.190)
{0<z<M>}

for some ¢z > 0. Using (4.189) and (4.190) in (4.188), we obtain

/] dz < £||;v||p+03,
Q

with c3 g e+ fo |j(z, M2)| dz. As € > 0 was arbitrary, we have

/](z,m(z)) dz < cs3.

Q
Therefore for all x € C, we have

At

1
pi(z) > Ellvitllﬁ——llmllﬁ—c?, > —c3

(see Proposition 1.5.18) and
o(xr) > —c3 Y e Wyt ().
This proves that indeed ¢ is bounded below.

Now let
a .
mo = inf
WP ()
Because ¢ is bounded below and clearly it is lower semicontinuous, we can
apply the Ekeland variational principle (see Corollary 1.4.7) and obtain a
sequence {xn}nZl C C such that

A

1
plen) Nomo and  ——|ly = zallwro) < eW)—plom)  VyeWT(Q).

Let us set

Yy 4 (1 =Nz, + M,
)

with w € Wol’p(Q), A € (0,1). Exploiting the convexity of 2, we have

A
n [lw — fEnHWl,p(Q) < py) —een) < @1 (xn + Mw — xn)) + Apa(w).
We divide by A > 0 and let A — 0%. We obtain

1
- [w—=2nllwio@) < @1 (zn;w—1,) +p2(w) Vw e WyP(Q). (4.191)
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Because of Proposition 4.6.8, we may assume that
T, — xo in WyP(Q).

So zp € C and moy = @(z9). Also from (4.191) and since the function
(z,h) — @Y(x; k) is upper semicontinuous (see Proposition 1.3.7(b)), in the
limit as n — 400, we obtain

0 < @(zo;w —x0) + @2(w) ¥V we WyP(Q). (4.192)

From (4.192) it follows that there exist x* € d¢1(xg) and v* € Opa(xg) =
Nc¢(zo) (the normal cone to C at x) such that *+v* = 0 (see Remark 2.3.1).
Recall that

¥ = Azo) — M|zoP %0 — u*,

with u* € L¥' (), u*(z) € 9j (z,0(2)) for almost all z € €. So we have

0 S <x*’ w — x0>W01’p(Q)

= <A(x0)—)\1|x0|p*2xo—u*,w—xo> VweC.

WP ()

Let h € Wol’p(Q) and € > 0. We use as a test function

w? (zo +eh)t = (zo+eh)+ (zo +h)™.
It follows that
0 < <x*,5h>W01,p(Q) + <x*, (xo + Sh)_>W01,p(Q)

and so

— (A(wo), (zo + Eh)*>W01,p(Q) + X\ / |x0(2)"”2$0(z)(9€0 +eh)(2)dz
!

+ / W (2) (w0 + k) () dz < £ (" ) ey - (4.193)
Q

Let us set
- g {zeQ: (zo+eh)(z) <0}

and recall that

3 —V(zo +¢h)(z) for a.a. z € Q_,
V(zg +¢€h) (2) = {0 (o ! )otherwise

(see Remark 1.1.10). So we can write that

—(A(0), (20 +€h) ) yr g
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= = [ IVa0) e (Fa0lz), Vo + b))
Q

_ /||wo(z)||§N (Vo (2), Vi(wo + £h)(2)) g d2

Y

J
c / V()22 (Vo (2), Vhi(z)) gy d2. > 0. (4.194)
2

Also we have

M / |20(2)[" 20 (2) (20 + eh) ™ (2) d=
Q

= -\ / ‘zo(z)‘p_zxo(z)(azo +eh)(z)dz > 0. (4.195)
Qe
In addition, we have

/ w* (2)(wo + h)~(2) dz = — / W (2)(wo + eh)(2) d=

Q Q-

- [ v

Q- ﬂ{wo<M}

— / u*(2)(xo + eh)(z) dz, (4.196)

Qe N{zo=M}
with M > 0 as in hypothesis H(j)s(vi). First we assume that
u > 0 foraa. zef all (> M and all u € 9j(z,()

(first option in hypothesis H(j)3(vi)). Then

- / w(x)(wo + eh)(2)dz > 0. (4.197)

Q- N{zo>M}

Also since by hypothesis 9j(z,0) C Ry for almost all z € 2, we have that

u*(z) > 0 foraa. zeQr N{xg=0}
Moreover, note that since xg(z) > 0 for almost all z € 2, we have that

h(z) < 0 fora.a. z€ Q.

So we obtain
- / u*(2)eh(z)dz > 0,

Q2 N{z0=0}
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and using also hypothesis H (j)3(¢i¢) and the fact that x(z) > 0 for almost all
z € , we have

- / u (2)(zo +eh)(z)dz > — / u*(2)(xo +eh)(2) dz
Qo N{zo<M} Q- N{0<zo<M}

> o / (o +¢eh)(z)dz > ecy / h(z) dz, (4.198)
Q. N{0<zo<M} Q- N{0<zo<M}

for some ¢y > 0. We use (4.197) and (4.198) in (4.196) to obtain
/u*(z)(xo +eh) (2)dz > ecy / h(z)dz. (4.199)
Q Q- N{0<zo<M}

We return to (4.193) and use (4.194), (4.195) and (4.199). We have

(2", h)y, /||w;0 JIER (Vo(2), Vh(2)) i dz

+ 4 / h(z) dz. (4.200)
Q- N{0<zo<M}

We know that
Vio(z) = 0 for a.a. z € {xg =0}

(see Remark 1.1.10). Also note that
‘Qgﬂ{o<xo<M}|N — 0 ase\,0.
So if in (4.200) we let € \, 0, we obtain
* 1’
<1‘ ,h>W01,p(Q) 2 0 V h S WO p(Q),

S0
¥ = A(zo) — M|zo|P?x0 —u* = 0

and

{ —div ([|[Vao(2)[2x° Vao(2)) = M|zo(2) [P *20(2) = w*(2) for aa. z € Q,
zolaa = 0.

Next assume that

u < 0 foraa. zef all (> M and all u € 9j(z,()

(second option in hypothesis H(j)s(vi)). Then, since —u*(z)xo(z) > 0 for
almost all z € {z¢g > M}, we have

_ / u*(2)(xo +eh)(2)dz > ¢4 / (xo +eh)(z)dz

Q- N{zo<M} Q- N{zo<M}
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> ecq / h(z)dz (4.201)

Q;ﬂ{wo<M}
and
- / W (2)(wo + eh)(2)dz > —e / W (2)h(2) dz. (4.202)
Qo n{zo>M} Qo n{zo>M}

Using (4.194), (4.195), (4.202) in (4.193), we obtain

(@™, h)wiriq) 2 / [Vzo(2)[[2" (Vo (2), Vh(z))pw dz
Qs
+ey / h(z)dz — / u*(2)h(z) dz.
Qo N{0<zo<M} Qo N{zo>M}

Note that
|Q;ﬂ{a:02M}‘N — 0 ase\,0.

So if we pass to the limit as € \ 0 in the last inequality, as before we obtain
* 17
<ZC 7h>W01’p(Q) 2 O V h S WO p(Q),
SO
¥ = Awo) — M|wo|P2zg —u* = 0
and

{ —div (||Vao(2) |57 Vo(2)) — Mi|o(2)[" *o(z) = u*(2) for a.a. z € Q,
$0|aQ = 0.

Since g € C, we have that z(z) > 0 for almost all z € Q, while u*(2) €
9j(z,wo(2)) for almost all z € . So by virtue of hypothesis H(j)3(iii), we
have

—cozo(2)Pt < w*(z) foraa.zeQ

and so

Apxo(2) div (|| Vao(2)[[27 Vao(2))

cozo(2)P~ — )\1‘3:0(2)|p_2x0(z) for a.a. z € Q. (4.203)

IN

First we show that z( is nontrivial. By virtue of hypothesis H(j)3(v), for a
given £ > 0, we can find § = §(£) > 0, such that

%(n(z) —&)¢? < j(2,() foraa. z€Qandall €04 (4.204)
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Let u; be the principal eigenfunction of (— Ay, Wol’p(Q)). We know that
uy € C1(Q) and uy(z) > 0 for all z € Q (see Proposition 1.5.18). So we can
find g9 > 0 small, such that 0 < equi(z) < § for all z € Q. Then, using
also (4.204), for € € (0,€p), we can write that

eP p AP p )
plewr) = pi(eur) = ;HVUal—THUal— j(z eui(z)) dz

= — [ j(zeur(z)) dz gipup——p 2)ui(z)P dz
- /J(,m())d < Sl pﬂ/nmlmd.

Q

Because ¢ > 0 was arbitrary, letting & \, 0 and using hypothesis H(j)3(v),
we obtain

pleur) < —— [ n(z)ui(z)Pdz < 0
P Q
and so
inf ¢ = p(xo) < 0 < ¢(0),
Wo " ()
ie. g # 0.

From (4.203) and using Theorem 1.5.5, we have that xo € L>°(€2) and then
by virtue of Theorem 1.5.6, we infer that zo € C1#(Q) for some 3 € (0,1).
Because

Apro(2) < (e1 + Ai)xo(2)P™ for a.a. z € Q,

we can apply Theorem 1.5.7 and conclude that

xo(z) > 0 Vze

and
I0lz) g vl.ean.
on
This completes the proof of the proposition. I

REMARK 4.6.5 We know that if
Cy(Q) 4 {zeC'(Q): z(z) =0 for all z € 0}

and C(Q); denotes the positive cone of CZ(Q) for the pointwise partial
ordering, i.e.

Ca () 4 {zeCi(Q): z(2) >0 for all z € 0},
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then
int C3(Q), = {x €CHQ): 2(2)>0forall z€Q

0x(z)

and n

<0Oforall z ¢ 39}.

Therefore the conclusion of Proposition 4.6.9 implies that the solution z
belongs in int C§(Q) ..

In order to produce a second solution for problem (4.182), distinct from
x(, we shall need an auxiliary result, which is actually of independent interest
and relates local minimizers in C} (€2) and in W, (Q) respectively, for a broad
class of nonsmooth functionals.

To this end, let ¢: W, P(Q) — R be defined by

daf 1

v@) L Vel - Q/ jo(z2(2)) d.

Our hypotheses on the integrand (nonsmooth potential) jo(z, () are the fol-
lowing:

H(jo) jo: 2 xR — R is a function, such that

(1) for every ¢ € R, the function
035z—jo(2,¢) €R
is measurable and jo(-,0) € L*(Q);
(7i) for almost all z € 2, the function
R>¢—jo(2,¢) €R
is locally Lipschitz;
(#41) for almost all z € Q, all ¢ € R and all u € Jjo(z, (), we have that
lu < ao + col¢]*,
with ag € L*°(Q)+, ¢ > 0 and s € [1,p*).
These hypotheses imply that ¢ is locally Lipschitz on WP ().

PROPOSITION 4.6.10 _
If hypotheses H(jo) hold and x¢ € WyP(Q) is a local C§(Q)-minimizer of
1, i.e. there exists r > 0 such that

d(wo) < Yl(zoty)  VyeCo(Q), Iyllorm <
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then xo s a local minimizer of i in Wol’p(Q), t.e. there exists ro > 0 such
that

Y(wo) < Y(mo+u) Y ueWyP(Q) [ullyisq <o
PROOF Let h € C}(Q). For A > 0 small enough, we have

< Y(xo + Ah) — ¥(x0)
- A b

SO
0 < ¢xo;h)  VheCHQ).

Since ¥°(xo;-) is continuous (see Proposition 1.3.7(a)) and the embedding
CH(©) € Wy P(Q) is dense, it follows that

0 < ¢xzo;h) Y heWyP ()
and so 0 € 9vY(xg). This inclusion means that
A(zo) = u”,

for some u* € L (Q) (L+ 1L =1),u*(2) € 9jo(z,20(z)) for almost all z € Q.
Hence
—div ([|[Vzo(2)| %}2 Vo(z)) = u*(z) foraa.zeQ.

As before, via Theorem 1.5.6, we have that z¢ € C’é’ﬁ(ﬁ) for some 8 € (0,1).
Now suppose that the Proposition is not true. So for a given € > 0, we can
find

z: € Be(zo),

such that
P(re) = inf  Y(x) < Y(o).

z€B:(x0)

Invoking the nonsmooth Lagrange multiplier rule (see Proposition 1.3.17), we
can find constants A > 0 > u., not both equal to zero, such that

)\ax: = /J’EA(xE_xO)a

with af € OY(ze). If A = 0, then p.A(z. — z9) = 0 and taking duality
brackets with x. — g, we obtain

pie |V (ze — o), = 0,

i.e. pue =0, a contradiction. So A¢ > 0 and without any loss of generality we
can assume that \, = 1. Then we have

A(ze) — peAlze —x0) = ul,
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with u* € L¥(Q), u*(z) € djo(z, z(2)) for almost all z € Q. From the

g
sensitivity analysis of optimization problems (see Dontchev & Zolezzi (1994,

p. 361)), we know that the map (0,1] 3 ¢ — p. is continuous. Using
standard nonlinear regularity theory (see Ladyzhenskaya & Uraltseva (1968,
Theorem 7.1, p. 286)), we obtain a constant M3 > 0 independent on ¢ € (0, 1]
such that

|zl < Ms; Ve e (0,1].

Moreover, by considering the vector field
Ve(z,6) L ElER" € — pe 1€ — o ()IIER (€ = 0(2)) — e o (2)|Ex" 0 (2),
with o = Vzy € C%(Q), we see that

{ —div Ve (2, Vae(2)) = ui(2) — peu(z) foraa. 2 € Q, (4.205)

Ze|oa = 0.

A simple calculation reveals that we can find ¢g = ¢o(p) > 1 (depending only
on p) such that for all z € Q and all £ € RY we have

1 - -
5((1 + lpel) N€lES" + el lo ()l )

(NENBR? + el o (2) — €127
co((1+ [pel) II€1BR" + el llo(2) [Bx") - (4.206)

From (4.206) it follows that if u. € [—1,0], then

IAINA

(VeVe(z Omm)gn = (1(2) + IElIE") Inllgn

and
-2
IVeVe(z, Ollpr < o(v(2) + lI€lIgn" ),
with v € L*(2)1 and 9, 0 > 0.
So from (4.205) and the nonlinear regularity theory up to the boundary (see

Di Benedetto (1983, 1995, Chapter IX) and Lieberman (1988, Theorem 1)),
we can find 8 € (0,1) and My > 0 both independent of ¢ € (0,1] such that

stncévﬁ(ﬁ) < My,

If pe < —1, then by setting y. = z. — x¢ we have

1 1
A(ys) = _A(ys + xO) - N_u:,

€ €

with u* € L¥ (), u*(z) € ) (2,9:(2) + x0(z)) for almost all z € Q.
Also we have
A(zg) = u*.
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Therefore we deduce that
. _ 1 _
—div (V0 ()l V=) = [V (0 + 20) () [ ¥ (9 + 20) 2)
£

+ V3 I Ve(2)
_ ui(u*(z) —wX(2)) foraa zeq, (4.207)

which is an equation similar to (4.205). Note that the vector field

We(z6) £ je)na f——||£+a( s (£+a(2))+ill o(2)|5" o (2)

satisfies the same estimates as V.(z,£). Therefore from (4.207), as before, we
obtain § € (0,1) and M5 > 0 both independent of € € (0, 1] such that

||x€||Cé’ﬁ(§) S M5~

But we know that the embedding Ca**(Q) € C}(Q) is compact (see Kufner,
John & Fueik (1977, p. 38)). Therefore, we can find e, € (0,1] with e, \, 0
and T € C}(Q) such that

r., — T inCj(Q).

n

Note that by the construction of the sequence {z.,}, -, we have

Te

L — oz in WyP(Q).
It follows that Z = 9. Thus we can find ng > 1 such that
|z, —x0||cé(§) <r Vn>ng

SO
U(xo) < Y(ae,) < Y(xo),

a contradiction. This completes the proof of the Proposition. I

If we look back at hypotheses H(j)s, we see that only an asymptotic condi-
tion at +o0o was imposed (see hypothesis H(j)s(iv)). Now by imposing addi-
tional asymptotic conditions at —oo and with the help of Proposition 4.6.10,
we obtain a second solution for problem (4.182), distinct from xy. Note that
the new asymptotic condition permits complete resonance at —oco

H(j)a j: @ xR — Ris a function such that
(1) for every ¢ € R, the function
Q52— j(2,0) R
is measurable, j(-,0) € L>(Q), [, j(z,0)dz < 0;
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for almost all z € 2, the function
R>¢—j(z () €ER

is locally Lipschitz;
for almost all z € Q, all ¢ € R, and all u € 9j(z, (), we have

lul < ay(z) + ¢,

with a; € L>®(Q)4, ¢ > 0 and for almost all z € Q, all { > 0
and all u € 95(z, (), we have

_,524-1771 < u,

with ¢ > 0;

there exist ¥ € L>(Q) and j_ € L'(Q) such that ¥(z) < 0
for almost all z € Q with strict inequality on a set of positive
measure,

J/j_(zﬁu(z)zdz <0,

Q
s < 00
. (%
pae
and
1?[ES];I(E)J’(Z;C) < ()

uniformly for almost all z € Q and all u € 9j(z, {);
there exists n € L>(Q) such that n(z) > 0 for almost all z € Q
with strict inequality on a set of positive measure and

e Pi(z6)
hCIEéEfT > n(z)

uniformly for almost all z € Q;

there exists M > 0 such that

u < 0 foraa. zeQ, all (> M and all u € 9j(z, ().

REMARK 4.6.6 The function

d [~ ifC <o,
“O"{—&+<ﬁ<>&
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with 2 < r < p, satisfies hypotheses H(j)s. Here for simplicity we have
dropped the z-dependence. I

THEOREM 4.6.3
If hypotheses H(j)4 hold,

then problem (4.182) has at least two distinct solutions xo, x1 € Wy P (), with
x9 € C3(Q), 20(2) > 0 for all z € Q and 8180—752) < 0 for all z € 0.

PROOF  One solution 7o € C}(2) was obtained in Proposition 4.6.9. For

this solution we know that xzo(z) > 0 for all z €  and 8‘%#7?) < 0 for all
z € 0.
Next we show that
ltigligtpl(tul) = —o0.

To this end, we have

o1(tuy) = —/j(z,tul(z)) dz

Q

(since [|[Vur ||} = A1 [lus]l?). Suppose for the moment that the convergence we
want to show is not true Then we can find Mg > 0 such that

o(tuy) = —/j(z,tul(z)) dz > —Mg Vit<O
Q

and so (2 tun (2)) u
J(Z,tu1lz 2 6
" dz > —= Vit<O.
/ oy (22 ui(2)*dz > e <
Let t,, — —oo. From Fatou’s lemma and hypothesis H(j)4(iv), we have that

0 < limsupfwlﬁ(z)dz < /j_(z)ul(z)zdz < 0,
Q

n—-4oo t%u% (Z) 1
a contradiction. This proves that ltim inf p(tuq) = —oc0.
——00

Recall that zg € int C3 ()4 (see Remark 4.6.5). So we can find &1 > 0 such
that

Q d —
BT an) £ {2 €3 ho—mlgym <21} € G-

Since p(xg) = }nf ¢ (see the proof of Proposition 4.6.9), we have
Wy (Q)

o1(z0) = 9(zo) < 9(v) = @1(v) Ve BL ().
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Therefore zg is a local C{(€2)-minimizer for the functional ¢;. We can apply
Proposition 4.6.10 to deduce that z is also a local Wol’p(Q)—minimizer for ¢1.
This means that we can find €5 > 0 such that

p1(z0) < pily)  VyeBE D).

Evidently, we may assume that x( is a strict minimizer or otherwise we are
done. So we have

1,p
pi1(z0) < pily)  VyedBh W (ap).

A careful reading of the proof of Proposition 4.6.8 reveals that as a byproduct,
we have that the locally Lipschitz function ¢; satisfies the nonsmooth PS-
condition. Choose ¢t < 0 such that

ltur — xollyipigy > €2 and  @i1(tur) < @i1(xo)
()

(recall that as we proved earlier ¢1|ry, is anticoercive). All these facts imply
that the nonsmooth Mountain Pass geometry is in place and so we can apply
Theorem 2.1.3 and obtain z; € W, *(§2) such that

0 € Opi(z1) and @i(zg) < inf — oi(y) < @i(z1),
coplo” @
Yy =)

so o1 # xp and x7 is a solution of problem (4.182). I

REMARK 4.6.7 If there exists Q; C Q, with |Q1|y > 0 such that
0 & 9j(z,0) for all z € Q, then x; is nontrivial too. 0

4.7 Positive Solutions

We continue our investigations initiated in the previous section and we
look for multiple solutions of constant sign. We do this in the context of the
following nonlinear elliptic eigenvalue problem with a nonsmooth potential
(hemivariational inequality). So let Q@ C RY be a bounded domain with a
C?-boundary 9. The problem under consideration is the following:

—div ( HVar(z)Hf@z Va(z)) — /\|a:(z)|p_2x(z) € 9j(z,2(2))
for a.a. z € ), (4.208)
o =0,

where p € [2,4+00), A > 0. As before, j(z,() is a potential function which
is only locally Lipschitz and 0j(z,() stands for Clarke’s subdifferential of
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¢ +— j(z,¢). We are concerned with the case when A\ > 0 approaches A\; >
0, the principal eigenvalue of (— Ap, Wol P (Q)), from above. Under certain
hypotheses regulating the behaviour of the nonsmooth potential j(z, () and of
its subdifferential 97j(z, () near zero and near +oo, we show that as A — A,
problem (4.208) has at least three solutions of constant sign, one negative
and two positive solutions. Moreover, one of the solutions is smooth. Our
approach is variational based on the nonsmooth critical point theory for locally
Lipschitz functions, coupled with method of upper and lower solutions.

Our hypotheses on the nonsmooth potential function j(z, ) are the follow-
ing:
H(j)1 j: QxR — Ris a function, such that

(1) for every ¢ € R, the function

Q52— 72,0 €R

is measurable and j(z,0) = 0 for almost all z € Q;

(79) for almost all z € 2, the function
R>¢—j(z,¢) €R

is locally Lipschitz;
(i3i) for almost all z € Q, all ¢ € R and all u € 9j(z, (), we have

Jul <@i(2) + ¢
with @3 € L*®(2)4, ¢1 > 0 and r € [1, p*) where as usual

o d [N > p,
p= 400 if N <p;

(iv) there exists a function ¥ € L*°(Q2) such that J(z) < 0 for almost
all z € €, the inequality is strict on a set of positive measure and

pj(2, () 0

1imsup|c|pL72C < ¥(z) and limsup <

(——o0 (—+o0 Cp

uniformly for almost all z € Q and all u € 9j(z, {);
(v) we have
lim inf T 2 0 and liminf M >0
o T T

uniformly for almost all z €  and all u € 9j(z, {);
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(vi) we have
—a1P7t < u foraa. z€Q, all ¢ >0 and all u € 95(z, ()

with 0 < ¢ < 1.

For every A > 0 we introduce the locally Lipschitz functional
ox: WP (Q) — R, defined by

df 1 . ;
HiE ||”——||x||” / (z.2(2))dz ¥ e WP(Q).

Q

ex(z)

First we shall establish the existence of a strictly negative solution. This
will be done by employing the method of upper and lower solutions. Using
our conditions on the asymptotic behaviour of the subdifferential 9j(z, () at
—oo and at 07, we shall produce an ordered pair of a lower and of an upper
solution respectively and then show that there is a solution of (4.208) in the
ordered interval determined by the lower and the upper solutions. In fact
the lower and the upper solutions that we generate are stronger then the
corresponding ones used in Section 4.5, since they satisfy the following more
restrictive definition (compare with Definition 4.5.1).

DEFINITION 4.7.1

(a) A function T € WHP(Q) is an upper solution of problem (4.208), if
f|aQ >0 and

/ IVE()[ER2 (VE(2), Vo)) o d — A / (=) [P 2 (=)o (z) dz
Q Q

> [uGn)

Q

for all v € WyP(Q), v > 0 and all w € L™ (Q) (1 + L = 1) with
u(z) € 9j(z,2(2)) for almost all z € Q.

(b) A function z € WHP(Q) is a lower solution of problem (4.208), if
zlog < 0 and

J 19265 (V2(:), Vs / EOlC
Q

< [uGne)

Q

Jor all v € WyP(Q), v > 0 and all u € L™ (Q) (:+
u(z) € 9j(z,2(2)) for almost all z € Q.

= 1) with

T/
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Let £: W, ?(Q) — R be defined by

daf _
E(x) = ||Vgc(z)||§§1\,2 — / (A1 +9(2)) |z(2)|” dz.
Q
Arguing as in the proof of Proposition 4.4.3 (see the Claim), we can have the

following lemma.

LEMMA 4.7.1

If 9 e L>*(), ¥(z) <0 for almost all z € 2 and the inequality is strict on
a set of positive measure,

then there exists 3 > 0 such that

) = BIVally Ve WyP(Q).

First we prove the existence of a strictly negative solution.

PROPOSITION 4.7.1

If hypotheses H(j)1(i) — (v) hold,
then there exists eg > 0 such that for all X € (\1, A1 +&0) problem (4.208) has
a solution y, € Wy (Q) such that yy(z) < 0 for almost all z € Q.

PROOF  From hypothesis H(j)1(ii¢) and the first limit (at —oo) of hy-
pothesis H(j)1(iv), for a given € > 0, we can find v. € L ()4, 7. # 0, such
that for almost all z € Q, all ( € R and all u € 95(z, (), we have

(V(2) + &) [C[P?¢ = 1e(2) < w. (4.209)

Then we consider the following auxiliary boundary value problem:

—div ([|V2(2) |23 Va(2)) = Az(2)[" 2 (=)
= (0(2) +¢) |$(2)|p725€(2) —7e(z) foraa. zeQ, (4.210)
zlaq = 0.

As in previous proofs, we introduce the maximal monotone operator
A: Wy P(Q) — W17 (Q), defined by

(A@) Wy L [ 192 lEn (T2l2) Vale))gn ¥ oy € WiH(@)
Q

Also let S: Wy (Q) — L¥' () (1—1) —|—% = 1) be the nonlinear operator defined

S@() L A+90) +o)|a()|P 2a()  VaeWIP(Q).
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Since the embedding W, **(€) C LP(Q) is compact, it follows that S is com-
pletely continuous (see Theorem 1.4.6). Let us set

vELaA-swirQ) — w Q)

(recall that the embedding LP' (Q) € W17 (Q) is compact). Evidently V is
pseudomonotone. Also if € = g9 < ¥ with 8 > 0 as in Lemma 4.7.1, then
for A € (A1, A1 + €0) and all € WP (Q), we have

(V(@)2) oy = ||Va:||£—/(/\1+19(z)+5)|x(z)|pdz
@ Q

> BVl - "

IVzlly = B[Vl

. d . .
with (1 4 08— 2)\%0 > 0. So V is coercive.

A pseudomonotone, coercive operator is surjective (see Theorem 1.4.6).
Thus we can find v; € W, ?(Q) such that

V(Ul) = —Yeo>
with 7., € L>®(Q2)+. So we have
A(vy) — S(v1) = —7e- (4.211)

Acting with the test function v]” € VVO1 P(Q) and using the fact that ., > 0,
we obtain

||va||z—/()\+19(2)+50)|Uf'(2)|pd2 = —/’yeo(z)vf'(z)dz <0
Q Q
S0

=

B
Ot <

ie. vf =0 and so v; <0.

Because 7., # 0, we can see that v; # 0. From (4.211) it follows that
vy € WyP(Q) is a solution of the auxiliary problem (4.210), with ¢ = &,
Ve = Ve, and A € (A1, A1 +£0). We show that vy is a strictly negative, smooth
lower solution of problem (4.208).

By virtue of Theorem 1.5.5, we have that v; € L*(Q)_ and then invok-
ing Theorem 1.5.6, we obtain v; € C’é’"(ﬁ) for some n € (0,1). Moreover,
from (4.210) and since 7., > 0, we have

Ap(—v1)(z) < [A+9(2) +¢e|(—n (z))pi1 for a.a. z € Q.
Thus by virtue of Theorem 1.5.7, we have that

vi(z) < 0 foraa. z€Q and 8%—(2) > 0 fora.a. zedQ
n
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(n is the outer unit normal on 99Q). This means that v; € —int C}(Q); (see

Remark 4.6.5).
For every y € WyP(Q), y > 0, we have

/||w1 JIER? (Vor (), V() dz—)\/}vl P un (2Jue) =

=

(19(,2) + 50) |v1 (2)

Il
—°

o1 (2)y(z) dz - / Yoo (2)(2) dz
Q Q
< /u(z)y(z)dz,

Q

for all w € L™ () with u(z) € 95 (z,v1(2)) for almost all z € Q (see (4.209)).
This proves that vy is a strictly negative, smooth lower solution of prob-
lem (4.208) (see Definition 4.7.1(b)).

By virtue of the first limit in hypothesis H(j)1(v) (asymptotic condition at
07), we can find § > 0 such that

WL_QC > A —A foraa. zeQ, al e (—4,0)and all v € 9j(z,()

(recall that A € (A1, A1 +¢9)) and so
u < (a2 (4212)

Let u1 € C§(2) be the principal eigenfunction of ( — A,, Wol’p(Q)). We know
that uq(z) > 0 for all z € Q (see Proposition 1.5.18). Therefore we can find
& > 0 small enough such that

—&ui(z) € (-46,0) VzeQ
and

v1(z) < —&uy(z) VzeQ
recall that v; € —int C}(Q) ). For all u € 9j(z, —€u1(2)), we have
0

—Ap(—€ur) = €A = —M(Eu)"T = M| = Eun [P (—Eun)
= (M = V)| = EuP7 (=€) + A = € [P3 (—€w)
> u+ A = &P (—Ew)
(see (4.212)). From this last inequality, it follows that vo = —&uy is a strictly

negative, smooth upper solution of problem (4.208) (see Definition 4.7.1(a)).
Note that
Ova(2)

on
So we have produced an ordered pair (vi,v2) of a lower and of an upper
solution for problem (4.208) (we have v (z) < va(z) = —€uq(z) for all z € Q).

> 0 YV z € 09.
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Following the techniques employed in Section 4.5, we shall produce a solution
of problem (4.208) in the order interval

[v1, va] 4 {z e WeP(€) : vi(2) < 2(z) <wa(z) for aa. z € Q}.

To this end, we introduce the truncation map 7: WH?(Q) — WhP(Q), de-
fined by
o va(z) if vo(2) < z(2),
T(z)(z) = ¢ z(z) ifvi(z) < z(2) <wva(z),
v1(z) if x(2) < v1(2).
Clearly 7 is continuous and bounded and it has the same properties as a map
from LP(2) into itself. In addition, note that

Ir@Il, < Nzl + co,

for some ¢y > 0. Also we introduce the penalty function 5: 2 x R — R,
defined by

s |1 @ ) () <
B(z,0) £ {0 if v1(2) < < val2),
P2 = [ @) o) i ¢ < wa(2)

Evidently 3(z, () is a Carathéodory function and we have
18(2,0)] < a1(2) +a|¢[P7" for a.a. z € Qand all ¢ € R,

with a; € L¥ (Q) (% + % =1),¢; >0 and
/ B(z (2)ds > e |l — cs,
Q

for some cy,c3 > 0. We consider the following auxiliary boundary value
problem:

—div ( ||Vx(z)||ﬁ}2 Vx(z)) + Qﬁ(z, x(z)) - /\‘T(x)(z)’p%T(x)(z)
€ 9j(z,7(z)(z)) for a.a. z €Q,
o0 = 0,

(4.213)
with ¢ > 0. Arguing as in the proof of Proposition 4.5.3, we can show that for
0 > 0 large enough, we have that problem (4.213) has a solution y; € Wol’p(Q)
and so as in the proof of Theorem 4.5.2, we can show that

vi(z) < yi(z) < wva(z) fora.a. z €
Therefore

B(z,y1(z)) = 0 foraa z€Q and 7(y1)=uyi,
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which imply that y; € W, ?(Q) is a solution of problem (4.208) and y;(z) < 0
for almost all z € Q.

Next we prove a general result, which establishes the existence of a second
nontrivial critical point of a locally Lipschitz functional in the presence of
a local minimizer of constant sign. More precisely, consider the functional
Yo: Wy P(Q) — R, defined by
a 1

wnl) L 2Vl ~ [ dozra(2) de

Q

Our hypotheses on the nonsmooth potential jy(z,() are the following:

H(jo) jo: 2 xR — R is a function, such that

(i) for every ¢ € R, the function
035z—jo(z,¢) €ER
is measurable and jo(-,0) € L>(Q);
(79) for almost all z € €, the function
R3¢ —jo(2,{) €R
is locally Lipschitz;
i7i) for almost all z € Q, all ¢ > 0 and all u € 9jy(z, ), we have
jid) for al zeQ all¢>0and all u € djo(z¢), we h
|ul < @o(2) + Col¢|",

with ap € L*()4, ¢ > 0 and r € [1, p*) where as usual

N .
p* ﬁ ]\1])—71) lf N > p,
+o0o if N < p;
(iv) there exists a function 99 € L°()4 such that do(z) < A; for
almost all z € ), the inequality is strict on a set of positive
measure and

lim sup
(—+o0

ij(Z,C) < 190(2,)

uniformly for almost all z € Q.

Suppose that o € Wy P(Q), xo # 0, zo(2) > 0 for almost all z € Q is a
local minimizer of the functional 1. Then we know that 0 € dvy(xo) and so
we have

Alzo) = ug,
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with A: Wy P(Q) — W17 (Q) as in the proof of Proposition 4.7.1 and
ul € L () t+L=1),u ( ) € 0jo(2,20(2)) for almost all z € . Hence
we have

—div (||[Vao(2)[|5x° Vo(z)) = uj(z) for a.a. z € Q,
$|()Q =0.

From Theorem 1.5.5, it follows that xo € L>(). Also let 7: R — R be the
rump function defined by

a | it ¢ >0,
m0(¢) = {O;f§<0.

Clearly 7¢ is Lipschitz continuous and so if we set
Jo(z,0) £ Jo(z 70(¢) + z0(2)),

we see that jo(z,-) is locally Lipschitz too. From Proposition 1.3.16, we know
that

R {0} if ¢ <0,
djo(z,¢) C 1« conv{ndjo(z,z0(z)) : ne(0,1]}if (=0, (4.214)
djo (2, + z0(2)) if ¢ >0.

Let g : Wol’p () — R be the locally Lipschitz functional defined by

dofa) L 2 (19 +mo)ll ~ [Vaoll] ~ [ To(e. o) d

Q

+ /ué(z)x_ (z)dz + &,

Q

with ¢ £ Joy do(z,m0(2)) d=.

PROPOSITION 4.7.2
If hypotheses H(jo) hold,

then 120 satisfies the nonsmooth PS-condition.

PROOF  Let {zn},5, C WyP(€) be a sequence such that
m%(z,) — 0 and |do(z,)| < M,

for some M; > 0. Let 2, € (%Zo(xn) be such that m¥o (xn) = Hx;;HW_l,p/(Q)
for n > 1. We have

xy = A(rn + o) —u) —usx
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with uf, € L™ (Q), u’(z) € 8j0 (z,2,(2)) for almost all z € Q and
Q. g {z€Q:z,(2) <0}.
From the choice of the sequence {z,}, -, C WP (), we have
@ dwpr| < enlltlying Vo e W),

with &, \, 0. Choose as a test function v = —z;, € W, *(92). We obtain

(Alwn +20) ~2 Doy + [V )+ [ui(e)e

Q Q

<ol

n HWLP(Q) : (4.215)

Note that

xn+x0) 7> 1p(Q)
- / VG + 0)(:) s (Vlan + 20)(2), ~ T, (2)) g 2

= /HV xo — T, )(z ||RN (V (o —x;)(z),Vx;(z))RN dz
Q

_ / 19 (0 — 25)(2)||°%7 (Vo — 27)(2), V(o — 27)(2)) v d2
Q

_ / Hv(xo — ;zc;)(z)H%;2 (V(xo — x;)(z),on(z))RN dz
Q

v
<
8

o
|
&
SIS
|
A
8
o
|
&

SIS
4
8

s

(4.216)

Also because u,(z) € jo (2, 2,(2)) for almost all z € Q, we have u;(z) =0
for almost all z € 0, (see (4.214)). So

/u:;(z);v;(z) dz = 0. (4.217)

Returning to (4.215) and using (4.216) and (4.217), we obtain

V(2o — =)l < (|90 — 27)|[2 " 1920l

+ Hx;HWl,p(Q) Vn>1, (4.218)

for some ¢4 > 0. By virtue of the Poincaré 1nequality (see Theorem 1.1.6),
(4.218) implies that the sequence {z;},5, C WyP(€) is bounded.
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From the choice of the sequence {z,,}, -, C W, (), we have

VG + 20l = [ V0ll] ~ [ To(z.a(2) dz
Q

1
p
+ [ G el < > @2

Q

Suppose that the sequence {z;} + z0},~; C WOLP(Q) was unbounded. By
selecting a suitable subsequence, we may assume that

Hxi+x0||wl,p(ﬂ) — F.

Let us set
df x;’; + X9

" [t +x0||W11P(Q)

We may assume that

Y~y in WyP(Q),
yn —y in LP(Q),
yn(2) — y(z) for a.a. z € Q,
|yn(z)| < k(z) for a.a. z € Q and all n > 1,

with k € LP(Q2). Note that
HV(a:n +a:0)||z - ||V$0||Z = [HV(J::{ +a;0)||z — vaonﬂ
+ [HV(wo —z)|f - ||Vx0||§] . (4.220)

Using (4.220) in (4.219) and recalling that the sequence {z;, }, -, C Wy (Q)
is bounded, we obtain -

1 ~
—[|V (2} +x0)H§ - /jo(z,xn(z)) dz < My  Vn>1,
P Q
for some M, > 0. Dividing by |z} + x0||€vl,p(ﬂ), we have
Jo(z, 7 (2)
¥ P
2 2% + 20|[ 10 0
Mo

<
2+ @ol[iy1.0 )

1
» IVynlly — dz

Vo>l (4.221)

Using hypotheses H (jo)(#it) and (iv), we see that for a given € > 0, we can
find a. € L*°(2)4 such that

Jo(z,¢) < ae(z)+ %(190(2) +¢)|¢|P foraa. z€ Qandall (>0. (4.222)
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Let us set

o+ % +

o, = {z €N: x)(z)+x0(2) >0

fort (@) roz) 1,
G P 08 o Sp(’%””)}

(recall that 30|ka+ = jo). From hypothesis H(jo)(iv), we have that

X., (2) — 1 foraa.ze{y>0}

Qe n

(since z;} (2) + zo(2) — 400 for almost all z € {y > 0}). We have

jo(z,x,t(z)ero(z))Xw (2) = Jo(z, z (2) + wo(2))

T D = T ‘y"(z)|pxﬁ+ (2)
R N B PR R

= %(190(2) + 5)‘yn(2)|pXA+ (z) fora.a. z€Q.

Q
Because y > 0, we infer that

limsuij( z}(2) + xo(2))
n—too ||z + 2ol p 40y

< l(190(2') + 6)}y(z)|p for a.a. z € Q.

i

Since € > 0 was arbitrary, we let € \ 0 and conclude that

; +
i sup 207 () + 70(2))

ntoe i+ o]0

1
< —ﬂo(z)‘y(z)‘p for a.a. z € Q. (4.223)

Because of (4.222), we can use Fatou’s lemma and obtain that

/Jo(z zb(2) 4+ zo(2 ))dz

Hx" +x0||W1vP(Q)

lim sup
n—-+o0o

1
< p /ﬁo(z)‘y(z)‘p dz  for a.a. ze€ Q. (4.224)
Q

So passing to the limit in (4.221) and using the weak lower semicontinuity of
the norm functional, we obtain

1 1 A1
Sl < - / I dz < 2l
Q

(see (4.224) and hypothesis H (jo)(iv)). Hence y =0 or y = uy (since y > 0).
If y =0, then
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and so

Yn — 0 in WyP(Q),
a contradiction to the fact that [[yn|[y1.() =1 for all n > 1. So y = uy. But
recall that ul(z) > 0 for all z € Q (see Proposition 1.5.18). So we obtain

A
IVyII” 9()|y(2)]"dz < =y
P

a contradiction to the variational characterization of A\; > 0 (see Proposi-
tion 1.5.18). This proves the boundedness of the sequence {xf{ + xO}n>1 -
Wol’p(Q)7 hence also of the sequence {z}}, -, C Wol’p(Q). Thus we may
assume that -

Ty — xin WP (Q),

xn — x in LP(2),

for some x € W, ?(Q). We have

(A(zp, + o), T — x)Wol,p(Q) - /ufl(z) (zn — 2)(2) dz

Q
_ / ug(2)(zn —2)(2)dz < ep|lan — i) -
Qn
Note that
/uZ(z) (zn —z)(2)dz — 0 and /ug(z) (zn —z)(2)dz — 0.
Q -
Hence

lim sup (A(z,, + xo), Tpn — x>WO1,p(Q) < 0.

n—-+4oo

Because A is maximal monotone, it is generalized pseudomonotone and so
[V(@n +2o)ll, — [IV(@+ o),

thus by the Kadec-Klee property, we have
Tp +290 — x4+ 20 in Wol’p(Q)

and
T, — x in WyP(Q).

[

Using this proposition and the nonsmooth Mountain Pass Theorem (see
Theorem 2.1.3), we can prove an intermediate multiplicity result, which we
shall need in the sequel and which is also of independent interest.
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PROPOSITION 4.7.3
If

jo(z,¢) & 3<z,<>+%|<|p,

with A > A1, hypotheses H (jo) hold and x¢ € Wol’p(Q), g #0, 290 >0 is a
local minimizer of 1o on Wy (Q),

then g has at least one more nontrivial critical point v € Wol’p(Q) with
v > xg, V F£ Tg-

PROOF We assume that x( is an isolated local minimum, or otherwise
we are done. So we can find 0 < ¢ < [[2ol|yy1.(q) such that

Yo(xo) < Yol(y) V y € By(zo). (4.225)
We claim that we can find v > 0 such that
Y < Yo(y) —to(zo)  Vy € By(xo) \ Be (o). (4.226)

Suppose that (4.226) is not true. The we can find a sequence {yn},~; C
WP (€2) such that

Y

5 = lyn —2ollwin) < o and olyn) \ to(wo)-

By passing to a subsequence if necessary, we may assume that

Y~y in WyP(Q),
Yo — Yy in L7(Q),
yn(2) — y(z) for a.a. z € Q,
|yn(z)| < k(z) for a.a. z € Q and all n > 1,

with k € L"(Q) and n = max{r,p} < p*.
Note that from hypothesis H(jo)(#i7) and the mean value theorem for locally
Lipschitz functionals (see Proposition 1.3.15), we have

ljo(2, Q)] < @o(2) +col¢]”

with ap € L>®(Q)+, ¢o > 0. Then via the Lebesgue dominated convergence
theorem and the weak lower semicontinuity of the norm functional, we have

Yo(y) < liminf o (yn)

n—-+4oo

and so
Yo(y) = vo(zo),
with £ < |ly — 2o[[y1.0(q) < 0. This contradicts (4.225) and so (4.226) is true.
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Next for all y € Wy?(Q2), we have

=
o
—~
<
~—
I

1 p p
IV G0l — 19l

- / Goley(2) dz + / wy(2)y™ (2) dz+ €

Q Q

_ %[HV(y + o) |2~ 1Vaoll7] + {HV(xo—y*)Hz—HvaHg}
/3 (= (Z))d2+/US(Z)y’(z) dz + €. (4.227)
Q Q

Recall that A(z) = ug. So using as a test function y~ € W, *(), we obtain

/ IVo()ER2 (Vo (2), V™ (2)) g d = / W)y~ (2)dz (4.228)
Q

Q

Note that the function x — 1—17 V|7 is strongly convex. Therefore we have

1
]—?[HV(% - ?J_)Hi — [IVaol[7 ]
/ IV zo(2)l5x" (Vo(2), Vi~ (2)) g (4.229)
for some ¢ > 0. Using (4.228) and (4.229) in (4.227), we obtain
Golw) = S| IVGH +al) ~ 1m0l | +es [Ty ]~ [ Fo(eruie) de +¢
Q
= oly™ +z0) — Yo(wo) + s || Vy~ ||} - (4.230)
If [ly + 20 — xo”WLP(Q) = ”y”Wle(Q) = ||y+||W1wP(Q) + ||y*||W1,p(Q) = 0, we
must have 0 0
s lwro@ 2 5 o0 19l 2 5

First suppose that ||y|[y1.0(o) = ¢ and ||y+||W1,p(Q) > 2. Then from (4.230)
and (4.226), we have

0 < v < voly)
On the other hand, if [|y[ly1.pq) = ¢ and [y~ [ly1(q) > 4§, then by the
Poincaré inequality (see Theorem 1.1.6), we have

HVy7||p > 1,
for some v; > 0 and o (y* + z9) — ¥ (x¢) > 0. So we obtain that

0 < esm < %Zo(y)
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Therefore, if [|y[lyy1.(q) = o, We have

0 < min{’y,cmq} < ao(y). (4.231)

Note that (0) = 0 (recall the choice of £). Since u; € C§(Q) is an order
unit of the ordered Banach space C3(Q) (recall that u; € int C3(Q)), then we
can find ¢ > 0 large enough, such that

tur — 29 >0 and  [[tur — zo|lyy1p(q) > 0

Then exploiting the form of jy(z, (), we have

— P 1 A p
Yo(tur — zo) = > UN [Vl

_ ]% [Vao? — / G(z7tu1(z)) —j(t,xo(z))) dz,

Q

hence for ¢ > 0 large enough, we will have ¥ (tu; — o) < 0.
These facts in conjunction with Proposition 4.7.2 permit the use of the
nonsmooth Mountain Pass Theorem (see Theorem 2.1.3), which gives y €

WP (€) such that 0 < 7o < ﬁo(yL hence y # 0 and 0 € 8120(y). So we have
Ay + o) —u” —ugx,. = 0,
where u € L™ (Q), u*(2) € 9jo(2,y(z)) for almost all 2 € Q and
o ¢ {zeQ: y(z) <0}.

Using as a test function 3y~ € Wy ?(Q), we obtain

<A(y+$o)ay_>wol,p(m —/u*(z)y_(z) dz—/u?j(z)y_(z) dz = 0.

Q Q

From (4.214), we know that u*(z) = 0 for almost all z € Q~. So using (4.228),
we have

/ Iy + 20) (21232 (V(y + 20) (2), V™ (2)) g d2
Q
— [ 1958 (Fa0(2), T (2)go d = 0.
Q

Thus

/ IV (20 — 57 ) @)% (Vo — 57)(2), Vo~ (2)) g =
Q
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— / Vo (2)lhn” (Vo(2), Vi~ (2))gw dz = 0. (4.232)
Q

But the function u — % [|ullg~ is strictly monotone on RY. So from (4.232)
it follows that

Vy (z) = 0 fora.a. zeQ,

hence y~(z) = 0 for almost all z € 2 and so y > 0, y # 0.
Let us set v = zp+y. We have that 0 € 0 (v), i.e. v > 2o >0, v # x9 # 0
is another critical point of vy distinct from xg. I

Now we return to problem (4.208) and produce for it two distinct positive
solutions, provided that A approaches A; from above.

PROPOSITION 4.7.4

If hypotheses H(j)1 hold,

then there exists e1 such that for all X € (M, M\ +e1), problem (4.208) has at
least two solutions yz,ys € Wy P(Q) such that y2 € CL(Q), 0 < y2(2) < y3(2)
for almost all z € Q and y2 # ys.

PROOF  As before let 79: R — R be the Lipschitz continuous function

defined by
af [ Cif ¢ >0,

(the rump function). Let us set

jl (27 <) ﬁ ](Z, 7—0(<))

Clearly for almost all z € Q, ji(z,-) is locally Lipschitz. For A > 0, we
introduce the locally Lipschitz functional t; x: Wy (Q) — R, defined by

a 1

A .
Pra(z) L 5HVng_;Hﬁni—/]l(z,x(z)) dz Y axeWhP(Q).

Q

From the second limit in hypothesis H(j)1(iv) (the asymptotic behaviour at
+00 of j(z,-)) we know that we can find €1 > 0 and M3 > 0 such that

(2,0 < —%ci’ for aa. z € Q and all ¢ > M.

On the other hand from the mean value theorem for locally Lipschitz functions
(see Proposition 1.3.15) and hypothesis H(j)1(#i7), we have

l7(z, Q)| < Ba(z) foraa.z€Qandall (| < Ms,
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with B2 € L*°(Q)+. So finally we can say that

Jj(z,¢) < —ECP + B3(z) fora.a. z€ Qandall ¢ >0, (4.233)

p

with (=) £ B, + <M.
Then, since 79(z)(z) = z7(2), using (4.233) and Lemma 4.7.1 and noting
that ||z]|,, > [|a7* ], for all z € Wy (Q), we have

1 A .
bia(z) = ]—?||V:Z:||£—]—?Hx“‘HZ_/]l(z,a:(z)) dz
Q
> Vel - S ot | - [t @) ds
b b 2
1 A €
2 Vel = 2l + ;1 [[2* I, = ¢s
SN

for some ¢g > 0, £ = £(A) > 0 and for A € (A, A1 +¢1). Thus by the Poincaré
inequality (see Theorem 1.1.6), ¢ is coercive if A € (A1, A1 +€).

Because the embedding W, *(€2) € LP(f2) is compact, we can easily verify
that 1, is weakly lower semicontinuous. So we can use the Weierstrass
theorem (see Theorem A.1.5) and obtain o € W,"*(2) such that

Yia(ro) =  inf o Y1.a(2).

EWy P (

We claim that ;1 x(xo) < 0. Indeed, from the second limit in hypothesis
H(j)1(v) (the asymptotic behaviour at 0T of j(z,-)), for a given € > 0, we
can find § = d(¢) > 0 such that

j(z,0) = ji(z,¢) > —%C” for a.a. z € 2 and all ¢ € (0,9).

Choose &1 > 0 small enough so that & uy(z) < 6 for all z € Q. We have

i(z 6w (2) = fi(zbum(z) > —g(slumz))”

and so
P pY P 66:0
Yia(§rur) < ;1 [V [l — 71 Ju |l + 71 [[urlly
&r A—¢
= ;1(1 -5 ) [V lf? (4.234)

(recall that [[Vuq ) = Ai [luall}). But A > A1, So if we choose € > 0 small
enough, we have A —e > A; and so from (4.234) it follows that 1 x(&1u1) <0
and thus

Yia(wo) = Inf 4y < 0.
Wy P ()
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Moreover, ¢1,x(z0) < 0 = 11,1(0) implies that 2o # 0. We have 0 € 91 x(z0)
and so
A(zo) — Mg P 2ad = g, (4.235)

with ufy € L™ (Q), ui(z) € 85 (z,20(2)) for almost all z € Q. Use as a test
function z; € Wy?(). From (4.214), we know that uj(z) = 0 for almost all
z € {9 < 0}. So we obtain

Vo ll, = o,
ie. x5 =0 and so zy > 0, zo # 0. Because of hypothesis H(j)1(vi), we have
—div ( ||Va:0(z)||§1_\,2 Vzo(z)) < Azo(2)P 2 +ug(2) foraa. z € Q,

and so from Theorem 1.5.5, it follows that zo € L*°(Q2). Then Theorem 1.5.6
implies that z¢ € C’é’o‘(Q) for some a € (0,1). Also because of hypothesis
H(j)1(vi), we have

Apzo(z) = —|Awo(2)P 2 +uj(2)] < Azo(2)P2 — ui(2)

< Mpg(2)P7 +Cao(2)PT = crwo(2)PT! for aa. 2 € Q,

for some ¢7 > 0. Invoking Theorem 1.5.7, we obtain

zo(z) > 0 VzeQ and 81:80—(@ <0 YV z € 0N0. (4.236)
n

From (4.236) it follows that xg € int C}(Q)4. So we can find & > 0 such that

Bo(wo) = {y€C@): lly-wolloym <cf S CH@.

Then

oxa(mo) = Yia(zo) < Yialy) = ealy)  Vy€ Be(xo)

and so 79 € C2(Q)4 is a local C¢ (2)-minimizer of ¢.
By virtue of Proposition 4.6.10, g is also a local W, *(Q)-minimizer of ¢y.
Moreover, if

A
jo(z,0) L Il + (2, ),

then it satisfies hypotheses H (jo). Indeed, hypotheses H(jo)(i) — (iii) are
clear. Also we have

pj(2, ()
C:D

and note that H(jo)(v) is valid by virtue of hypothesis H(j)(vi). So we can
apply Proposition 4.7.3 and produce a second critical point v € VVO1 P(Q) of

lim sup ZL?O = limsup [)\ -

:| < A—e < M\
(—+o0 C (—+o0
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@ such that xg < v, zg # v. Let us set ys A 0, Y3 A v. Then yo,ys are
the desired solutions of (4.208) with 0 < ya(2) < y3(2) for almost all z € Q,
Y2 € C3(Q) and y2 # 3.

Combining Proposition 4.7.4 with Proposition 4.7.1 we obtain the following
“three solutions theorem” concerning problem (4.208).

THEOREM 4.7.1

If hypotheses H(j)1 hold,

then we can find 5 > 0 such that for all X € (A1, A1 + €2) problem (4.208)
has at least three solutions y1,ya2,ys € Wy (), with yo € CH(Q) and

y1(z) < 0 < ya(z) < ys(z) foraa ze€Q
and Y # ys.

We can have another multiplicity result for problem (4.208), which is valid
for all A > A;. In this case the hypotheses on the nonsmooth potential j(z, ()
are the following;:

H(j)2 j: QxR — R is a function, such that
(1) for every ¢ € R, the function
Q32— j(%0€R
is measurable and j(z,0) = 0 for almost all z € ;
(#i) for almost all z € , the function
R3¢—(z¢) eR
is locally Lipschitz;
(#i7) for almost all z € Q, all ¢ € R and all u € 9j(z, (), we have
Ju| < @a(2) +el¢
with @y € L*(2)4, ¢2 > 0 and r € [1, p*) where as usual
BN
" d [ = EN>p,
400 if N <p;
(iv) we have

. u . pj(z,0)
lim ———— = —oo0 and lim ———* = 400
(==oe [CP2¢ (oo (P

uniformly for almost all z €  and all u € 9j(z, {);
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(v) we have

. . pi(z,¢)
Iim ———— > 0 and Ilim ———= > 0
¢—0- [¢P2¢ ¢—ot (P T
uniformly for almost all z €  and all u € 9j(z, ().

As before, we consider the locally Lipschitz functional ¢y : W, ?(Q) — R
defined by
L2l 2 el — [ (a2 dz v aeWER@)
=5 xp—; zll, — j(z 2(2)) dz x €W, .

Q

ox(z)

THEOREM 4.7.2
If hypotheses H(j)2 hold and X > A1,

then problem (4.208) has two solutions yy,ya € Wy (Q) such that
y1(z) < 0 < ya(2) foraa.ze€Q

and y2 € CL().

PROOF  From the first limit in hypothesis H(j)2(iv) (the asymptotic
behaviour at —oo of 9j(z,)), we know that we can find 7 < 0 such that

u

2 < =X foraa.zeQandall uedj(z,n)

and so
u > =P .

So if we set u(z) g 7, then from the above inequality it follows that u is a
lower solution of problem (4.208) (see Definition 4.7.1(a)).
Also, as in the proof of Proposition 4.7.1, let u(z) 4 —&ui(z), with € > 0
small enough so that
—&u(z) € (—0,0) VzeQ,

with 7 < —d. Then we know that 7 is an upper solution of problem (4.208) (see
the proof of Proposition 4.7.1). The argument in the proof of Proposition 4.7.1
produces a solution y; € W,**(€2) of problem (4.208) such that

u(z) < yi(z) < w(z) = —&ui(z) foraa. ze€ Q.

Now, as in the proof of Proposition 4.7.4, let 11 x: Wol’p(Q) — R be the
locally Lipschitz functional, defined by

1 .
Vel = oI = [ (o)) s
Q

daf 1

Pia(r) = p
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where j1(z, C) = ](z TO(Q). By virtue of the second limit in hypothesis
H(j)2(iv) (the asymptotic behaviour at 400 of j(z,-)), we can find My > 0
such that

J(z,¢) < —éCp for a.a. z € Q and all ¢ > My.
p

Also from the mean value theorem for locally Lipschitz functions (see Propo-
sition 1.3.15) and hypothesis H (j)z2(#i¢), we have

li(z,Q)| < Ba(z) fora.a. z € Qandall |¢| < My,

with 84 € L% (). So finally we can say that

j(z,¢) < —%Cp + B5(z) for a.a. z € Q and all ¢ > 0,

with O5(2) 4 Ba(z) + %Mf. Then for all 2 € W, *(Q), we have
Lo Ay [
Pia(z) = ’ Vel — » [, = [ d1(z2(2)) dz
9)

1 A A 1
2 Vel = Sl + S el e = S IValy —es,

for some cg > 0. Thus %5 ) is coercive.
By the Weierstrass theorem, we find zo € Wy () such that

Yia(zo) = inf 45
Wy P ()

As in the proof of Proposition 4.7.4, we can check that

Pia(zo) < 0 = 11,2(0),
(so zg # 0), 79 € C} (), 29(2) > 0 for all z € Q and z¢ solves problem (4.208).

Let us set yo ¥ o and we have finished the proof of the theorem. I

EXAMPLE 4.7.1

(a) For simplicity we drop the z-dependence. Consider the following non-
smooth, locally Lipschitz potential:

L+ 221 i ¢ € (—o0
L 4+ 0 if
. df S1CIP + 2 ifCel-1
7)) = Ae-lel? it ¢ e (0,
(1,

—%CP+%(%+5) if ¢ €

—1),
]

]
+00),

where 3 € (0, \1]. We can check that j; satisfies hypotheses H ().
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(b) Consider the nonsmooth locally Lipschitz function
. a1, . .
72(Q) L il +esindl,

with r € (p,p*), € > 0. We can check that j; satisfies hypotheses H (j)a.

[

4.8 Problems with Discontinuous Nonlinearities

The nonsmooth critical point theory provides the right tools to treat elliptic
problems with a discontinuous right hand side nonlinearity. Let Q C RY be a
bounded domain with a C2-boundary 9Q. We consider the following nonlinear
elliptic problem:

4.237
zloa = 0, ( )

{ —div (| Va(2)||2x* V(2)) = f(z,2(2)) for a.a. 2 € Q,
with p € (1,400). We do not require that the right hand side nonlinearity
f(2,¢) is continuous in the ¢ € R variable. The possible presence of discon-
tinuities precludes the use of the classical (smooth) critical point theory and
demands a different approach. The nonsmooth critical point theory for locally
Lipschitz functions provides a suitable such analytical framework.

There are two possible ways to interpret a solution for problem (4.237).
The first has a multivalued character. Roughly speaking, at every disconti-
nuity point we fill in the gap and this way we obtain a multifunction which
replaces the right hand side function, transforming problem (4.237) to an
elliptic inclusion. More precisely, we introduce:

[(z¢) & liminf f(2,¢') = lm inf_ (=)

70 2 limsup f(2,¢) = lim sup f(z,0).
=< N0 j¢r—(<e
Evidently f < f and if ¢ € R is a continuity point for f(z,-), then f(z,¢) =
f(z,¢). We introduce the multifunction

~

Fz0) £ [£(0,F(=.0)]

and instead of (4.237), we consider the following elliptic inclusion:

{—div (IV2(2)[537 Va(2)) € f(z,2(2)) for aa. 2 € Q, (4.238)

xlon = 0,
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with p € (1,400).
Suppose that

|f(2,Q)] < ao(2)+col¢|"™" fora.a. z€Qandall (€R,

with r € [1,p*), ap € L (Q)4 (2 + L =1), ¢o > 0.
Let f be superpositionally measurable (i.e. for all measurable functions
z: Q@ — R, the function z — f(z,2(z)) is measurable too; note that if f is

jointly measurable, it is also superpositionally measurable). We introduce

s

¢
F(z,¢) = /f(z,s)ds
0

(the potential function corresponding to f) and consider the integral func-
tional Iy : L™(2) — R defined by

Ir(x) g /F(z,x(z)) dz Ve L"(Q).
Q

We know that I is locally Lipschitz (see Theorem 1.3.9). The next propo-
sition explains why problem (4.238) can be viewed as a hemivariational in-
equality.

PROPOSITION 4.8.1

If functions f, f and f defined above are superpositionally measurable,
then

OIp(x) C {v € LT/(Q) : f(z,2(2)) <v(z) < f(z,2(2)) for a.a. z € Q}

PROOF Let h € L"(2). By definition, we have

Ip(x +u+th) — Ip(z+u)

I%(z;h) = limsup "
ANy
(z+utth)(z)
= limsgp%/ / f(z,s)dsdz.

tNo 2 (z+u)(2)
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Performing a change of variables and using Fatou’s lemma, we obtain

u—0

I%(x;h) < /limsup/f(z,x(z)+u(z)+§th(z))h(2) d¢dz
Q 4~ 0 O

= /7(2,x(z))h(2)dz+ / i(z,x(z))h(z)dz

{h>0} {h<0}
Recall that v € 9Ir(z) if and only if (v, h) ;) < Ip(2;h). So we have

/v(z)h(z) dz < / f(z.2(2))h(z) dz

Q {h>0}

+ / f(z,2(2))h(z) dz Y heL(Q)

{h<0}

and so

v(z) € [f(z.2(2)), f(z 2(2))] foraa. zeQ.

REMARK 4.8.1 If f(z,-) is monotone, say increasing, then
f(zaC) = [f(Z7C_), f(2,<+)}
and so v(z) € [f(z,27(2)), f(z,27(2))]. I

DEFINITION 4.8.1 A function x € Wy P (Q) for which
—Apx(z) = u(z) foraa. zeQ

with w(z) € [f(z,2(2)), f(z,2(2))] for almost all z € Q is said to be an M-
solution of problem (4.237).

There is another solution concept, more restrictive, but more interesting,
since it preserves the single-valued character of the problem.

DEFINITION 4.8.2 A function x € WP (Q) for which
—Apz(z) = f(z,2(2)) fora.a. z€Q

is said to be an S-solution of problem (4.237).
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REMARK 4.8.2 Clearly an S-solution is automatically an M-solution
too, but the converse is not in general true. I

In this section we are interested in the existence of multiple S-solutions for
problem (4.237). For this purpose, we introduce the following hypotheses on
the discontinuous nonlinearity f(z,():

H(f) f: QxR — Ris a function, such that

(i) f is Borel measurable and f(z,0) = 0 for almost all z € €;

(7i) for almost all z € 2, the function
R>¢— f(z,() eR

is nondecreasing and the jump discontinuity points {r,}, -, are
independent of z; B

(7i1) we have

|f(z,0] < ap(z) +cf|¢|P7! for a.a. 2 € Q and all ¢ € R,

with ay € L®(Q)4, ¢y > 0;
(iv) there exist functions V1, 92,93 € L>(£2)1 such that

91(z) < A < Ya(z) foraa. zeQ,

with strict inequalities on sets (in general different) of positive
measure and

: f(z0)
i G

< ¥1(2) uniformly for almost all z € Q,

¥2(z) < liminf é?ﬁigé uniformly for almost all z € Q,
lim sup é?jigé < ¥3(2) uniformly for almost all z € Q
(——o00

and

Y2(z) < liminf LAY uniformly for almost all z € €;

(——co [(]P

(v) we have
lim sup f(z0)

¢—0t C;D*l ~ )\1

uniformly for almost all z € Q.
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REMARK 4.8.3 Hypothesis H(f)(iv) implies that the nonlinearity
f(z,¢) exhibits asymmetric asymptotic behaviour at +oo, crossing the prin-
cipal eigenvalue A; > 0 (jumping nonlinearity).

By virtue of the first limit in hypothesis H(f)(iv) (the asymptotic behaviour
at +o00 of f(z,-)), for a given € > 0, we can find M; = M;(e) > 0 such that

f(z,0) < (91(2) +¢e)¢P foraa. z € Qand all ¢ > M.

On the other hand, because of hypothesis H(f)(iii), we can find a. € L ()1
such that

|f(2,0)] < ac(z) foraa.zeQandall || < M.
Thus finally, we can write
f(z,0) < (V1(2) + E)C’Fl +ac(z) foraa.zeQandall(>0. (4.239)
We consider the following auxiliary problem:

—div ([|Va(2)|[2x° Va(2)) = (91(2) + &) |2(2) " *2(2) + ac(2)
for a.a. 2 € Q, (4.240)
CL‘|aQ =0.

Arguing as in the proof of Proposition 4.7.1, we can have the following exis-
tence result concerning the auxiliary result (4.240).

PROPOSITION 4.8.2
If hypotheses H(f) hold,
then for all e > 0 small enough, problem (4.240) has a solution z. € C}()

with 9
xs(z) <0 Y z € 0N

ze(z) > 0 V2zeQ and o <

REMARK 4.8.4 By virtue of (4.239) any such solution z. is an upper
solution of problem (4.237).

We fix ¢ > 0 small enough and let @ 4 z. € intC3(Q)4. Because of
hypothesis H(f)(v), we can find § > 0 and g > A; such that

puC?t < f(2,¢) for a.a. z € Q and all ¢ € (0,96).

Choose ¢ > 0 small enough, so that &ui(z) € (0,9) for all z € Q and
Eui(z) < ze(z) for all z € Q. (as always u; is the principal eigenvalue of
(- Ap,Wol’p(Q))). Let us set u 4 éu; € CY(Q). Evidently u is a lower
solution for problem (4.237).
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We introduce the truncation map 7:  x R — R defined by

u(z) ifu(z) <
(50 L ¢ ifu(z) <
u(z) if ¢ < u(z).

Clearly 7 is a Carathéodory function, thus it is jointly measurable. Let us
set

F(z,0) z f(z,7(2,0) V (2,() € QA xR,

Then fis Borel measurable and for almost all z € €, f(z, -) is nondecreasing
on R. Moreover, we have

‘f(z@)’ < m(z) fora.a.zeQandall (eR, (4.241)

with m € L*®(2)4. We consider the following nonlinear elliptic problem:

{ —div (| Va(2)|57 Va(2)) = f(z,2(2)) foraa. z€Q, (4.242)
$|aQ =0.

PROPOSITION 4.8.3
If hypotheses H(f) hold,
then problem (4.242) has a solution xo € C} ().

PROOF Let

s

CA
ZO/fzs

and consider the energy functional @: WO1 P(Q) — R defined by

Pla) £ 1||v I~ / (z,2(2))dz V@ WP ().
Q

Note that

fz9)|ds < lmll 1<l

IN
O\E

(see (4.241)). So for every z € W, "*(£2), we have
o~ ]- P
Pz) = 2 IVl — e[V,

for some ¢; > 0, so @ is coercive.
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Also it is easy to see that @ is weakly lower semicontinuous. Hence by the
Weierstrass theorem, we can find zo € W, *(2) such that

P(zo) =  inf  P(x). (4.243)
zEW, P ()

Since @ is locally Lipschitz, we have that

0 € 9¢(xo)
and so

A(zg) = v, (4.244)
where A: WyP(Q) — W17 (Q) (% + 1% = 1) is the nonlinear monotone

operator defined by

daf - ,
Ao L [ IV (T2, Tyl dz Yoy € W)

Q
and v € LP (Q) with v(z) € 8f(z, z0(2)) for almost all z € Q \ D where
DY U {zeQ: mo(z) =1y}
n=1

and v(z) € [f(z,xo(z)’),f(z,a:g(z)Jr)} for almost all z € D. For all € > 0,

we have

@(wo + eur) — (o)

0 <
e
_ 1| IV +ew)lly = IVaoll,
= -
- /ﬁ(z,xo(z)+gu1(z)) — F(z,m0(2)) "
g

Q

Passing to the limit as € \, 0 and using (4.244), we obtain
0 < (Aleo)ur)ug e — [ Fleoo()un(e) s
Q
(0(2) = F(z0(=)*) Jur (2) d2

(v(z) — f(z, 20(2) ") )u1(2) dz. (4.245)

|
O— O —
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Because v(z) < f(z, 20(2) ") for almost all z € Q and u1(z) > 0 for all z € Q,
if [ID|y > 0, from (4.245) we have that

v(z) = f(z,xo(z)) for a.a. z € D. (4.246)
Similarly, for £ > 0, we have

p(wo — eur) — p(x0)

0 <
€
and so, using also (4.244), we have
0 < (A(xp),—u1) 1p(Q)+/ z,m0(2) " )ur(2) dz
Q

(—v(2)+ f(z.@0(2)7))ua(2) d2

~

(—v(2)+ f(z,20(2) 7)) ur(2) dz. (4.247)

Il
S O

Recall that f(z 20(2)7) < v(2) for almost all z € Q. So from (4.247) (since

we have assumed that |D|y > 0), we have

(2) = f(z,20(2)) foraa. zeD. (4.248)

But R R
f(z,20(2)7) < f(z,m0(2)%) foraa.zeD.
This combined with (4.246) and (4.248) leads to a contradiction . So |[D|y =0

and we have R
v(z) = f(z,20(2)) foraa.ze

Therefore x € W, *(£2) solves problem (4.242). Moreover, because

—x0(2)Apxo(z) = —xo(z)f(z, 20(2)) < m(2)|zo(z)| foraa. z€Q
(see (4.241)), we can apply Theorem 1.5.5 and have that xg € L>(£2). Since
X0 € Wol’p(Q) N L>*(Q) and Apzg € L>(£2), via Theorem 1.5.6, we have that
z0 € CL@Q). I

To prove multiplicity results for the S-solutions of problem (4.237), we need
to have a strong comparison principle. To this end, first we prove the following
result:

LEMMA 4.8.1
If 2,y e WhP(Q), u,v € L=(Q), 2(2) > y(2) and u(z) > v(z) for almost all
z €Q,

—div ([|[Va(2)|[23° Va(2))
—div (||Vy(2)|[2x2 Vy(2))

u(z) fora.a. z e,

v(z) fora.a. ze€)
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and the set C'Z {zeQ: a(z) =y(2)} is compact,
then C = 0.

PROOF  From Theorems 1.5.5 and 1.5.6, we obtain that z,y € Cy*(Q)
for some a € (0,1). Suppose that C' # () and let Q1 be a relatively compact
set with C2?-boundary such that

CCc)l T CQ

and
y(z) < x(z) VzeQ\C.

Let € > 0 and consider the following two auxiliary problems

—div ((e + Vo (2)|2n )pTQVcr(z)> =uz) foraa zed, o)

U|891 = $|891a

and

—div ((s +H[VT(2) g )pTzVT(Z)> =v(z) foraa-zef, o5

T|3Ql = x|391'

Exploiting the maximal monotonicity of the differential operator, we infer that
the two problems (4.249) and (4.250) have solutions z.,y. € W1P(Q;) respec-
tively (these solutions are unique due to strict monotonicity of the operator).
Note that

||vx€HLP(Q1) < M, and ||vy6HLP(Q1) < M, Vee(0,1),

for some Mz > 0. Moreover, from nonlinear regularity theory (see Theo-
rem 1.5.6) we have that z., y. € C’é” (Ql) From the Poincaré inequality (see
Theorem 1.1.6), we have that

()  ase\0,
Y —5 yin Wy ()  ase \,0,

(1) ase\,0,

(1) ase\,0,
for all o/ € (0,a) (recall that the embedding CL%(Qy) C CL(9,) is
compact). _Let Q2 be a relatively compact open subset of {2 such that
CQQgQQgQQl and let

9 4 %ﬁn(m—y) > 0

Qo
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and w, ¥ e — ye for € > 0. Let us take € > 0 small enough so that

9

)
Hx_xEHLOO(Qg) < 1 and ||y_y6||L°°(Q2) < 1

It follows that

9 9
Te — Ye > 5 on 00y and =z —y. < 5 on C.

Invoking the mean value theorem, we have
N
0 < Ow,
- — af(z)—(z)) = u(z) —v(z) fora.a.ze (4.251)
iJZ:]. (92’1 J 825]'
with
e df Pt
azj(z) = (4 [[tiVae(2) + (1 = 1) Vye(2)pr)
+ Bt 16920+ (0= 10 V0ln )

with ¢; € (0,1). Let us set

0 ¥ ZiGnéz (2 —ye)(z) and C, = {z€: (2 —4)(2) = o}

Then C, C Q3 is nonempty, compact and
Vze(z) = Vye(z) foraa.zeC,

(see Remark 1.1.10). So we have

610 = 1) (B (4 190 + 0 -2)

821 8Zj
and
N
> a5(2)6& = nlélgy VEERY, z€C,, (4.252)
i,5=1

for some n > 0. The last inequality is a consequence of the fact that
(afj(z))jvjzl is the Hessian matrix of the convex function R > ¢ +——

P
1—1)(5 + |€]lan )? at the point & = V.. We consider an open neighbourhood

Q, of C, such that Q, C Qs, z. — y. > o on 99, and inequality (4.252) is
valid on 02, with 7 > 0 replaced by %77. It is possible to find such a neigh-
bourhood because Vz. and Vy. are both continuous on 2. Finally invoking
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the strong maximum principle, we infer that (z. — y5)|Qg = wE|QQ is constant,
a contradiction. This proves that C # (. I

This lemma leads to the following extension of the Hopf boundary result.

PROPOSITION 4.8.4
If z,y€Ci(Q), u,v e L®(Q) and u(z) > v(z) > 0 for almost all z € Q,

_div (||vx(z)||§;2 Vx(z))

u(z) fora.a. z€Q,

—div (||Vy(z)||§;2 Vy(z)) = v(z) fora.a.z€e

and the set Cy g {z€Q: u(z) =v(z)} has an empty interior,
then x(z) > y(z) for all z € Q and %(2) < 0 for all z € 0N2.

PROOF From our hypothesis about the set Cjy, it follows that
[{zeQ: u(2) >O}|N > 0

and so z is not the zero function. So we can apply Theorem 1.5.7 and obtain
that
x(z) > 0 VzeQ

and

ox

an
Moreover, since —A,z = u, —Apy = v and u > v, by acting with the test
function (y —x)™*, we can easily infer that x > y > 0. Therefore Lemma 4.8.1

() <0 Y z € 0N.

implies that the coincidence set C' 4 {z € Q: z(2) = y(z)} cannot be
nonempty compact. Suppose that C # (). Then we can find a sequence
{zn}n21 C C and zg € 99 such that

Zn — 20 in RV,

Since by hypothesis z,y € C2(Q) and as we saw in the beginning of the proof
z € int C}(Q) 4, we have

oz

g, (70) = 3-(0) < 0. (4.253)

The function w = x — y satisfies

N
-y % (aij(z)aiw(z)) = u(z) —v(z) = 0 foraa. ze(

~
ij=1"" ’
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with a;; = a?j (see (4.251) with € = 0). In particular then

p—4

Because Vz,Vy € C (Q), we can find all ball B C Q such that 2o € 0B
and the elliptic operator with coefficients a;; is strictly elliptic on B. Hence
either w = 0 on B, which is impossible because int Cp = ® or w > 0 on B
and 3—7“,5(20) < 0, which contradicts (4.253). This proves that C = () and so
x(z) > y(z) for all z € Q. The inequality

0
o (20)

aij(20) = |5(z0)

2
+(p— 2)%%(20)%33(20)) )

Or dy
— —= Q
n < n on J
is established similarly since
Ox dy
— < = < Q
on — On 0 ond
and
ox
%(20) <0

Having this strong comparison principle, we can now show that prob-
lem (4.237) has at least two smooth S-solutions, one of which is strictly
positive.

THEOREM 4.8.1
If hypotheses H(f) hold and

0 ¢ [flz,ry), f(z,r})] foraa. z€Qandalln>1

then problem (4.237) has at least two S-solutions xq,uy € Cy'*(Q) with a €
(0,1) and

zo(z) > 0 vV zeqQ, %(z)<0 vV z € 0.
n

PROOF  Let z € C)*(Q) be the solution of problem (4.242) established
in Proposition 4.8.3. Recall that u = uy. So we have

Aw) = Mt < plufTt < fCul) = F(ul)
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(recall the definition of f) Using as a test function (u — x¢) € WP (), we
have

(Aw) = A(zo), (w = 20) ™) y1r )

</(J?(z,g(z)) —J?(Zwo(z))(ﬂ—a:o)Jr(z)) dz = 0.

Q

Also from the strong monotonicity of A, we have
_ e\t _ V[P
(Alw) = A@o), (w = 20) ")y = 2| Vi(w— o) |7,

for some ¢ > 0 and so
HV(Q—ZII())JFHP = 0)

ie. u < zp. In a similar fashion, using this time (4.239), we obtain that
2o < u. Therefore

u(z) < zo(z) < u(z) fora.a. ze€Q)
and so from the definition of f, it follows that
f(z,xo(z)) = f(z,20(2)) foraa.ze.
Exploiting the monotonicity of f(z,-) and the definition of u, we have

—Apu(z) = M) < f(zu(2))
f(z,20(2)) = —Apwo(2) VzeQ.

IN

From Proposition 4.8.4, it follows that zo — u € int C§(2)4.. Also we have

—Apzo(2) = f(z,20(2)) < f(z0(2))
< (01(2) +e)u(z)’ " +a-(z) = —Apu(z) for a.a. z € Q

(see (4.239)). Again Proposition 4.8.4 implies that 7 — zo € int C3 (). Now
let : Wy (Q2) — R be the locally Lipschitz functional defined by

o@) L Vel - [ F(ea(2) de
Q

Since 29 — u, 7 — 7o € int CF(Q)4, we can find § > 0 small such that
p(x) =8(x)  VaelyQ), lz—zolloym <9

and so 7 is a local C3(Q)-minimizer of ¢. Invoking Proposition 4.6.10, we
obtain that zg is a local WO1 P(Q)-minimizer of . Using this fact and arguing
as in the proof of Proposition 4.8.3, we deduce that |D|y = 0 and so we have

{ —div (|Vzo(2) 25" Vao(2)) = f(z,70(2)) for a.a. 2 € Q,
zolon = 0,
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so zo € Cy*(Q) is an S-solution of (4.237).
Moreover, because o > &u; = u, we have that zo(z) > 0 for all z € Q.
Also
—Apzo(2) = f(2,20(2)) > f(2,0) = 0 foraa.zeQ,

hence
Apzo(z) < 0 foraa. z€Q

and by virtue of Theorem 1.5.7, we conclude that

82130
on (2)

Next with the help of the nonsmooth Mountain Pass Theorem (see Theo-
rem 2.1.3), we shall produce a second smooth S-solution for problem (4.237).

< 0 for a.a. z € 0.

Claim: ¢ satisfies the nonsmooth PS-condition.
Let {zn}, 5, C W, "(€2) be a sequence such that
lo(zn)| < Ms Vn>1 and m?(z,) — 0,

for some M3 > 0. We choose zj, € Op () such that m?#(zyn) = ||z}, [lyy-1.0 (o)
for n > 1. We know that

xy = A(rn) — vn,
with v, € LP' (Q), f(z,2n(2)7) < vn(2) < f(2,2(2)") for almost all z € Q.

Using as a test function z;7 € W, *(Q) we have

IVl < [ et e e e
Q

with €, \, 0. Note that
vp(2) < 0 for a.a. z € {z, <0}
and so
vp(2) < (V1(2) + a)|x:{(z)|p_1 +a.(z) fora.a. zc Q.

Thus we can write that

Vsl [0 ds < el +enof o tes Vo=t
Q

for some c3 > 0, thus

VIVt~ S I95EE < enllat ey +es Y21
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for some v > 0 (see Lemma 4.7.1) and so the sequence {z;}}, o, C WyP(Q)
is bounded.

Suppose that the sequence {z,},; C W,yP(€) is not bounded. Since
[Znllwrs@) = 28 llwio @) +125 s ), by selecting a suitable subsequence
if necessary, we may assume that

||x:lHW1vP(Q) — F.
Let us set
g LI yp>1.
||$n||wl,p(g)

We can see that

Yn = Yy in W(lep(Q)v
Yn —y  in LP(Q),
yn(2) — y(z) for a.a. z € Q,
|yn(z)| < k(z) for a.a. z€ Qand alln > 1,

with k& € LP(€2). An argument similar to that in the proof of Proposition 4.6.8
shows that
fGxa()) Y. b oin LPI(Q),
[ [

with h(z) = g(2)y(2)P~1, where g € L>=°(Q) is such that 92(z) < g(z) < 93(2)
for almost all z € Q. For every w € Wy P(Q) we have

‘<A(xn),w>wol,p(m—/Qf(z,xn(z))w(z)dz < enllwllyrsg)
=)

[V (2 )”p;g

Hx”‘ W1 P(Q)
[Van (2)lI5"

(fo{ (2), Vw(z))RN dz

(Vz;, (2), Vw(z))RN dz
Hxn ||W1P(Q)

f(z,2n(2))

w(z)dz| < en|wllyipg) - (4.254)
4 llam oo,

Since the sequence {z;/}, ~; C WP () is bounded, we have

[V, (2)||hn

(V! (2), Vw(z))RN dz — 0.
Hm" HWl »(9)
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So if we pass to the limit as n — 400 in (4.254), we obtain

[ IV (Vo). Tu(2)) g o
Q
= /g(z)y(z)p_1 dz Ywe Wol’p(Q)
Q

and so

{—div ( ||Vy(z)||§}2 Vy(2)) = g(2)y(z)P~ for a.a. z € Q,
yloa = 0.

From Theorems 1.5.5 and 1.5.6, we have that y € Cy*(Q) (with a € (0,1))
and y > 0. So, if y # 0, invoking Theorem 1.5.7 (nonlinear strong maximum
principle), we have y(z) > 0 for all z € Q. Therefore y is an eigenfunction
corresponding to the eigenvalue A = 1, of the weighted nonlinear eigenvalue
problem:

{ —div ( ||Vu(z)||§;2 Vu(z)) = )\g(z)|u(z)|p_2u(z) for a.a. z € Q,
u|aQ =0.

Note that since ¢ > 0, A = 1 is the principal eigenvalue, since otherwise the
corresponding eigenfunction must change sign (see Section 1.5, where g = 1).
We have

||Vy||p ) IVyll;
M= — = in _—
Jo9(2)ly(z)Pdz uem;;m(ﬂ) Jo9(2)ly(z)Pdz
u 0
Vsl IVyll,

< = 1,
Jog@u(2)Pdz M flulf;

a contradiction. Hence y = 0. But then
Vy, — 0 in LP(Q;RN)

and so
yn — 0 in WyP(Q),

a contradiction to the fact that |[yn[[y1.() =1 for n = 1. This proves that

the sequence {z,},~, € Wy(Q) is bounded. Then as in previous cases,
exploiting the maximal monotonicity of A, we conclude that the claim is true.

Now for t > 0, we have

tp
plotu) = S ivuly - [Pt ) ds
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S0
u1(z) dz.

o(—tu)) 1||vu Hp_l/pF(z,—tul(z))
tr D Hip tPuq(2)

Using Fatou’s lemma and the last inequality in hypothesis H(f)(iv) (the
asymptotic behaviour at —oo of F(z,+)), we obtain

. p(—tuy) 1 » 1 »
lifig)T < ]—?HVUal—]—7 U2(2)ur(2)" dz
0
1 p AL »
< ]—DHVUal—?HUal =0,

S0
o(tu;) — —oo ast— +oo.

Therefore we can find ¢y > 0 large enough, such that
o(—tu1) < @(zg) YVt >to. (4.255)

Recall that zg is a local VVO1 P (Q)-minimizer of . We may assume that it is a
strict local minimizer (or otherwise we are done). So we can find § > 0 such
that

o(xo) < p(v) Vv € Bs(zo) \ {z0}. (4.256)

Let t > to > 0 in (4.255). Then (4.255), (4.256) and the claim permit the use
of the nonsmooth Mountain Pass Theorem (see Theorem 2.1.3), which gives
us up € WyP(€) such that

df .
— i f >
0 € 9p(ug) and ¢(ug) = ¢ = 'lyI&}the[g,)i]@(FY(t)) > p(z0),

where
12 {yec(01;We"(Q) : (0) =20, (1) = ~tus }.
If p(x0) < ¢, then uy # 2o and we have
A(uo) = wo,

where vy € LP (), f(z,u0(2)7) < wo(z) < f(z,u0(2)") for almost all z € Q.
From Remark 1.1.10, we have that

Vug(z) = 0 fora.a. z€ D.

But recall that

0 ¢ [f(zry), f(zr)f)| foraa zeQandaln>1.
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Therefore |D|y = 0 and we conclude that ug is a second S-solution of prob-
lem (4.237).

On the other hand, if ¢(zg) = ¢, then from nonsmooth Mountain Pass
Theorem (see Theorem 2.1.3), we know that we can find ug € 9Bs(zo) (hence
ug # xo) such that 0 € dp(ug), p(ug) = ¢. Again we check that ug is a second
S-solution of problem (4.237).

Finally from the nonlinear regularity theory (see Theorems 1.5.5 and 1.5.6,
we conclude that ug € C’é’o‘(Q) (with a € (0,1)).

4.9 Remarks

4.1 Landesman & Lazer (1969/1970) were the first to consider “resonant prob-
lems.” They produced sufficient conditions for the existence of solutions for
semilinear problems (i.e. p = 2) with a continuous right hand side nonlin-
earity, which reaches nonzero finite asymptotic limits at oo (case (a) in the
classification described in the beginning of the section). Extensions of their
work can be found in Brézis & Nirenberg (1991) and the references therein.
Ahmad, Lazer & Paul (1976) were the first to consider problems in which
the nonlinearity vanishes asymptotically at +o0o, while the potential function
asymptotically goes to £oo as || — 400 (case (b) in the classification). The
first multiplicity results for these two cases can be found in Ambrosetti &
Mancini (1978a, 1978b) and Hess (1978). Strongly resonant problems were
first investigated by Thews (1980), Bartolo, Benci & Fortunato (1983) (who
coined the term strong resonance) and Ward (1984). The Landesman-Lazer
condition ((LL)-condition for short) using the quantities > and G° essen-
tially goes back to the work of Landesman-Lazer. The present form, suitable
for hemivariational inequalities, was used by Goeleven, Motreanu & Pana-
giotopoulos (1998). The (LL)-condition using G; and GJ is an extension to
the present multivalued setting, of a condition introduced in the context of
ordinary differential equations by Tang (1998¢) (see also Wu & Tang (2001)
where this condition is used in the context of semilinear elliptic problems
with smooth potential). Still another (LL)-condition can be found in Lan-
desman, Robinson & Rumbos (1995). For nonlinear problems driven by the
p-Laplacian differential operator, (LL)-type conditions were used by Arcoya
& Orsina (1997) (the original (LL)-condition) and by Bouchala & Drébek
(2000) (the condition of Tang mentioned earlier). When dealing with prob-
lems involving the p-Laplacian, the lack of full knowledge of the spectrum of
(— A, WyP(Q)) and the loss of linearity and of the variational expressions for
the higher eigenvalues, forces the use of asymptotic conditions at +co, which
stay below the first eigenvalue A; > 0. We refer for example to the works of
Anane & Gossez (1990), Costa & Magalhées (1995) and El Hachimi & Gossez
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(1994). In Costa & Magalhdes (1995), the authors permit interaction with

A1 > 0, but do not allow that the quotient 2 j‘(cz‘f) goes beyond A; > 0. When
this happens we encounter serious difficulties in producing linking sets, which
are necessary in order to exploit the existing minimax principles.

Various forms of obstacle problems and of general variational inequalities
with smooth potential were studied in the last decade, using a variety of meth-
ods. We mention the work of Quittner (1989), Le (1997) based on bifurcation
methods, the work of Szulkin (1986), Le & Schmitt (1995) who follow a varia-
tional approach, the work of Szulkin (1985) who uses degree theory, the work
of Ang, Schmitt & Le (1990) based on recession arguments and the recent
works of Le (2000, 2001) where the method of upper and lower solution is
employed.

In addition to the “strong resonant” works mentioned earlier, more recently
results concerning such problems were obtained by Costa & Silva (1993) and
Gongalves & Miyagaki (1992, 1995). However these works, as well as the
earlier ones, deal with semilinear problems with smooth potential.

On the subject of hemivariational inequalities, we have the works of Bocea,
Motreanu & Panagiotopoulos (2000), Bocea, Panagiotopoulos & Réadulescu
(1999), Cirstea & Radulescu (2000), Gasiriski & Papageorgiou (2001 ¢, 20014,
2002b), Gazzola & Radulescu (2000), Marano & Motreanu (2002b), Motreanu
(1995, 2001), Motreanu & Panagiotopoulos (1995a, 19955, 1995¢, 1996, 1997),
Naniewicz (1994, 1997), Radulescu & Panagiotopoulos (1998), Radulescu
(1993) (semilinear scalar or vector problems) and Gasinski & Papageorgiou
(1999, 2000, 2001b, 2001 e, 2002b), Kourogenis, Papadrianos & Papageorgiou
(2002), Kyritsi & Papageorgiou (2001, 2004, to appeara, to appearb), Marano
& Motreanu (2002a), Motreanu & Rédulescu (2000), Panagiotopoulos, Fundo
& Rédulescu (1999), Papageorgiou & Smyrlis (2003) (nonlinear problems
driven by the p-Laplacian differential operator or other nonlinear operators).
We also mention the books of Naniewicz & Panagiotopoulos (1995) and Pana-
giotopoulos (1988, 1993), where the interested reader can find concrete appli-
cations in mechanics, engineering and economic problems.

4.2 The spectrum of (— A,, W'?(Q)) (Neumann problem) was investigated
by Huang (1990) and Godoy, Gossez & Paczka (2002). The extension of Pi-
cone’s identity in Proposition 4.2.6 was proved by Allegretto & Huang (1998)
and was then used by the same authors (see Allegretto & Huang (1999)) to ob-
tain comparison principles and positive solutions, for elliptic problems driven
by the p-Laplacian. In contrast to the Dirichlet problem, the Neumann prob-
lem with the p-Laplacian has not been studied much. Only recently there have
been the works of Binding, Drdbek & Huang (1997), Faraci (2003), Hu & Pa-
pageorgiou (2001) (problems with a continuous right hand side nonlinearity),
Hu, Matzakos & Papageorgiou (2001) and Papalini (2002, 2003) (problems
with a discontinuous nonlinearity). General hemivariational inequalities, with
Neumann boundary condition, were studied by Marano & Motreanu (2002q)
(homogeneous boundary condition) and Papageorgiou & Smyrlis (2003) (non-
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homogeneous, multivalued boundary condition). The work of Papageorgiou
& Smyrlis (2003) extends earlier ones by Szulkin (1986) and Halidias & Pa-
pageorgiou (2000b), where the potential function is smooth. Our presentation
here of the nonlinear, nonhomogeneous Neumann problem is based on the
aforementioned work of Papageorgiou & Smyrlis (2003).

4.3 A detailed study of functions of boundary variation (i.e. of the space
BV (f2)) can be found in the books of Giusti (1984) and Ziemer (1989). The
equivariant reformulation of the nonsmooth critical point theory for contin-
uous functionals can be found in Marzocchi (1995). Analogous equivariant
extensions of the smooth theory can be found in the books of Ghoussoub
(1993a), Mawhin & Willem (1989), Struwe (1990) and Willem (1996). Our
analysis of the problems with an area-type term is based on the paper of
Marzocchi (1995). Related results can be found in Degiovanni, Marzocchi &
Rédulescu (2000) and Marino (1989).

4.4 Problems driven by a nonlinear differential operator exhibiting a different
dependence on its higher order part and its lower order terms were already
considered in the sixties and led to the weakening of the concept of monotonic-
ity and the introduction of new broader classes of nonlinear operators, such as
pseudomonotone operators. The first works in this direction were produced
by Browder (1965, 1977), Ton (1971) and Hess (1973a, 1973b). In Brézis &
Browder (1978) and Webb (1980), there are no growth restrictions on the non-
linearities and instead a sign condition is used. Related are also the works of
Hess (1976) and Rudd & Schmitt (2002). We mention also the work of Landes
(1980), who employed the method of Galerkin approximations. More recently,
such fully nonlinear problems were studied in the presence of unilateral con-
straints (such as problems (4.92), (4.105) and (4.110) in Section 4.4). We refer
to the works of Gasinski & Papageorgiou (to appear), Papageorgiou & Smyrlis
(2003), Naniewicz (1994, 1995), Panagiotopoulos (1991), Simon (1988, 1990)
and Liu (1999). Our analysis here follows the methods developed by Gasiriski
& Papageorgiou (to appear) and by Papageorgiou & Smyrlis (2003).

4.5 The first ones to employ the method of upper and lower solutions to nonlin-
ear elliptic problems were Schoenenberger-Deuel & Hess (1974/75). Since then
there have been several other works in this direction. We mention those by
Carl (1992, 1997, 2001), Carl & Dietrich (1995), Carl & Heikkila (1992, 1998),
Dancer & Sweers (1989), Delgado & Suérez (2000), Kourogenis & Papageor-
giou (2003), Papageorgiou & Smyrlis (2003) and the references therein. Our
approach here is based on the last two of the above mentioned works.

4.6 The reduction method was first developed for smooth problems by Castro
& Lazer (1979) and Thews (1980). Double resonance problems were first
investigated by Berestycki & de Figueiredo (1981), who also suggested the
term “double resonance.” In their analysis, they use the interval [A1, Ag]
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and this is crucial in their approach, because it depends on the fact that
the principal eigenfunction w; is strictly positive and % < 0 for z € 09.
As we know, this is no longer true in higher parts of the spectrum. The
principal eigenfunction is the only one with constant sign. So for higher
parts of the spectrum of (— A, Hj(R)), the analysis of double resonance is
more delicate. For smooth problems this was done in the papers of Céc
(1988), Hirano & Nishimura (1993), Robinson (1993), Costa & Silva (1993),
Landesman, Robinson & Rumbos (1995), Tannacci & Nkashama (1995), Tang
& Wu (2001a), Su & Tang (2001), Zou & Liu (2001) and Su (2002). In Céc
(1988), the derivative of the smooth potential is unbounded with sublinear
growth and he employs certain asymptotic conditions along the eigenspaces.
Hirano & Nishimura (1993) assume that the potential function is C? and
subquadratic and their method of proof uses the reduction technique as well as
some multiplicity results, which the authors prove using minimax methods. In
Robinson (1993), the derivative of the potential is unbounded and his method
of proof uses degree theory. However, he obtains only one solution. Costa &
Silva (1993) have a potential with sublinear derivative and produce only one
solution via degree theoretic arguments. Landesman, Robinson & Rumbos
(1995) have k =1 (resonance at the first eigenvalue) and using degree theory
in conjunction with a convenient (L L)-condition, they prove the existence of at
least two nontrivial solutions. In Iannacci & Nkashama (1995), the derivative
of the potential is bounded and they make use of a certain kind of (LL)-
type condition. Tang & Wu (2001a) use the reduction method and minimax
techniques to improve the results of Cédc (1988) mentioned earlier. Finally
Su & Tang (2001), Zou & Liu (2001) and Su (2002) have a C?-potential and
use Morse theory and critical groups in conjunction with an (LL)-condition
to deal with the problem.

In our study of problem (4.161), we allow for complete resonance at the
origin, which is not the case in the above mentioned works.

There are very few multiplicity results for equations involving the p-
Laplacian. We mention the papers of Ambrosetti, Garcia Azorero & Peral
(1996), Chen & Li (2002), Guo (1996) and Wei & Wu (1992). In all these
works the potential is smooth and has a specific expression. Proposition 4.6.10
was first proved for semilinear (i.e. p = 2) problems with C'-potential, by
Brézis & Nirenberg (1991). The extension presented here is twofold. First
we do not require that p = 2 (so we move beyond the semilinear setting) and
second the potential function need not be smooth (nonsmooth case). This ex-
tension is due to Kyritsi & Papageorgiou (2004). Recently the result of Brézis
& Nirenberg (1991) was extended to functionals defined on smooth manifolds
by Tehrani (1996). The result of Tehrani was extended in the nonlinear case
(i.e. p # 2) by Kyritsi & Papageorgiou (preprint). Other multiplicity results
for hemivariational inequalities can be found in Bocea, Motreanu & Pana-
giotopoulos (2000), Cirstea & Rédulescu (2000), Degiovanni, Marzocchi &
R&dulescu (2000), Gasiriski & Papageorgiou (2001¢), Goeleven, Motreanu &
Panagiotopoulos (1997, 1998), Marano & Motreanu (2002b), Motreanu (2001),
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Motreanu & Panagiotopoulos (1996) (semilinear problems) and Gasinski &
Papageorgiou (2000, 2001a, 2001¢, 2001e, 2003d), Kyritsi & Papageorgiou
(2004, to appeara) and Marano & Motreanu (2002a) (for problems driven by
p-Laplacian).

4.7 Problem (4.208) with A — A{" was first considered by Mawhin & Schmitt
(1988, 1990), when N = 1 (ordinary differential equation) and p = 2 (semi-
linear equation), with periodic boundary condition. Using degree theoretic
arguments and bifurcation theory, coupled with some (LL)-conditions, they
proved that the problem has two solutions as A — 07 (recall that 0 is the first
eigenvalue of the periodic problem; see Mawhin & Schmitt (1988)) and they
proved the existence of three solutions as A — 0~ (see Mawhin & Schmitt
(1990)). In Mawhin & Schmitt (1990), the authors examine also the Dirich-
let problem and prove a corresponding result for it. The work of Mawhin-
Schmitt was extended to semilinear partial differential equations by Chiap-
pinelli, Mawhin & Nugari (1992), who, for the Dirichlet problem, proved that
as A — A, the problem has two solutions. Soon thereafter Chiappinelli &
de Figueiredo (1993) obtained a result for systems. In these works, the method
of proof is based on bifurcation theory combined with degree theory. More
recently, Ramos & Sanchez (1997) examined the semilinear smooth Dirichlet
partial differential equation and employing variational methods, they proved
a “three solutions theorem” for the cases A — A; and A — A. The work of
Ramos-Sanchez was extended to nonlinear (driven by the p-Laplacian), non-
smooth Dirichlet problems as A — A, by Gasinski & Papageorgiou (2000).
Similar problems for p = 2 (semilinear equations) and with a smooth po-
tential independent on z € Q were investigated by Struwe (1990, 1982), and
Ambrosetti & Lupo (1984). Assuming a superlinear behaviour of infinity and
at zero of the derivative of the potential, they proved that for A > Ao (with
Az, the second eigenvalue of ( — A, Hj(€2))), the problem has three solutions.
Their approach is variational and Ambrosetti-Lupo used Morse theory (Morse
inequalities) and for this reason assumed that the potential is a C2-function.
We should also mention the work of Ambrosetti, Brézis & Cerami (1994),
where the interplay of convex and concave nonlinearities is studied for semi-
linear equations. Finally we mention that several papers studied nonlinear
eigenvalue problems of the form

—Az(z) = Af(x(2)) for a.a. z€Q,
£E|aQ =0, 2 >0,

for A > 0 under the assumption that f: R — R is continuous, positive,
monotone. For this reason such problems were named positone. For a well-
written survey of such problems we refer to Lions (1982). If the nonlinearity
f: R — R is continuous, monotone and f(0) < 0 (for example f(¢) = (P —¢,
€ >0, p > 1), then the eigenvalue problem is called semipositone and for a
survey of the literature for such problems we refer to Castro, Maya & Shivaji
(2003).
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Our presentation here uses ideas from Kyritsi & Papageorgiou (2004).

4.8 The two different interpretations of problems with discontinuous non-
linearities and the corresponding solution notions can be found in Stuart
(1976/1977, 1978). In fact Stuart calls the S-solutions, solutions of type I
and the M-solutions, solutions of type II. In Stuart (1976, 1976/1977) we find
examples of ordinary and partial differential equations, illustrating that these
two notions are in general distinct. There have been several works concern-
ing problems with discontinuous nonlinearities. The solution methods they
employ include upper-lower solutions, variational techniques (based on non-
smooth critical point theory), degree theory, bifurcation techniques, the dual
action principle of Clarke and fixed point methods. We mention the works of
Ambrosetti & Badiale (1989), Ambrosetti & Turner (1988), Badiale (1995),
Badiale & Tarantello (1997), Bertsch & Klaver (1991), Bouguima (1995),
Carl (1992, 1997, 2001), Carl & Heikkild (1992, 1998), Cerami (1983), Chang
(1978, 1980, 1981), Halidias & Papageorgiou (1997/1998b, 2000b), Heikkila
(1990), Hu, Kourogenis & Papageorgiou (1999), Kourogenis & Papageorgiou
(19984, 2000qa, 2001), Marano (1995), Massabé (1980), Massabé & Stuart
(1978), Mizoguchi (1991), Stuart (1976/1977, 1978) and Stuart & Toland
(1980). The comparison principle in Proposition 4.8.4 is due to Guedda &
Véron (1989). Similar comparison principles can be found in Allegretto &
Huang (1999), Damascelli (1998) and Garcia-Melidn & Sabina de Lis (1998).
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Chapter A

Appendix

A.1 Set Theory and Topology

DEFINITION A.1.1

(a) If X is a set, then a partial order on X is a reflexive, transitive and
antisymmetric binary relation on X. So we denote the partial order by
< (as it is customary). For all z,y,z € X, we have x < x (reflezivity),
z<yandy < z imply x < z (transitivity) and ¢ < y, y < x imply
x =y (antisymmetry).

(b) A total order (or linear order) is a partial order < with the property
that if x # vy, then x <y ory < x.

(c¢) A chain in a partially ordered set X is a subset on which the order is
total.

(d) Let X be a partially ordered set. An upper bound for a set A C X is
an element x € X, such that a < x for alla € A. An element x € A is
a mazimal element of A, if there is no y # x in A for which x < y.
A greatest element of A is an element x € A satisfying y < x for all
y € A. Evidently every greatest element is mazimal.

THEOREM A.1.1 (Kuratowski-Zorn Lemma)
If in a partially ordered set X, every chain has an upper bound,
then X has a mazximal element.

DEFINITION A.1.2 Let X be a Hausdorff topological space.

(a) A neighbourhood of a point x € X is any open set U, such that x € U.
The collection of all neighbourhoods of x € X is called the filter of
neighbourhoods of v and is denoted by N (z).

(b) We say that X is regular, if for a given nonempty closed set C C X
and z ¢ C, we can find open sets U,V , such that C C U, x € V and
unv=_90.
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(c) We say that X is normal, if for two given disjoint nonempty closed
sets C' and D, we can find open sets U,V , such that C CU, D CV and
unv =4.

THEOREM A.1.2 (Tietze Extension Theorem)

A Hausdorff topological space is normal if and only if every continuous func-
tion defined on a closed subset of X with values in [a,b] C R has a continuous
extension on all of X with values in the same interval [a,b].

DEFINITION A.1.3 A topological space X is an absolute retract
whenever

(a) X is metrizable (see Definition A.1.11) and

(b) for any metrizable space V' and nonempty closed set A C'V, every con-

tinuous function p: A — X admits a continuous extension on all of
V.

THEOREM A.1.3 (Dugundji Extension Theorem)

If 'V is a metrizable space, A C V is a nonempty and closed set, X is a
locally convex space and p: A — X is a continuous function,
then there exists a continuous function p: V. — X, such that @|a = ¢ and
?(V) C convp(A).

REMARK A.1.1 The theorem is valid if we replace X by any convex
set C C X. By virtue of this, every nonempty convex and metrizable subset
of a locally convex space is an absolute retract.

DEFINITION A.1.4 Let (X,7) be a Hausdorff topological space.

(a) A base for the topology T is a subfamily B of T, such that for every
x € X and every open set U containing x, we can find V € B, such that
x €V CU. Evidently, each U € T is a union of elements in B.

(b) A local base at x € X is a subfamily B(x) of N(x), such that for every
U e N(z), we can find V € B(x) with V C U.

(c) We say that X is first countable, if every point x € X has a countable
local base.

(d) We say that X is second countable, if it has a countable base.

(e) We say that X is separable, if there exists a countable set D C X,
such that D = X.
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REMARK A.1.2 Evidently a second countable space is first countable,
but the converse is not in general true. Every second countable space is
separable, but the converse is not in general true. However, for metric spaces
second countability and separability are equivalent notions.

DEFINITION A.1.5

(a) A direction < on a set is a reflevive and transitive binary relation with
the property that for any o, 8 € D, we can find v € D, such that o <~y
and 3 < v (i.e. each pair of elements in D has an upper bound). A
directed set is any set D equipped with a direction <.

(b) A net in a set X is a function x: D — X, where D is a directed set.
The directed set D is called the index set of the net. It is customary to
denote the function © by {Ta}achD-

(c) A net {xo}tacp in a Hausdorff topological space X converges to x € X,
if for a given U € N(x), we can find ag € D, such that for all o € D,
ap < «, we have that xo € U. The limit x € X is unique (Hausdorff

property).

REMARK A.1.3 Sequences are a particular case of nets. Nets are used
to describe topological notions and properties, when sequences do not suffice
(i.e. the space is not first countable). For example if X is a Hausdorff topo-
logical space and A C X is nonempty, € A if and only if there exists a net
{Za}aep C A, such that z, — x. The notion of subnet, which is defined
next, generalizes the notion of a subsequence.

DEFINITION A.1.6 A net {yg}pep is a subnet of {xs}acp, if there
exists a function p: B — D, such that:
(a) yp = wy(p) for every B € B;

(b) for each oy € D, we can find By € B, such that By < [ in B implies
that ag < () in D.

DEFINITION A.1.7 Let X be a Hausdorff topological space and K C X.
We say that K is a compact set, if every open cover of K has a finite
subcover, i.e. if every family {U;},c; of open sets satisfying K C |J U; has a
i€l
N
finite subfamily {Ui,,..., Uiy}, such that K C | U;,. We say that K is a
k=1

relatively compact set, if K is compact.
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REMARK A.1.4 InRY compact sets have a very convenient description,
namely C' C RY is compact if and only if C is closed and bounded. The next
theorem gives equivalent characterization of compact sets.

THEOREM A.1.4

For a Hausdorff topological space X, the following statements are equiva-
lent:

(1) X is compact;

(2) Ewvery family of closed subsets of X with the finite intersection property
(i.e. every finite subfamily has a nonempty intersection) has a nonempty
intersection;

(3) Every net has a convergent subnet.

REMARK A.1.5 In metric spaces compactness, countable compactness
and sequentially compactness are all equivalent. We say that a Hausdorff
topological space is countably compact, if every countable open cover has
a finite subcover. Also we say that it is sequentially compact, if every
sequence has a convergent subsequence. Compact subsets of a Hausdorff
topological space are closed. Every continuous function between Hausdorff
topological spaces carries compact sets to compact sets. Moreover, a bijective
continuous function from a compact space onto a Hausdorff topological space
is a homeomorphism.

DEFINITION A.1.8 Let X be a Hausdorff topological space and let
p: X — R* YRU {0} be a function.

(a) We say that ¢ is a lower semicontinuous function, if for all A € R,
the set {x € X : p(x) < A} is closed.

(b) We say that ¢ is a upper semicontinuous function, if —p is lower
semicontinuous.

PROPOSITION A.1.1

If X is a Hausdorff topological space and ¢: X — R* is a function,
then the following statements are equivalent:

(1) ¢ is lower semicontinuous;

(2) epip 4 {(z,X) € X xR: ¢(x) <A} is closed in X x R;
(3) o — x in X implies that o(x) < liminf p(z4).
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REMARK A.1.6 A similar result holds for upper semicontinuous func-
tions, with the obvious modifications. In statement (3), the nets can be
replaced by sequences if X is a first countable space.

THEOREM A.1.5 (Weierstrass Theorem)

. . = d
If X is a compact Hausdorff topological space and ¢: X — R YRy {+o0}
is a lower semicontinuous function,

then the set M (o) g {a: €X: ox)= i&f <p} is nonempty and compact.

REMARK A.1.7 An analogous result holds for the maximization of
upper semicontinuous functions on compact spaces.

DEFINITION A.1.9 Let X be a Hausdorff topological space.

(a) We say that X is a locally compact space, if every point x € X has
a relatively compact neighbourhood.

(b) We say that X is a o-compact space, if X = |J K, with K,, compact.
n>1

REMARK A.1.8 Every finite dimensional vector space is locally compact
and o-compact. In a locally compact space every point has a local base
consisting of relatively compact sets. Also if X is locally compact and o-

o
compact, then X = |J K,, with K,, compact and K,, C int K,,41 for all

n=1

n > 1 (hence X = |J K,). 0

n=1

THEOREM A.1.6
If (X,7) is a noncompact, locally compact space,

Xoo L XU{oo}, withood X,

Too 4 TU{X\K: K C X is compact},

then 7o is a Hausdorff topology on X, (Xoo, Teo) @8 a compact space and X
is an open dense set in X .

REMARK A.1.9 The space (X, Too) is called the Alexandrov one-
point compactification of X. As an example, the one-point compactifica-
tion Ry, of R is homeomorphic to a circle.
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DEFINITION A.1.10  Let X be a set.

(a) LetV ={Vi},c; andU ={Uj},_; be two covers of X. We say that U is
a refinement of V, if for each j € J, we can find i € I with U; C V;.
A collection of subsets {Wa},c s of a Hausdorff topological space X is
locally finite, if every x € X has a neighbourhood U, which meets at
most finitely many W,.

(b) A Hausdorff topological space X is said to be paracompact, if every
open cover of X has a locally finite refinement.

(c) A partition of unity on a set X is a family {p;},c; of functions
it X — [0,1], such that at each © € X, only finitely many functions
are nonzero and Y, @;(x) =1 (we use the convention that the sum of an

il

arbitrary collection of zeros is zero). A partition of unity is subordinate
to a cover Y of X, if each function vanishes outside some element of
Y. If X is a Hausdorff topological space, a partition of unity {©:},c;
is said to be continuous, if each function p;: X — [0,1] fori € I is
continuous. Finally, we say that a partition of unity {¢;},.; is locally
finite, if every point x € X has a neighbourhood on which all but finitely
many of the functions p; vanish.

REMARK A.1.10 Compact and metrizable topological spaces are para-
compact. A paracompact space is normal.

THEOREM A.1.7
A Hausdorff topological space X is paracompact if and only if every open
cover of X has a continuous locally finite partition of unity subordinated to it.

DEFINITION A.1.11 A topological space (X, 7) is metrizable, if the
topology T is generated by some metric. It is separable if it has a countable
dense subset.

REMARK A.1.11 The metric generating the topology of a metrizable
space is not unique. If we fix such a metric d,, then (X, d, ) is referred to as a
metric space. For metrizable spaces separability and second countability are
equivalent notions. Separable metrizable spaces cannot be too large. They
have at most the cardinality of the continuum. In general Hausdorff topolog-
ical spaces, separability may not be inherited by its subspaces. However, for
metrizable spaces, separability is an hereditary property.
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DEFINITION A.1.12

(a) A Hausdorff topological space X is completely metrizable (or topo-
logically complete), if there exists a metric d,, generating the topology
of X and (X,d,) is complete.

(b) A Polish space is a Hausdorff topological space which is separable and
completely metrizable.

THEOREM A.1.8
A metric space (X,d,) is completely metrizable if and only if it is a Gs in
its completion for d, .

THEOREM A.1.9 (Baire Category Theorem)

If X is a completely metrizable space and X = |J C,, with Cy, closed for all

n=1
n>1,
then there exists at least one ng > 1, such that int C,, # ().

DEFINITION A.1.13 Let(X,d, ) be a metric space and let o: X — X
be a function. We say that ¢ is a d -contraction, if

dy ((x),0(y)) < kdy(z,y) Va,yeX,

with k € 0,1).

DEFINITION A.1.14 Let(X,d, ) be a metric space and let o: X — X
be a function. We say that ¢ is d, -nonexrpansive if

dy (e(x),0(y) < dy(z,y) Va,yeX.

THEOREM A.1.10 (Banach Fixed Point Theorem)
If (X,dy) is a complete metric space and p: X — X is a d -contraction,
then ¢ has a unique fized point T € X (i.e. o(Z) =17) and for any xo € X,

) d, ~
the sequence {xy},~, with ©, 4 o(xn—1) for n > 1 converges to .

THEOREM A.1.11 (Cantor Intersection Theorem)
A metric space (X, d,.) is complete if and only if for every decreasing sequence

{Cn},>; of closed sets with diam C,, — 0, we have that (| C,, is a singleton.
= 1

n=
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THEOREM A.1.12 (Urysohn Lemma)
If (X,dy) is a metric space and A,C C X are two nonempty disjoint closed
sets,

then there exists a locally Lipschitz function ¢: X — [0,1], such that A =
0 1(0) and C = p=1(1).

REMARK A.1.12 This functional separation property is in fact equiv-
alent to saying that every closed set is a Gg-set.

DEFINITION A.1.15 Let (X,d,), (Y.d,) be two metric spaces and F
is a family of continuous functions f: X — Y. We say that family F is
equicontinuous, if for every x € X and e > 0, we can find 6 = §(e,x), such
that for all y € X with d (z,y) < &, we have that d,, (f(z), f(y)) < e for all
ferF.

If for every e > 0, we can find 6 = §(g) > 0, such that when d (z,y) < §, we
have that d, (f(x), f(y)) < e forall f € F, then we say that F is uniformly
equicontinuous.

PROPOSITION A.1.2

If (X,dy) is a compact metric space and (Y,d,) is a metric space,

then any equicontinuous family of functions from X into Y is uniformly
equicontinuous.

THEOREM A.1.13 (Arzela-Ascoli Theorem)

If (X,d,) is a compact metric space and K C C(X),
then K is relatively compact for the d,,,-metric on C(K) (recall that
d..(f,9)= max |f(@)—g(x)| for all f,g € C(X)) if and only if it is uniformly

bounded and equicontinuous (thus uniformly equicontinuous).

A.2 Measure Theory

DEFINITION A.2.1 Let (Q0,%, 1) be a finite measure space and let C
be a family of integrable functions on 0 (i.e. C C LY(Q)). We say that C is
a uniformly integrable set, if

sup / |f(w)’d,u — 0 as ¢ — +o00.
ec
{If1=c}
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REMARK A.2.1 If there exists an integrable function h: 8 — R% 4
Ry U{+o0}, such that | f(w)| < h(w) p-almost everywhere for f € C, then C

is uniformly integrable. I

PROPOSITION A.2.1

If (0,3, 1) is a finite measure space and C' is a family of integrable functions
on Q (i.e. C C LY(Q)),
then C' is uniformly integrable if and only if the following conditions hold:

(a) Sup/lfldu< +o00,
fGCQ

(b) for every e > 0, there exists § > 0, such that, if A € X, with u(A) <4,

then
up [ Ifldu < <.
fEC’Q

REMARK A.2.2 We can show that condition (a) is a consequence of
condition (b), if the measure p is nonatomic. Recall that an atom of pu is
aset A€ X, with 0 < u(A) and such that for every C' C A either u(C) =
0 or u(C) = u(A). A measure without atoms is called nonatomic. The
main example of atoms are singletons {w} that have positive measure. The
Lebesgue measure is nonatomic. I

PROPOSITION A.2.2 (Fatou’s Lemma)

If (,%,p) is a finite measure space and the sequence {fn},~, € L*(2) is
uniformly integrable, then -

n—-+4oo

< hmsup/fn du < /(hmsupfn) du.
n—-+00 n— oo
Q Q

/(liminf fn) du < limJirnf fndu
Q Q

THEOREM A.2.1 (Vitali’s Theorem)
If (%, p) is a finite measure space, the sequence {fn},s; C LY(Q) is

uniformly integrable and f, —— f, then

Q/fndu — !fdw
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REMARK A.2.3 The above convergence theorem is also known as the
“Extended Dominated Convergence Theorem.” I

THEOREM A.2.2 (Lusin Theorem)

If X is a Polish space, Y is a separable metric space, f: X — Y is a Borel
measurable function and p is a finite Borel measure on X,
then for a given € > 0, we can find a compact set K. C X, such that p (K¢) <
e and f|k. is continuous.

DEFINITION A.2.2 Let X be a Banach space. A function f: [a,b] —
X is said to be absolutely continuous, if for every e > 0, we can find § > 0,
such that for any disjoint subintervals [ag,by) of [a,b] for k > 1, with ar, < by,

and > (b — ar) < 0, we have
E>1

Z|f(bk)—f(ak)| < e

k>1

REMARK A.2.4 An absolutely continuous function is of bounded vari-
ation. The converse is not true.

THEOREM A.2.3 (Lebesgue Theorem)
If f:la,b] — RY is absolutely continuous,
then f' exists almost everywhere, f € L' (a, b;RN) and

f@) = fla)+ / F(s)ds Va € [a,b].

REMARK A.2.5 The above theorem remains true if RV is replaced by a
Banach space X provided that X has the Radon-Nikodym property. Reflexive
spaces and separable dual Banach spaces have the Radon-Nikodym property.

I

THEOREM A.2.4 (Rademacher Theorem)

If f: RY — R™ s locally Lipschitz,

then f is almost everywhere differentiable (on RY we use the Lebesgue mea-
sure).

REMARK A.2.6 There is a generalization of this theorem to functions
f: X — Y, where X is a separable Banach space and Y is a Banach space
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with the Radon-Nikodym property, provided that we use the notion of Haar-
null set. 1

THEOREM A.2.5 (Jensen Inequality)
If (Q,%,p) is a finite measure space, I is an open interval in R, ¢: I — R
is a convex function, f € L*(Q) with f(Q) C I and po f € LY(Q), then

/fdu < —Q)/(swf)du-

Q

THEOREM A.2.6 (Egorov Theorem)

If (Q,%, 1) is a finite measure space, (X,d, ) is a metric space, fp, f: Q —
X are X-measurable functions and fn(w) — f(w) for p-almost all w € €,
then for any € > 0, we can find A € ¥ with u(A°) < e, such that f,, — f
uniformly on A, i.e.

lim supd, (fy(w), f(w)) = 0.

n—-4o0o WEA

DEFINITION A.2.3 Let X be a metric space (for example X is a subset
of RN). Let 0 < m < 400 and § > 0. The m-dimensional Hausdorff
measure of the nonempty set X is given by

H™(X) £ lim H}(X),

where

H{' (X) g mfz< dlamBk)

the infimum being taken over all at most countable coverings {By},~, of the
set X by subsets By with diam B, < § for all k > 1. If no such covering
exists, then we set Hj"(X) = +o0.

REMARK A.2.7 The number H{"(X) is called the outer -Hausdorff
measure of X. The limit %in(l) H{(X) is well defined, since the sequence

{H{"(X)}s- is increasing as  — 0F. Therefore

H™(X) =sup H§"(X).
6>0

Note that
0 < H™X) < +oo.
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If m = 0, then we use the convention “0™ = 1.” Thus, if X is a singleton, we
have that
H(X) =1 and H™X) =0 Vm>0.

For all m > 0 and all § > 0, we set

g0) £ o and HMO) £ 0.

Also, if V,,, = F(%)mf(% —|—1), m > 0 (V,, is the volume of the m-
dimensional unit ball in R™), then ¢™(X) = V,, H™(X) is the normalized
Hausdorff measure of X. If X is a sufficiently smooth m-dimensional sur-
face in RN, N > m, then ¢™(X) equals the classical surface measure. More
precisely, this is the case if X is an m-dimensional C'-submanifold of RY,

N > m.

A.3 Functional Analysis

DEFINITION A.3.1 Let X be a vector space with a Hausdorff topology
T.

(a) We say that (X, 1) is a topological vector space, if the operations of
vector addition and scalar multiplication are continuous.

(b) If the topological vector space (X, T) has a base consisting of convex sets,
then it is called a locally convex space.

(c) A morm on X is a function ||-||y : X — R, such that
(1) |lz||x =0 for all z € X and ||z||x = 0 if and only if x = 0;
(2) Ially = izl for all (A7) € R x X;
3) le+yllx <zl + Yl for all x,y € X (triangle inequality).
The pair (X, |||x) is called a normed space or a normed vector
space.
(d) Let X be a normed space. The metric induced by the norm of X is
the metric d, on X, defined by the formula
do@y) L lle—yly VaoyeX
The norm topology of X is the topology obtained from this metric.

(e) A Banach norm is a norm that induces a complete metric. A normed
space is a Banach space, if its norm is a Banach norm.
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REMARK A.3.1 A closed subspace of a Banach space is also a Banach
space with the inherited norm. I

DEFINITION A.3.2 Let X be a normed space. The (topological) dual
X* of X is the vector space of all continuous linear functionals on X. This
is a Banach space with norm given by

af
lz*]| o = sup |x*(a:)|
r€By

REMARK A.3.2 Instead of z*(x), we write (z*,z) y, because we may
wish to think as = acting on x* (if we consider z as an element of X**). Then
(-,-) x are the duality brackets for the pair (X, X*).

PROPOSITION A.3.1
If X is a normed space and x € X, then

||x||X = SUP*‘<$*a$>X|
m*eﬁf

and the supremum is attained.

PROPOSITION A.3.2
If X is a normed space and ig: X — X** is defined by

io(x)(z") g (x*, ) 5 VrzeX, - e X,

then i is an isometric isomorphism into X** and io(X) is closed subspace of
X** if and only if X is a Banach space. This map ig is called the canonical
embedding of X into X**.

DEFINITION A.3.3 A normed space X is reflexive, if io(X) = X**,
with ig being the canonical embedding of X into X™**.

REMARK A.3.3 Every reflexive normed space is in fact a Banach space.
All finite dimensional normed spaces are reflexive. The same can be said about
a normed space isomorphic to a reflexive normed space.

DEFINITION A.3.4 Let X be a normed space.

(a) The smallest topology on X making all elements of X* continuous is
called the weak topology of X and it is denoted by w(X, X*) or simply
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by w. Also X,, denotes the normed space X furnished with the weak
topology.

(b) The smallest topology on X* making all elements of X continuous is
called the weak* topology of X* and it is denoted by w(X*, X) or

simply by w*. Also X. denotes the Banach space X* furnished with
the weak*-topology.

REMARK A.3.4 For infinite dimensional normed spaces the weak topol-
ogy is always coarser than the norm topology and it is never metrizable. If X
is finite dimensional, then the weak topology and the norm topology coincide.
Also in X*, we always have w* C w and the two coincide if and only if X is
reflexive. Note that

(Xo)" = X*, (X5)" = X and (X!

w

The space X,, is a locally convex topological vector space which is regular (in
fact completely regular).

THEOREM A.3.1 (Alaoglu Theorem)
If X is a normed space and Ef 4 {z* e X" |la*||x. <1},

—X*
then B, is w*-compact.

REMARK A.3.5 So every bounded subset of X* is relatively w*-
compact. Hence a bounded and w*-closed subset of X* is w*-compact.

THEOREM A.3.2 (Goldstine Theorem)
If X is a normed space and ig: X — X** is the canonical embedding,

then ig (Fi{) is w*-dense in Ef

ok

THEOREM A.3.3 (Weak Separation Theorem)

If X is a locally convex vector space, A,C C X are two nonempty, disjoint
convex sets and int A # 0,
then there exists x* € X* \ {0}, such that

(x",a)y < (2%,¢)y Yae A, ceC.

THEOREM A.3.4 (Strong Separation Theorem)

If X is a locally convex vector space, A,C C X are two nonempty, disjoint
convez sets and A is compact,
then there exist x* € X*\ {0} and € > 0, such that

sup (z%,a)y < inf (z%,¢)y —e.
acA ceC
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REMARK A.3.6 Often in applications X is a Banach space endowed
with the weak topology. I

THEOREM A.3.5 (Eberlein-Smulian Theorem)
If X is a normed space and A C X,
then the following statements are equivalent:

(a) A is (relatively) weakly compact;
(b) A is (relatively) weakly countably compact;
(c) A is (relatively) weakly sequentially compact;

REMARK A.3.7  Soif Ais arelatively weakly compact set in a normed
space X and 7o € A", then there is a sequence {xn}n21 C A, such that

Tp — 0. So weak compactness and relative weak compactness are sequen-
tially determined, although the relative weak topology need not be metrizable.
Next, we provide conditions under which metrizability of the weak topology
occurs.

THEOREM A.3.6
Let X be a Banach space.

(a) If X is a separable Banach space and A C X* is bounded,
then the relative weak* topology on A is metrizable.

(b) If X is a Banach space, X* is separable and A C X is bounded,
then the relative weak topology on A is metrizable.

(c¢) If X is a separable Banach space and A C X is weakly compact,
then the relative weak topology on A is metrizable.

REMARK A.3.8 Note that, if the dual of a Banach space is separable,
then so is the space. However, separability of X does not necessarily imply
separability of X* (e.g. I* and [*® = (I1)*). But, if X is reflexive, then X is
separable if and only if X* is separable.

PROPOSITION A.3.3 )
If x4 5 2 in a normed space X and xy, 2oz in X*, then

lellx < liminf[zally and [lz7]|y < liminf 23] - -

REMARK A.3.9 Theabove Proposition says that the norm functional on
X is weakly lower semicontinuous and the norm functional on X* is weakly*
lower semicontinuous.
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THEOREM A.3.7 (Mazur Lemma)
If X is a normed space and A C X is convez, then A="4".

REMARK A.3.10 In particular then in a normed space, a convex set is
closed if and only if it is weakly closed.

THEOREM A.3.8

If X is a reflezive Banach space,
then a convex subset of X™* is weakly closed if and only if it is weakly sequen-
tially closed.

DEFINITION A.3.5 A Banach space X is said to be locally uniformly
convex, if for any e > 0 and x € X with ||z||y =1, we can find § = §(e,x) >
0, such that if |z — yllx > €, we have

||r_—£yHX < 1-6 VyeX, llyly =1

If 6 > 0 can be chosen independent of x, then we say that the space X is
uniformly convezx.

REMARK A.3.11  Uniformly convex Banach spaces are reflexive
(Milman-Pettis Theorem). Locally uniformly convex spaces have the Kadec-
Klee property, i.e. if z, — x in X and |2,y — ||z y, then z, — = in
X. [

THEOREM A.3.9 (Troyanski Renorming Theorem)

FEvery reflexive Banach space can be given an equivalent norm so that both
the space and its dual are locally uniformly conver and both have Frechet
differentiable norm.

DEFINITION A.3.6 Let X be a locally convex space and let C C X be
a nonempty set. An extreme subset of C' is a nonempty set D C X, such
that, if x = Ay + (1 — Nz € D where X\ € (0,1), then y,z € D. A singleton
extreme set of C' is an extreme point of C. The set of extreme points of C
is denoted by ext C.

THEOREM A.3.10 (Krein-Milman Theorem)

If X is a locally convex space and C' C X is a nonempty, convex and compact
set,
then C' = convext C'.
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THEOREM A.3.11 (Bauer Maximum Principle)

If X is alocally convex space and C C X is a nonempty, compact and convex
s;t,

then every upper semicontinuous convez function on C achieves its maximum
at an extreme point of C.

THEOREM A.3.12 (Hélder Inequality)

If (Q,%, 1) is a measure space, p € [1,4+00), 1 < p’ < 400, %—F % =1 (if
p=1, then p' = +00) and f € LP(Q), g € L¥' (),
then

(a) fg e Ll(Q);

(b) NI fglly < N£1, gl -

THEOREM A.3.13 (Riesz Representation Theorem)

If (Q2,%,u) is a o-finite measure space and p € [1,+00), 1 < p' < +oo,
%—l—% zll(ifpzl, then p' = +00),

en u: LV (Q) — (LP(Q))", defined by

u(g)(f) L / fodu ¥ fe LM
Q

produces a linear isometry of LP (Q) onto (LP(Q))*, So we can write that

’

(L) = 17(9).

THEOREM A.3.14 (Dunford-Pettis Theorem)

If (Q,%,p) is a finite measure space and C C L'(Q),
then C' is relatively weakly compact in L*(Q) if and only if it is uniformly
integrable.

THEOREM A.3.15 (Cauchy-Schwarz Inequality)

If H is an inner product space with (-,-) its inner product,
then

@ 9u| < lzlglyly  YoyeH
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A.4 Nonlinear Analysis

THEOREM A.4.1 (Leray-Schauder Alternative Theorem)
If X is a Banach space and K: X — X is compact,
then one of the following two statements holds:

(a) the set F 4 {z=AK(z): 0< X< 1} is unbounded, or
(b) K has a fized point (i.e. there exists v € X, such that x = K(x)).

REMARK A.4.1 A multivalued generalization of this principle can be
found in Theorem 3.2.1.

THEOREM A.4.2 (Young Inequality)
If a,b>0,1<p,p <+oo, %4—1%:1 and e > 0,

1 ’
then ab < %ap + E—p/bp .

THEOREM A.4.3 (Gronwall Inequality)
If T=10,0], € C(T), ke LY(T)y, h € L'(T) and

2(t) < h(t) + / ks)z(s)ds  ViteT,
0

REMARK A.4.2 If h(t) = hg for all t € T, then we obtain

t
z(t) < hg/k(s)ds VteT
0
and this inequality is also known as the Bellman inequality. I

DEFINITION A.4.1 Let X be a Banach space and let C C X be a
nonempty subset. The tangent cone to C at x is defined by

@) £ NN U (%(C—x)—i—an().

e>0n>00<A<n
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REMARK A.4.3 It follows from the above definition that

C—zx

To(x) = li;n Sup

and so v € Te(x) if and only if there exist sequences {An}, 5, C R of strictly
positive numbers and {un}n21 C X, such that

(a) up, — v in X;

(b) An N\ 0;

(¢) =+ Muy, € C for all n > 1.
Also

veTo(x) ifandonlyif lim x@FMO) 4

A—0t A
If C is convex, then

Te(x) = U X(C—a:)
A>0

and the tangent cone is convex (and of course closed). 0

THEOREM A.4.4 (Nagumo Viability Theorem)

If X is a Banach space, C C X is a nonempty, closed and convex set,
f: C — X is locally Lipschitz and for all x € C, f(x) € To(x),
then for every xg € C, the Cauchy problem

{a:(t) = f(z(t)) foraa.teT =]0,b]
x(0) = xp,

has a unique solution x € C(T; X) with xz(t) € C for allt € T.

DEFINITION A.4.2 Let X be a Banach space.
(a) If p: X — R is a function, we say that ¢ is weakly coercive, if
p(r) — +oo as [lz]y — +oo.

(b) A function p: X — R is weakly sequentially lower semicontinu-
ous, if £, — x in X implies that p(z) < 1iminf o(xn).
n—-—+00

DEFINITION A.4.3 We say that multifunction F: X — Py (Y) 18

locally compact if for every v € X, we can find U € N (x), such that F(U)
is compact in'Y .
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